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ON CERTAIN MEAN VALUE THEOREMS
TH. M. RASSIAS AND Y. H. KM

(communicated by J. Pecaric)

Abstract. In this paper we have obtained a symmetric integral mean M (a, b; p(r,, 1), q) involving

functions which a generalization of the arithmetic-geometric mean of Gauss. We have also proved
some characterization of the symmetric mean values for the twice continuously differentiable
function p.

1. Introduction

The mean values are related to a continuously differentiable real valued function
and a functional equation. The properties of the mean provide a bridge between the
local and global properties of the functions. Some of the mean values are important
in themselves, and some of them are required for applications in the theory of analytic
inequalities(see references below and some of the references sited therein). We shall
begin with the classical mean values. By classical mean value(or mean) we understand
a special function M : (0,00)2 — (0, 00) , which satisfies the condition

min{a, b} < M(a,b) < max{a,b}, a,b>0.

Of course, a mean has the reflexivity property M(a,a) = a, for a > 0. It is called
symmetric of M(a,b) = M(b,a), for a,b > 0. The simplest and classical means
are defined as follows: the arithmetic mean or average, A(a,b) = (a + b)/2; the
geometric or mean proportional, G(a,b) = v/ab, and the harmonic mean, H(a, b) =
G?(a,b)/A(a,b). These means have been generalized, refined and extended in several
directions. The root mean square is defined ad N = (G 4+ A)/2, and the power mean
as M.(a,b) = ((a" + ") /2)"" for r # 0 with My(a,b) = G(a, b).

Further developments led to definitions of other types of means, including; multi-
variable means with (ay,ay, ..., a,) replacing (a, b) ; abstracted mean

=gt (21000

which reduce to M, when ¢(a) = a”; weighted means given by (1 — o¢)a + ab and
a'=*b* 0 < o < 1; and Lehmer means Ly(a,b) = (a” 4+ %) [ (a?~' + b~1) for
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p > 0, which reduce to the anti-harmonic mean Ly (a,b) = (a* + b*) /(a+ b). Along
with the means M, there are more extended means of particular interest. Pélya and
Szego[13] defined the logarithmic mean L by

a—>b

L=Lab) =370

(1.1)
fora > 0,b > 0,a # b and L(a,a) = a. Galvani [5] consider the extended logarithmic
means

S, (a,b) = (%)’”, atb p0,1; (12)

and S,(a,a) = a; which is reduced to So(a,b) = L(a,b), and the identical mean or
the exponential mean I(a, b);

1
_yfat\e?
S](Cl,b):[(a,b)ze ! (ﬁ) y a;«éb, (13)
and Si(a,a) = I(a,a) = a. The symmetric mean Q,(a, b) is also defined by
a'b’ +a’b’
Op(a,b) = — (1.4)

where r = (1 + /p)/2,s = (1 — v/2)/2,p > 0. The study of these means has a rich
literature; for details one may see Alzer[2], Carlson[4], Mitrinovi¢ ar al. [6], Kahlig and
Matkowski [10], Kim and Rassias [12], Qi [14], Stolarsky [16] and Toader [17].

In what follows, we shall refer to another very well known example of mean. Given
two positive numbers a and b, let us define successively the terms

api1 = A(ambn)a by = G(an7bn)7n 20,

where ap = a and by = b. Itis known (cf. [2]) that the sequences {a,} and {b,} are
convergent to a common limit which is denoted by A - G(a, b). This function A-G(a, b)
was investigated for the first time by Gauss. Thus, it is called the arithmetic-geometric
mean of Gauss. It is also known (cf. [1]) the following representation formula

A-G(a,b) = [I(a,b)] ",

where

1 2
I(a,b) = — d9 .
2m Jo  vVa?cos? 0 + b2sin?2 0
The proof of this formula is based on the fact that the function f verifies the functional
relation

f(A(a,b),G(a,b)) = f(a,b),
which can be called Gauss’ functional equation.
In [12], these results where generalized as follows. Let us denote by

1
rak(0) = (a" cos® 0 + b sin> 0)" ,  (n,k #0),
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and
rO,k(e) — rllgl}) rn,k(e) _ ak0052 Qbksin297 (k ;é 0)

If p: (0,00) — R, p(x) = p is astrictly monotonic function and &, n are real numbers,
then

% 2n
M(avbmﬂ’n,k) = (ab)l%pil (%/0 p(rn,k(e))d9> (15)

defines a symmetric mean value on some bounded interval, that is such mean satisfies
the property 0 < a < M(a,b;p,r.x) < b for 1 < b/a < T, where T is a finite
real number(see [1]). It is well-known that the arithmetic-geometric mean of Gauss is
obtained for k = 1,n = 2 by p(x) = x~!. The essential step was done in [8] by the
consideration of the definition (1.5) for k = 1,n = 2 with an arbitrary p(x). The case
n = 1 was studied in [9] with k = 1. The general case (for arbitrary n) with k = 1
was studied in [17] and continued in [19].

In this paper, we obtain some new characterizations of the symmetric mean value
form the right-hand side of (1.5) is replaced by the generalized mean Q,(a, b).

2. Characterizations of a symmetric mean

Let us consider the strictly monotonic function p. Using the function p we define
a function

1 2
Flabip.ra) = 32 | p(rs(6) . @)

where r,4(0) is defined by

1
rak(0) = (a" cos® 0 + b sin> 0)" ,  (n,k #0),

and
rO,k(e) — rllgl}) rn,k(e) _ akcos2 Qbksinze7 (k ;é 0)

It is easy to prove that

M(a,b:p(rux),q) = [Qq4(a, )] ™ p~'[f (@, b:p(rus))] (22)

defines a mean on some bounded interval, where Q,(a, b) is defined by (1.4) as follows

ai"bS Jr aSbi"

Qq(a’b): 2

for r=(14+/4)/2,s=(1-/9)/2,8 > 0.
Certain characterizations of the mean M(a, b;p(r.x),0) were studied in [12]. In
this section, we obtain some new properties as special cases of the mean value defined
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by (2.2). If we set p(s) = s,p(s) = 1/s,p(s) = 1/logs,p(s) = 1/s*> in (2.2), by
applying the three definite integral (see the paper [7], [8], [11] or [12])

1 [ 1 1

_/ K cos? oo 0= o

2r Jy a*cos? O+ bksin? O (ab)2
1 [ 1 10 1 d+pt
27 Jo  (a*cos? O + b sin? 6)° 2ab): (ab)*’

2
E/o log (akcos2 6 + b* sin’ 9) dO = log (az er i ) ,

we obtain the following results:

THEOREM 2.1. Let ¢i(# 0), c2 and k(# 0) be arbitrary real constants and let the
function p be two times differentiable in (0,00). Then
(i) M(a,b;p(rix),q) = Q) *(a,b)[(d" + b*)/2] holds for all positive real num-
bers a,b iff p(s) = c15 + ca.
(ii) M(a,b;p(rig),q) = Q};k(a,b)(ab)k/2 holds for all positive real numbers
a,b iff p(s) = c1(1/s) + cz.
(iii) M(a,b;p(rig),q) = Q;’k(a7 b)[(a*/? 4 b*/?) )2 holds for all positive real
numbers a,b iff p(s) = c1logs+c; .
(iv) M(a,b:p(rix),q) = QL (a,b)[2(ab)*/*/(a*+b*)]'/* holds for all positive
real numbers a,b iff p(s) = c1(1/5%) + c.
(v) M(a,b;p(rig),q) = Q;’k(a,b)B(aZk + b)) 4 2(ab)*/8]Y/? holds for all
positive real numbers a,b iff p(s) = 15> + c3.
Proof. We will show that the technique used in [7, 8, 9] for specific means works
as well in the more general case stated here. We will prove (i). First, suppose that

a + v
2
for all positive numbers a and b. By the definition of M(a, b;p(r14),q), we obtain

M(a,bip(rii).q) = O *(a,b) (

1 2n

2

ak k
3 [ penao —p(“57) 23)

for all positive real numbers a and b. Setting f (a,b;p(rix)) = (1/2m) fozﬂp(rljk(e)) do
and applying (2.3) yields

ak+bk> (2.4)

Flabiptn) = (5

for all positive real numbers a and b. Let ¢ be an arbitrarily fixed positive real number.
Operating on both sides (2.4) with 9*>/9a* and setting @ = b = ¢, in the resulting
equality yields

faa(c,e;p(rie)) = %kzcy{_zp” () + %k(k — 1)’ (). (2.5)
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The function f defined by (2.1) has the following partial derivative:
faale,c;p(rag)) = %kzczk_zp” () + % (K" + 3k* — 4k) ! 2’ (). (2.6)
Combining (2.5) and (2.6), we obtain
P (") =o. (2.7)

Since ¢ was and arbitrarily real number, we can replace ¢* by a positive real variable
s in the equality (2.7). Hence we have

p'(s) =0. (2.8)

Solving the differential equation (2.8) yields p(s) = c;s + ¢, in RT, where ¢y, ¢, are
real constants with ¢; # 0.
Second we shall prove the “if”” part. By using ryx(0) = (a*cos® 0 + bFsin* 0) ,

p = (s—c3)/c; and fozn cos? 0dO = fozn sin? 0d0 = 7, we obtain

2n 2
p (% / p<r1,k<e>>de> —p! (ﬁ / <c1r1,k<e>+cz>d9>

1
=p! <%cl (a*m + b*m) + cz)

_ak+bk
2

for all positive real numbers a and b. Hence, we get

k bk
M(abiplna).a) = 04 M) (52

The proofs of (ii), (iii), (iv) and (v) follow by an argument very similar to the one
described in the proof of (i) with certain minor changes. [J

By a reasoning similar to the Theorem 2.1 we can also prove the following asser-
tions.

THEOREM 2.2. Let ¢i(# 0), ¢, and k(#£ 0) be arbitrary real constants and let the
function p be two times differentiable in (0,00). Then
(i) M(a,b;p(r—1x),q) = Q};k(a, b)(ab)*'? holds for all positive real numbers

a,b iff p(s) = c1s + ca.

(ii) M(a,b;p(r-1x),q) = Qb *(a,b)[2d"b* /(a* + b")] holds for all positive real
numbers a,b iff p(s) = c1(1/s) + c».

(iii) M(a,b;p(r—1x),q) = Q}]_k(a,b)[4(ab)k/(ak/2+bk/2)2] holds for all positive
real numbers a,b iff p(s) = c1logs + c;.

(iv) M(a,bip(r-1x),q) = Qh*(a,b)[8(ab)*/(3(a* + b*) + 2(ab)*]"/* holds
for all positive real numbers a,b iff p(s) = c1(1/s%) + 3.
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(v) M(a,b;p(r_1x),q) = Q}f"(a,b)[(ab)k/z(ak—&-bk)/Z]1/2 holds for all positive
real numbers a,b iff p(s) = c15* + c3.

Proof. We will prove (iii). First, suppose that

4(ab)*

M(a>b;p(r—1,k)>CI) = Q;ik(chb) ﬁ
o)

for all positive numbers a and b. By the definition of M(a, b;p(r14),q), we obtain

1 2n 4akbk
o [ plrae) a0 =p | (29)
° o)

for all positive real numbers @ and b. Setting f (a,b;p(r—14)) = (1/27) foznp(r,hk(e)) de
and applying (2.9) yields

4aFbF

fla,bip(r-1x)) =p m

(2.10)

for all positive real numbers a and b. Let ¢ be an arbitrarily fixed positive real number.
Operating on both sides (2.10) with 9?>/0a* and setting a = b = c, in the resulting
equality yields

1 1
Saalc,e;p(r_1g)) = Zkzcﬂ‘*zp” () + gk(k —4)c*2p! (). (2.11)

The function f defined by (2.1) has the following partial derivative (2.6). Combining
(2.6) and (2.11), we obtain

Ckp// (Ck) +p/ (ck) =0.

Since ¢ was and arbitrarily real number, we can replace c* by a positive real variable
s in the above equality. Hence we have

sp”(s) +p'(s) = 0.

with solution p(s) = ¢ logs+ ¢, in RT, where ¢y, ¢, are real constants with ¢; # 0.

To establish the other direction, by using r_14(68) = (a*cos? 6 + b sin? 6) -
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p~(s) = exp((s — c2)/c1), after some standard calculations, one obtain

2n 2
P! (% / p(rl,kw))de) —p~! (% | e togtriso) +cz>d9>

1 4a* bk
=p clog| ——= | ta
k k
07
4ak bk
2
(aé—kb%)

for all positive real numbers a and b. Hence, we get

4(ab)*
(at +b%)2

The proofs of (i), (ii), (iv) and (v) follow by an argument very similar to the one
described in the proof of (iii) with some suitable changes. [

M(a,b:p(rix),q) = Q) *(a,b)

As it is shown in Theorem 2.1 and Theorem 2.2, the means M(a, b; p(r,x),q) can
represent some known means for a special choice of p and n. In the following, we
shall determine the functions p for which M(a,b;p(r.x),q) is the symmetric mean
Qq(a,b), where n(# 0),k(# 0) and g(> 0) are arbitrary real numbers. We shall
prove the following theorems.

THEOREM 2.3. If for some twice continuously differentiable function p the mean
M(a,b;p(rnx),q) reduces to the symmetric mean Qg(a,b), then

pls) = as™* " + B, (2.12)

where o and 3 are arbitrary real numbers.

Proof. Using function (2.1) and mean (2.2), we have

M(a’b;p(rn,k)’q) = Qq(a7b)

for r = (14 /9)/2,s = (1 — \/q)/2,q > 0. Applying 9?/da* to both sides of the
above equality, we get

if and only if

2

g , 0 0
. o ol / [
f(a,b,P(”n,k)) =p (Cl)aacl abcl +p (Cl)aaabCh
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where C; = [a'b* + a*b") /2]F. setting a = b = ¢, in the resulting equality yields
fav(c,c;p(rux)) = %kzcy‘_zp” () + % (K — k — dkrs) %' (). (2.13)
The function f defined by (2.1) has the following partial derivative:
far(c,esp(run)) = %kzcﬂ‘*zp” (ck) + %(1 — )k (ck) . (2.14)

Combining (2.13) and (2.14), we have
k1 ( k !k —0. 2.1
cp (c)+(k+n+1)p(c) 0 2.15)

Since c¢* was and arbitrarily real number, we can replace c* by a positive real variable

s in the equality (2.15). Hence we get
—2g
1 /
sp”(s) + <k+n+ 1)p (s)
with solution (2.12). O

In some case the condition given in Theorem 2.3 is also sufficient. We can formulate
the following result for arbitrary n.

THEOREM 2.4. Themean M(a, b;p(r,x), q) reducesto the symmetric mean Qq(a,b),
for some arbitrary n if

p(s) = as®/*" L B,a,B €R
and when takes the value q = 0.

Proof. It is enough to set p(s) = s°4/*~". Let ¢ =0, as p(s) = s, we have

)

2n _%
M(a, b; (rng) ™", 0) = (ab)'= ( ! / a6 )
0

2 ak cos? 6 + bk sin? O

-7 ()
= Vab = Qy(a,b).

3. Some further characterizations

In this section, using the function (2.1) we can consider some further characteri-
zations of the mean M(a, b; p(r.x), q) for p(s) = s? and p(s) = logs.
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THEOREM 3.1. Let p(s) = 57, andlet q,q—1 and q—?2 be different from 0, then
q [0k (a,b)M (a,b; (r1,)", q)]*
1 _ _ -1
—(4-3) @+ #) [0 @ b)Mtabi () )

— (g DaB [0 (@ b)M (. ()", q))

(3.1)
Proof. Applying the definition of the function f (a, b; (r1£)?) , we get
2 ﬂ/2 q
fa,b;(rip)?) = = / (a* cos® O + b*sin* 0)" dO
0

2 [dk+ bk 4 rm/2 ak — bk q
= — 1+ — 20 ) d6.
n( 2 ) /0 ( T )

2 (d + b\’
T 2
If we denote J, = Oz/n(l + hc0s20)9d6 and h = (d* —b*) / (a* + b*) ., We look

for a recurrence for J,. We have

2/m
J, = / (1+ hcos20)(1 + hcos20)7'd6
0
2/m
=Jy1 +/ (hcos20)(1 + hcos20)1~'d6
0
2/m
=J,1 +h (g — 1)/ (sin?20) (1 + hcos20)72d0O
0

2/m
=J,1+h(qg— 12— (q— 1)/ (h* cos?20) (1 + hcos26)72d0O
0

= Jg-1 Jrhz(q - I)Jqu - (q - 1)(-’4 - 2-]4*1 +-11172)-
Thus
aJy = (29— D)Jy1 + (g — 1)(B* — 1)J,—a, (3.3)

where ¢,q — 1, and g — 2 take values different from 0. From the equalities (3.2) and
(3.3) one derives

qaf (a,b; (ri6)7)

k kN 4
- % (a erb ) [(2g = DJgr + (g = 1) (1 = 1) Jy2] (3.4)
ak k
=(2q-1) ( 2 )f (a,b: (ra)"™") — (g — 1)(ab)'f (a,b: (ri0)?7?) .

The relations (3.4) gives the recurrence relation (3.1). O
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COROLLARY 3.2. Let p(s) = s7, andlet n,q,q— 1 and q— 2 take values different
from 0, then

q [lejfl(a, b)M(a, b; (rax)™, Q)]nq

= (q - %) (a" + b™) [Qf,*l(a, b)M (a, b (7 )"0, q)} nlg=1)

— (g — Da™p™ [Q’;*l(a, b)M (a, b; (rax)" 972, q)} S (3.5)

Proof. Using the definition of the function f (a, b; (r,x)?) , one obtains

2 7'L'/2 q
f (@b: ()) = = / (% cos? 0 + b sin® 0) " d6
0
=f (a7 b; (rn,k)%) . (36)
From the equality (3.6), we derive the functional relation
[(d 0" (r)®) =1 (a, s (rag)™) - (3.7)

Inrelation (3.4), replacing a and b by " and b", respectively. one gets the recurrence
relation

qf (a@",b"; (rip)?) = (q - %) (a™ + ™) f (a", 0" (rix)"") (3.8)
_ (q _ 1)(ab)nkf (an7 bn; (rl’k)n(q72)) )

From (3.7) and (3.8), we obtain the following recurrence relation
1
af (a",b"; (ra)") = (q - 5) (@ + ™) f (a”,b”; (r,hk)’l(q*l))
_ (q _ 1)(ab)”kf (a”, b ("n,k)n<q72>) 7

which is the same recurrence relation as (3.5). O

THEOREM 3.3. Let n =0 and s # 0, then the following equalities hold true:
. k _
(i) Mla,b;log(rox), q) = (ab)? [Qy(a.b)]'~*.

e} 2i 1/s
.. s k 1—k kS a 1
(i)) Mgy (a,b;(rox)',q) = (ab)? [Q4(a, b)] [Z <Z log E) —(i!)zl .
Proof. By the definition of ro;(6), one has

2
Ma bilog(r0.). 4) = [Qy(a.b)]'*exp (% | o (ates s d@)
0

2
= [0,(a,b)]' *exp (% / (klogacos2 6 + klog b sin® 0) d@)
0

[SES

= (ab)*[Qy(a,b)]'™*
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The proof of (ii) follows by an argument similar to the one given in Section 5 in [19]
with some suitable changes. [
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