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TRUNCATION INEQUALITIES FOR PROBABILITY
MEASURES ON LOCALLY COMPACT ABELIAN GROUPS

HERBERT HEYER AND GYULA PAP

(communicated by N. Elezovic)

Abstract. The so-called truncation inequality is generalized in several ways for probability mea-
sures on locally compact Abelian groups. Some applications are presented as well.

1. Introduction

The aim of the present paper is to generalize the classical inequality

u({xeR:x>é}> <§/Ou(l—Reﬁ(t))dt (1.1)

valid for any probability measure ( on the real line and for arbitrary a > 0, where
i denotes the Fourier transform (i.e., characteristic function) of u and ¢ > 0 isan
absolute constant (i.e., not dependingon u or a). The constant ¢ can be chosen
¢=1/(1—sinl), orsimply ¢ = 7. (See, for example, Loéve [6, 12.4 B’], Shiryayev
[9, TII. §3, Lemma 3], Dudley [1, 9.8.1] or Fristedt and Gray [3, 14.6, Lemma 11].)

Inequality (1.1) is sometimes called a truncation inequality (see, e.g., Loéve [6] or
Dudley [1]). Inequality (1.1) estimates the ‘tails’ of a measure in terms of the behavior
of its Fourier transform in a neighborhood of zero (Shiryayev [9]), or, in other words,
(1.1) shows that the smoothness of the characteristic function at 0 is related to the decay
of the measure at oo.

A slightly modified version of (1.1) is

u ({x eER: x| > é}) < %/2; (1—pi(r)) de, (1.2)

see, e.g., Durett [2] or Jacod and Protter [5]. Inequality (1.2) can be easily generalized
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to RY,

1 2 N
R : >4 <— 1 — () dr, 1.3
u <{xe max x| > a}) Ay /m |,j|<za( [(r)) (1.3)
1<j<d

VA

see Parthasarathy [8, Proposition 53.15] for a similar result.

2. A truncation inequality for a class of locally compact Abelian groups

The generalization of the inequalities quoted in the Introduction will be established
for locally compact Abelian group G with identity element eg. To G there is
attached its character group X with identity ey and a Haar measure 6. The main
tool in proving our results is as in the classical case the notion of Fourier transform
which in the general situation will be defined as a mapping t — [ from the space of
bounded measures on G into the space of bounded continuous functions on X by

i) = / 200 ()

forall ) € X. The Fourier transform is injective, and its restriction to L? -functions
provides a Plancherel formula, where the Plancherel measure can be chosen to be 6.

The following general truncation inequality is valid for locally compact Abelian
groups G whose character group X is compactly generated. We phrase the hypothesis
in more concrete way which indicates explicitely for which special types of groups the
proof can be carried out.

THEOREM 2.1. Let G be a group of the form R? x D x K, where d isa
nonnegative integer, D is a discrete Abelian group and K is a second countable
compact Abelian group.

(i) For each Borel neighborhood B of the identity eg andforeach & >0 there
is a Borel subset H of X with 0 < O0(H) < oo such that

HG\B) < g [ (1= Re i) a0() (22)

holds for each probability measure u on G.

(ii) Thereisasequence {H,}>°, of Borel subsets of X suchthat 0 < 6(H,) < oo
for all n, and such that for each Borel neighborhood B of the identity eg
and for each & > 0 there is a positive integer ny such that (2.2) holds with
H =H, forall n > ny.

(iii) The sequence {H,}>°, in (ii) can be choosen as an increasing sequence of
open symmetric neighborhoods of the identity ex such that the closure H, is
compact for each n and such that U2 \H, = G.
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3. Preparatory results

PROPOSITION 3.1. Let G be an arbitrary locally compact Abelian group. Suppose
that there is a sequence {H,}2, of Borel subsets of X suchthat 0 < 0(H,) < oo
forall n, and such that for each Borel neighborhood B of the identity eg we have

1
0(H,)

/ x(x)d0(x) =0  as n— oo uniformlyin x € G\ B. (3.2)
H,

Then for each Borel neighborhood B of the identity e and for each € > 0 there
is a positive integer ny such that (2.2) holds with H = H,, forall n > ny.

Proof. For each n, we have

1

b= a0 /H (1= Refi(m) do(z)

- (Ilin) /H (1Re/c;mdu(x)> do(yx)
=gty . ([ (= rex) auto ) aoco

We can use Fubini’s theorem since 0 < 1 —Rey(x) <2 forall x€ G and x € X,
w(G) =1 and 6(H,) < co. Hence

I, = #/G (/H (1 —Rex(x)) d9(x)> dp(x)
=/G(1—@Re /an(X)dG(x)> du(x)
2/6(1— 6(111}1) /an(X)dG(x)D du(x)

L (-

1
> uG\B) jnr (1~

>

IRE dG(X)D au()

Thus (2.2) holds for H = H, once

1
inf (1——=
J\EHE;\B ( Q(Hn)

| xa0)) >

But this is equivalent to

1
sup ———
xX€G\B 0 (Hn)

hence the hypothesis (3.2) implies the assertion. O

/ e d9<x>] <5
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PROPOSITION 3.3. Let Gy and G, be locally compact Abelian groups. Let X
and X, denote the character groups of G, and G, with Haar measure 0, and
6, respectively. Suppose that for each j = 1,2, there is a sequence {H,(,j) 2. of
Borel subsets of X; suchthat 0 < G,(H,Sﬁ) < oo forall n, and such that for each
Borel neighborhood Bj; of the identity ecg; we have

1 . .
m /HW Xxi(x;)d6;(x) — 0 as n— oo uniformlyin x; € G; \ B;.

Consider the group G = G| X G,. Then the character group X of G can be
identified with X, xX,, and 0 := 0,60, isa Haar measure on X. Moreover for each

Borel neighborhood B of the identity eg, xG, we have (3.2) with H, := ,Sl) X H,Sz).

Proof. For all Borel neighborhood U of the identity eg,xg, there are Borel
neighborhoods B; and B, of the identities e, and e, respectively, such that
B; x B, C U. Clearly it suffices to show (3.2) for B = By x B,. Then we have

(G1 X Gz) \ (Bl X Bz) C [(Gl \Bl) X Gz] U [Gl X (G2 \Bz)],

hence it suffices to show

lim sup
n—0oo .‘CG(G]\B])Xcz Q(Hn)

IRC dem] o,

lim sup
=00 (G, x(Go\By) O (Hn)

[ dem] _o.

Any character ) € X can be written in the form x(x) = xi(x1)x2(x2) for x =
(x1,x%2) € G1 X G, where y; € X; and ), € X,. Thus Fubini’s theorem yield

1 1 1
Q(H_n) /Hn%(x) do(x) = 791 (Hf,l)) /H“) x1(x1)d6: (x1) m /H;}) 22(x;) A6 (x2).

n

Moreover
1 /
— [ (%) d6;(x)
QJ(H,(,]>) Hg) J\7Y] J\AJ

forall n andfor j= 1,2, hence the assertion. O

<1

4. Proof of Theorem 2.1

Obviously (iii) = (ii) = (i), hence it remains to prove (iii).

By Propositions 3.1 and 3.3, it suffices to show that for each of the groups G =R,
G =D and G = K thereis an increasing sequence of open symmetric neighborhoods
of the identity ex of the character group X of G suchthat 0 < O(H,) < oo,
the closure H,  is compact foreach n, U2 H, = G, and such that for each Borel

n=1

neighborhood B of the identity e condition (3.2) holds.
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Incase of G =R, the character group X of R can be identified with R. For
n=12,..., put H,:= (—n,n). For each Borel neighborhood U of the identity
er = 0, thereis 0 > 0 suchthat (—0,0) C U. Hence it suffices to show that
condition (3.2) holds for Bs := (—6,06) forall 6 > 0. The characters have the form
x(x) =€ for xR and y € X =R, where i:=+/—1. Hence

G(Il-ln) /H x(x)dO(x) = % /n eitidy — sinn(),zx)'

—n

Consequently, forall & >0,

sin(nx) |

1
sup  ——~
xER\Bg 0 (H")

as n— o0.
Consider the case G = D. Then the character group X of D is compact. For
n=172 ..., put H, :=X. Foreach Borel neighborhood U of the identity ep we

have {ep} C U, hence it suffices to show that condition (3.2) holds for B = {ep}.
Foreach x € D\ {ep} we have

/an(X) de(x)‘ = sup

Y

nx

lyl=ns | Y

7y J,, 79900 = gy [ 2000 <0

hence condition (3.2) holds trivially.

In case of G = K, the character group X of K is discrete and countable,
hence o —compact. By Theorem 18.14 of Hewitt and Ross [4], there is an increasing
sequence {H,}5°, of open symmetric neighborhoods of the identity ex in X such
that 6(H,) > 0, the closure H, is compact foreach n, U H, =X and

lim [ () d6(x) = M(f) (4.1)
n—oo O(H,) H,

for all continuous almost periodic function f : X — C, where M(f) denotes the
invariant mean of f . (The possibility of the symmetry of H, isnot stated in the cited

theorem, but it can be assured easily.) Consider the functions g, : K — C defined by

1

gn(x) = T

x(x)dO(x), n=12,..., xe€GaG.
Hﬂ)/Hn (x) 46 ()

For each Borel neighborhood U of the identity ek, there is an open neighborhood
B of the identity ex suchthat B C U, hence it suffices to show that condition (3.2)
holds for each open neighborhood B of the identity ex. Then the set K\ B is
closed hence compact, thus in order to check condition (3.2), it suffices to show that

(a) gu(x) >0 as n— oo foreach x € K\ B;

(b) the functions {g,}3°, are uniformly boundedon K\ B;

(c) the functions {g,}>°, are uniformly equicontinuouson K \ B.
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For (a), let x € K\ B. Consider the function f® : X — C defined by @ (x) :=
x(x). Then f© isin fact a character of the group X, hence continuous and almost
periodic. By (4.1), we obtain lim, .., g,(x) = M(f*)). By the invariance of the
mean M, wehave M(f™) = M(f)g)) foreach y; € X, where

200 =900 = on) &) = 200 &),

hence
M) = (M) foreach 1 € X.

Since x € K\ B implies x # ek, thereis a character ); € X suchthat y;(x) # 1.
Consequently, M(f®)) =0, thus we have proved (a).

Foreach n and x € K wehave |g,(x)| < 1, hence (b) follows trivially.

In order to check (c), we have to show that for each § > 0 there is an open
neighborhood V of ex suchthatforeach n andforeach x,y € V, |g,(x)—gn(y)| <
0 holds. We have

9~ 80| = g7 | | () =2 a0
< gy [, 0 — %1400

Consequently |g,(x) — g.(y)] < & holdsif [x(x) —x(y)| <. Wehave [x(x)—
x| = x(xy™") = 1] < §. Indeed,

() =2 = 2™ y) =2 0] = Gy )x ) =x ) = 1y =Dx )] = lxley™)~1

The uniform continuity of ) assures that there is an open neighborhood V of eg
such that foreach x,y € V., [x(x) — x()| = [x(xy™!) — 1] < & holds. O

5. Comments on Theorem 2.1

Analysing the proof of Proposition 3.1, one obtains the following statement.

PROPOSITION 5.1. Let G be an arbitrary locally compact Abelian group. Then
foreach Borel subset B of G andforeach Borel subset H of X with 0 < 6(H) < oo
we have

B (G\B) < crlB.) [ (1= Refi(n) dolx),
H
where

c1(B,H) := ! e{ ! oo].

nf Ju (1 =Rex(x)) d6(x)

(Here % = 00.)
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A lower estimate (motivated by Fristedt and Gray [3, 14.6, Lemma 11]) is the
following.

PROPOSITION 5.2. Let G be an arbitrary locally compact Abelian group. Then
foreach Borel subset B of G andforeach Borel subset H of X with 0 < 6(H) < oo

we have
HG\B) > g [ (1= RefG) d0(2) - Gori)

where
(B, H) := / sup (1 —Re x(x)) d6(x) € [0,20(H)].
H x€B
Proof. Clearly

1—mmm=LO—Mﬂmmm>
:/ (1 —Rex(x)) +/ 1 — Re x(x)) du(x)
G\B B
2u(G\ B) + sup (1 —Rex(x))
implies the statement. |

6. A general truncation inequality

Another type of truncation inequality for R? can be found in Vakhania, Tarieladze
and Chobanyan [10, IV.2.2, Proposition 2.5],

u(fremem= 2y <s [ - aro, (6.1)

where ¥ denotes the standard Gauss measureon R?, and ||x|| denotes the Euclidean
norm of x € R?. Inequality (6.1) can also be written in the form

n ({x eRY: x| > 1}) < ﬁ /Rd (1= fi())e 1P/ gy, (6.2)

Fristedt and Gray [3, 14.6, Lemma 11] provide a lower estimates as well,

2

u({xeR:x>é})>%/j (lfReﬁ(t))dtfa;. (6.3)

Vakhania, Tarieladze and Chobanyan [10, IV.2.2, Proposition 2.5] proved the following
inequality for normed spaces, but the proof works for locally compact Abelian groups
as well.

PROPOSITION 6.4. Let G be a locally compact Abelian group. Let W be a

probability measure on G and let v be a symmetric probability measure on X.
Then for each 8 € (0,1) we have

H(lre G:i < 8)) < 1= [ (1 =) aviz)
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Proof. The Plancherel theorem implies the following equality
[ BGave) = [ 90 aut)
b'¢ G

The second integral is real-valued since the Fourier transform V is real-valued in view
of the symmetry of v. Now, foreach 6 € (0,1),

u({xeG:v(x) <8} = ({xEG 1—9(x) > 1—5})

<=5 | =T dne = =5 [ (1= R00) avio).

COROLLARY 6.5. Let G be a locally compact Abelian group. Then for each
probability measure | on G, for each symmetric Borel subset H of X with
0< 6(H) < oo andforeach 6 € (0,1) we have

i ({recigup [ 2000 <o) < s [ (1-RG) d0t)

Moreover, the set

O

{xe G: ﬁ/}{x(x)de(x) > 6}

Proof. Let v:= ﬁﬂ y- Then v isasymmetric probability measure on X with

is compact.

W) = g [ 200, vea

and
/X (1- i) dvlx) = @ /H (1- i) dv(x).

Clearly the measure Vv is absolutely continuous with respect to the Haar measure 0
on X and admits a 0 -integrable Radon-Nikodym derivative

dv 1

d6 ~ 6(H) 1z

By the Riemann-Lebesgue Lemma (see, for example, Hewitt and Ross [4, C.26]) the
function V vanishes at infinity, that is, for all € > 0 there exists a compact subset
F C G suchthat |[V(x)| <& forall x ¢ F . Thisimplies that the set

1 ~
{xeG:m/Hx(x)dQ(x)25}—{x€G:v(x)>5}

is compact. (]
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7. Applications

Inequality (6.6) can be used for deriving the tightness of a sequence of probability
measures.

PROPOSITION 7.1.  Let (Uy)nen e a sequence of probability measures on alocally
compact Abelian group G such thatforeach x € X, the limit 1im,_ W,(x) =: ®(x)
exists and the limiting function @ is continuous at ex. Then the sequence (Up)neN
is uniformly tight, i.e., for each € > 0 there exists a compact subset K C G such
that u,(G\K) < € forall n€N.

Proof. By Corollary 6.5, foreach n € N and for each symmetric Borel subset H of
X with 0 < 6(H) < oo we have

m({rec: gum [amaom < 1) < o2s [ (1-fto) 0.

By the dominated convergence theorem

[ -G w060~ [ (1-000)a0) s n-s. (12
H H

Since ¢ is continuous at ey and @(ex) = 1, foreach & > 0 there exists a
neighborhood Hp of ey such that

2 ~

1—u, do(yx) <
i, (1 ) 0()
By (7.2) there exists np € N such that

2 R 5 .
0(Ho) /H (1= m00) 460 < G /H (1—-0(x)do(x)+ 35 <e

N ™

forall n > ng. Foreach n € N with n < ngy the continuity of ﬁn implies the
existence of a symmetric Borel subset H, of X with 0 < 6(H,) < oo such that

2

o L 0= ) dot <

Consequently,
. (G\K) < ¢
forall n € N with the set

K;_fj{xec;:ﬁ/[{x(x)de(x)gé}.

k=0

As in the proof of Corollary 6.5, the set K is compact, hence the assertion. |

Proposition 7.1 together with Prokhorov’s theorem implies the crucial part of
Lévy’s continuity theorem for probability measures on locally compact Abelian groups
which with a different proof is contained in Parthasarathy [7].
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THEOREM 7.3. Let (Un)nen be a sequence of probability measures on a locally
compact Abelian group G such thatforeach x € X, the limit 1im, . W,(x) =: @(x)
exists and the limiting function ¢ is continuous at ex. Then there exists a probability
measure W on G suchthat @ = and W, — U weakly as n — oo.

As a generalization of Theorem 14.6 of Fristedt and Gray [3], we derive another
useful result.

THEOREM 7.4. Let 2 be a family of probability measures on a locally compact
Abelian group G. Let 9 be the set of the Fourier transforms of the measures in 2.
Then the following statements are equivalent.

(i) 2 is relatively compact, i.e., every net (Uy)aca of members of 2 has a
convergent subnet;

(il) 2 isuniformlytight, i.e., foreach € > 0 there exists a compact subset K C G
such that u(G\K) < e forall ue 2;

(iii) @ is equicontinuous at ey, i.e., foreach € > 0 there exists a neighborhood

H of ex suchthat |1 —U(x)| <e forall y€H and pe 2;

(iv) foreach € > 0 there exzstsasymmetrlc subset H of X with 0 < 6(H) < o0

such that e 7 Ju(l x))d0(x) < & forall pe 2.

Proof. (i) < (ii) follows from Prokhorov’s theorem.

(iii) = (iv) is trivial.

(iv) = (ii) follows from Corollary 6.5.

(ii) = (iii). By (ii), for each & > 0 there exists a compact subset K C G
such that u(G\ K) < ¢/4 forall u € 2. Consider the set

H:={yeX: |xx)—1] < ¢ forall x€ K}.

Then H is aneighborhoodof ex (see, for example, Hewitt and Ross [4, 23.15]), and
we have

1001 < [ 1= 200 ) < 2@\ K) + [ |1 0] auts) < e

hence the assertion. O
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