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A CROSS-RATIO INEQUALITY FOR QUASICIRCLES
WANG GENDI, CHU YUMING AND ZHANG XIAOHUI

(communicated by V. Volenec)

Abstract. In this note we give a geometric characteristic for quasicircles by making use of
cross-ratios, which is analogous to quadruple points identity of circles.

1. Introduction

We denote by R =R U{oo} the one point compactification of R?. The cross-
ratio (a, b, c,d) is defined by

(@a—c)(b—d)

(a,b,c,d) = @—d0b—0 (1.1)

for distinct points a,b,c,d € R, with the understanding that |co — x|/joco —y| =1
forall x,y € R?.

It is well-known that cross-ratios are invariant under Mobius mappings. Cross-
ratios play a very crucial role in many mathematics fields, such as geometric function
theory [1], discrete geometry [2], ring geometry [3] and Teichmiiller space theory [4].

We denote by B> and OB’ the unit disk and its boundary. In this paper, let
circles be the images of dB*> under Mébius transformations. Hence a line is a circle
with radius infinity or through infinity. A quasicircle is the image of a circle under
a quasiconformal self map R — Ez, that is a quasiconformal map of the extended
plane onto itself. Quasicircles, with many properties analogous to those of circles, are
very important in quasiconformal mapping theory, complex dynamics, fuchsian groups,
Teichmiiller space theory and low dimensional topology, see [5-9], etc. In 1963, L. V.
Ahlfors obtained the three-point property of quasicircles as follows:

THEOREM A. (see [10]) A Jordan curve T' C R isa quasicircle if and only if
there exists a constant ¢ > 1, for any two distinct points 71,z € I' N\ R? such that

min dia (;) < clz1 — 2],
i=1,
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where 'y, and v, are the two components of I\ {z1,22}, and dia(y;) is the Euclidean
diameter of ¥;.

Later, F. W. Gehring [11], B. G. Osgood [12],J. G. Krzyz [13], Y. M. Chu and J. F.
Cheng [14] and many other researchers studied quasicircles deeply, and obtained some
different geometrical and analytical conditions.

In this short note, we shall prove a cross-ratio characteristic for quasicircles. That
is the following theorem:

=2 . - ; . .
THEOREM. A Jordan curve I' C R™ is a quasicircle if and only if there exists a
constant ¢ > 1, for any four ordered distinct points z1,22,23,24 € I such that

(21,22, 24, 23)| + |(21, 24, 22, 23)| < c. (1.2)

2. Proof of the theorem

We shall use the relatively standard notation and terminology of [15]. For 0 <
r < 1, Rg(r) = B>\ [0,r] is the Grotzsch ring. Denote by u(r) the modulus of
the Grotzsch ring and let ©(0) = oo and (1) = 0. It is well-known that u(r) is a
continuous decreasing function and can be represented as

TK(V1—r?)
u(r) = 2K (2.1)

where K(r) = fol[(l —x2)(1 — r2x2)] 71 dx is the first kind of elliptic integral.
For 0 <r <1 and K > 0, we define

ox(r) = () 22)

with @x(0) = 0 and @g(1) = 1. Then @k(r) is increasing on [0, 1].
The following two lemmas are useful in the proof of the theorem.

LEMMA 1. For 0 <r<1,
@, (r)* + 0, (V1 - 22 =1.

Proof. For 0 < r < 1,by (2.1) we have

2 2

wORGT=P) = 2 o e /1-e2 =2 (23)

By the definition of ¢, (r) in (2.2), we have

(g (r)) = = u(r) (2.4)

1
K

1@, (V1—=r7)) =Ku(vV1-r?). (2.5)

and
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Combining (2.3), (2.4) and (2.5), we obtain

2

H(@ ()l (V1= 1)) = 7. (2.6)

Hence the identity
O (r)* + 0, (V1 — 2P =1

follows from (2.3), (2.6) and the monotonicity of u(r). The proof is completed. O

LEMMA 2. (see [16]) Let f : R —R bea K— quasiconformal mapping with
£ (00) = 00, then for any three distinct points z1,22,23 € R?,

_a B
sin — Z 0 (sm E) , (2.7)

where

. < ‘21—13‘ >
o = arcsin
lz1 — 22| + |22 — 23|

B _ If (z1) —f (z3)]
B—”“m(Van@>+v&ﬂf%>>'

Now we are about to prove the theorem.

and

Proof of the theorem. For the necessity, we may assume that z4 = oo, since the
cross-ratio is invariant under Mobius transformation. Since I' is a quasicircle, there
must be a K— quasiconformal mapping f : R — R such that f(I) is a line in R
with f (00) = 00. Let

. ( ‘21—13‘ )
O = arc sin
lz1 — 22| + |22 — 73|

. F (z1) — F (z)] )
h= (V&O—f@ﬁ-+v&ﬁ—f@ﬂ)

Then, by lemma 2, we obtain

and

T
5

Lo B, 1
smE/(pl/K(smi)—(pl/K )

Combined with lemma 1, it yields that

sino = 2sin —4/1 —sin2 = > 2¢ —1 [0} —1
2 2 = 1/K \/§ K \/E ’
That is

THERERNES
2t — 22+ |z —z| = TTA\V2) F\V2)
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Hence we have
21— 22|+ 1|22 —2 1
Gzl + (@) = 22 ol o
LY 20, (35) o« (%)

For the sufficiency, we could let z4 = oo. Then for any ordered three distinct
points z;,22,23 € R?,

21— 22|t |22 — 23
(21,24, 22, 23)| + |(21, 22,24, 23)| = 2 " |z | | <ec. (2.8)
1743

For any two distinct points x,y € TNR?, let ¥ be the bounded componentof '\ {x, y}.
Let z,w € ¥y with dia(y) = |z — w|. Then

dia(y) =lz—w[ <[z =yl + |y — x|+ |x —w|
<(lz=yl+lz =) + |y = x[ + (|w — x| + |w—y])
Sefx =yl + 1y — x| +clx -yl
< (2e+ Djx =yl

(2.9)

Here the second inequality follows from (2.8). Hence it follows that I" is a quasicircle
from theorem A.

REFERENCES

[1] M. VUORINEN, Conformal Geometry and Quasiregular Mappings, Lecture notes in Mathematics,
Springer-Verlag, Berlin, 1988.

[2] J. CIESLINSKL, The cross ratio and Clifford algebras, Adv. Appl. Clifford Algebras, 7(1997), 133-139.
[3] A.BLUNCK, Cross-ratios in Moufang-Klingenberg planes, Geom. Dedicata, 43(1992), 93-107.

[4] 1. KrRA, On Teichmiiller’s theorem on the quasi-invariance of cross ratios, Israel J. Math., 30(1978),
152-158.

[5] O.LEHTO, Univalent Functions and Teichmiiller Space, Springer-Verlag, New York, 1987.
[6] A.F. BEARDON, The Geometry of Discrete Group, Springer-Verlag, New York, 1983.

[7) Z.M. BALOGH, Hausdorff dimension distribution of quasiconformal mappings on the Heisenberg group,
J. Anal. Math., 83(2001), 289-312.

[8] D. SULLIVAN, Quasiconformal homeomorphism and dynamics II: Structural stability implies hyperbol-
icity for Kleinian groups, Acta Math., 155(1985), 243-260.

[9] A.KORANYIL, H. M. RIEMANN, Foundations for the theory of quasiconformal mappings on the Heisenberg
group, Adv. Math., 111(1995), 1-87.

[10] L. V. AHLFORS, Quasiconformal reflection, Acta Math., 109(1963), 291-301.

[11] E. W. GEHRING, Uniform domain and the uniquitous quasidisk, Jber. Deutsch. Math.-Verein., 89(1987),
88-103.

[12] B.G. OSGOOD, Univalence criteria in multiply-connected domains, Trans. Amer. Math. Soc., 260(1980),
459-473.

[13] J. G. KRZzYZ, Quasicircles and harmonic measure, Ann. Acad. Sci. Fenn. Ser. A T Math., 12(1987),
19-24.

[14] Y. M. CHu, J. F. CHENG, Quasidisks and modulus monotone domains, Acta Math. Sinica, 39(1996),
556560 (In Chinese).



A CROSS-RATIO INEQUALITY FOR QUASICIRCLES 541

[15] O.LEHTO, K. I. VIRTANEN, Quasiconformal Mappings in the Plane, Springer—Verlag, New York, 1973.
[16] S. B. AGARD, F. W. GEHRING, Angles and quasiconformal mappings, Proc. London Math. Soc.,(3),
14a(1965), 1-21.

(Received March 6, 2006) Wang Gendi
Department of Mathematics

Huzhou Teachers College

Huzhou 313000

P. R. China

e-mail: gendi_wang@126.com

Chu Yuming

Department of Mathematics
Huzhou Teachers College
Huzhou 313000

P. R. China

e-mail: chuyuming@hutc.zj.cn

Zhang Xiaohui

Department of Mathematics
Huzhou Teachers College
Huzhou 313000

P. R. China

e-mail: xhzhang@hutc.zj.cn

Mathematical Inequalities & Applications
ele-math.con

mia@ele-math.con



