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A GENERAL FORM OF JORDAN’S
INEQUALITIES AND ITS APPLICATIONS

LING ZHU

(communicated by P. Bullen)

Abstract. In this work, the general form of Jordan’s double inequalities:

sinx

Pon(x) + a(r? = 2N 2T K Py () + B2 — 2N

are established, where x € (0,r],r < %, Poy(x) = Zi;v:o an(r? = 2 ay = L g =

sinr—rcosr 2n+1 _ 1 >0 —
57 S 9 T Gnany2 =1 N > 0 is a natural number, oo = ap,; and

y An+1

2n
1— E anr . " I
B = 7r2f‘ﬁ$”" are the best constants in inequalities above. The application of the result

above give a new infinite series (sinx)/x = "0 an(r? —x*)" for 0 < |x| <r < /2, the
general improvement of Yang Le inequality, and a general form of Kober’s double inequality.

1. Introduction

The following result is known as Jordan’s inequality [1]:
THEOREM 1. If 0 < x < 7/2, then

g < sinx <1 (1)
T x
with equality if and only if x = 1/2.

Qi, Cui and Xu [2] showed a new lower and upper bounds for the function % ,

and obtained the following results.
THEOREM 2. If 0 < x < /2, then

Efingﬁglfwxz_ 2)
T X 3

Theorem 2 is equivalent to the following
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656 LING ZHU

THEOREM 3. If 0 < x < /2, then

gJri3(7rz—4x2)<—Sm<g+”_
T T X T

= (m* — 4x?). (3)

Debnath and Zhao [3] proved the left inequality in (3) using other method. In fact,
sinx 2
let g(x) = A=Z, then Xlir(r)1+ g(x) = =2 and liI,Izl, g(x) = L, we find that % and

x—7

Z-2 are best constants in (3).

Now, let 0 < x < r < Z, then (¥1X)" = w < 0,0 3 jg decreasing
on (0, 7], we obtain

THEOREM 4. If 0 < x < r < /2, then

sinr < sin x <l @)

r X
The equality in (4) holds if and only if x = r.

Put r = 7/2 in (4), then (1) holds by (4).
The author of this paper [4] obtained a further result:

THEOREM 5. If 0 < x < r < /2, then

sinr  sinr—rcosr, , 5 sinx _sinr r—sinr,,
— 5 (P S —<—+——(-¥)

Furthermore, 5555 and 3" are best constants in (5).

Clearly, Theorem 5 is the generalization of Theorem 2 or Theorem 3.
In the form of (4) and (5), we finally obtain the general Jordan’s double inequalities
as follows

THEOREM 6 (ZHU-JORDAN INEQUALITY). Let 0 < x <r < m/2 and N >0 bea
natural number, then

sin x
PQN()C) + a(rZ _x2)N+1 < T < PZN(X) + B(rZ _x2)N+1 (6)
with the equalities if and only if x = r, where, Pyy(x) = ZQI:() an(r* — x*)" and
sinr sinr — rcosr 2n+1 1 L2
aQp=—,a = —————,dpy| = an— ap—1,n=1,2,---.
0 ro ! 273 T2+ DR dn(n+ D !
lsz anr™"
Furthermore, o0 = ayy, and B = —Ska— are the best constants in (6).

Letting r = 7/2 in Theorem 6, we obtain the following results.
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THEOREM 7. Let 0 < x < /2 and N 2= 0 be a natural number, then

sinx 1= p,mn
Oon (%) + by 1 (77 —4)V ! < —= < Qan(x) + %(”2—4)62)1\”1 (7)

with the equalities if and only if x = /2, where, Qay(x) = ZnN:o by(7* — 4x*)" and

2 1 2n+1 1
bo=—.b :—bn = n— bn_7 :1727...
T T T T T 2 2 16n(n+ )m? "~ "
Furthermore, by and _%:Z"Nﬁl)n are the best constants in (7).

2. Six lemmas

LEMMA 1 ([5,6]). Let f,g : [a,b] — R be two continuous functions which are
differentiable on (a,b). Further, let g # 0 on (a,b). If f'/g is increasing (or
decreasing) on (a,b), then the functions

fx) =f (D)

g(x) —g(b)
and

fx) —f(a)

g(x) — g(a)

are also increasing (or decreasing) on (a,b).

LEMMA 2 ([7 8]) Let j,(x) be the Spherical Bessel Functions of the first kind,
=/ , then

. L1 d]" sinx

o) = (- |1 | =

x dx

>n:071>27"" (8)

LEMMA 3 ([9,10]). Let j,(x) be the SBFs of the first kind, j,(x) = +/ %JH% (x),
then

2 1
() = T x) e () )
or
(2n + 1)ja(x) = x[jns1(x) + jn—1(x)]. (10)
LEMMA 4 ([9]). Let j,(x) be the SBFs of the first kind, j,(x \/; n+1
then
X () = 1 (x) — X1 (%) (11)

In the following, we show some new results about the properties of a function
involving j, (x) .
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LEMMA 5. Let j,(x) be the SBFs of the first kind, j,(x \/; n+2 Ry (x) =
X201 (x), then
h;ﬂrl( ) = xhy(x)
or

B%] Bt (x) = ha(x),n = 0,1,2, -+ . (12)

Proof. We know that A/, (x) = x""[(n + 2)j,41(x) + xj,,, (x)], and xh,(x) =
x(@ 1, (x)) = X" [xj, (x)], so (12) holds when we prove

(R4 2)jns1 (%) + X541 (%) = 27 (x) (13)
or

(14 D)jin(x) + 27, (x) = Xjn—1(x)- (14)
In fact, (14) comes from (10) and (11).

LEMMA 6. Let j,(x) be the SBFs of the first kind, j,(x) = /5= n+2 Ry (x) =
X201 (x), then

[1 d] ha(x) = xjo(x) = sinx,n =0,1,2,--- . (15)

x dx

Proof. we finish proof of (15) by mathematical induction. .
(i) When n =1, 14p(x) = L L2 (x)] = LL[2(— o2 4 sinx)) — ginx.

il upposin oldsfor n = N or |- N(X) = SInx.
Supposing (15) holds f L1y i
By (12) we have

1d NHhNH(x): Ld Ld hyi1(x) = 14 NhN(x):sinx.
S ] [i]meo- (]

X dx x dx x dx x dx

That is, (15) holds for n =N + 1.

3. A concise proof of Theorem 5

sinx _p o(x X X)—f1(r sinx
Let F(x) = ciit? = § = S0ERGy where /1) = 2 — Pay(x), and
gi(x) = (=) ‘
Let lim fi(x) =0, we have ap = - and

xX—r—

fl) A 5V na, (P — 22) (< 2x)
0 ><r27x2> (—2x)
L[] 3

lna,,(rz 7x2)nfl

(N+ 1)(;’2 — x2)V
F2(x) _ falx) —fa(r)
&) gax) —gar)’
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where f>(x) = 25 [L4] sinx _S™ G0, (2 —22)" ! and ga(x) = (N+1)(2 =)V
Let lim f5(x) = 0, we have aq; = S/=LEST apd

- 2r3
X—r

£ o B a0 - Dau(? -2
g5(x) (N + 1N (r? — x2)N=!

0 f3x) —f3(0)
g(x)  g3(x) —gs(r)

N+1)N---2(r2 = x2)
fas1(x) _ I (x) = fu(r)
avi(x)  gnvii(x) —gna(r)’

N 0
where fyi1(x) = =i E%] L ZnN:Nn(n —1)---2a,, and gyi1(x) = (N +
DN - 2(r7 — x2).

Lo [L 4]V sz, , <’>

Let xEIP*fI\FH(X) =0, we have ay = =2 X(;)\[/! = ( )NNI by Lemma 2.
That is,
1
=——jnv(r). 16
an (2r)NN'JN(r) ( )
From (9) and (16), we obtain
1 2N -1, .
an —W[fﬂm(r) —Jjn-2(r)]
2N -1 1
=———aN—_| — —————aN—2. 17
N2 N T AN — e (17)
At the same time,
Fhon)  awmla e
8n1(¥) (N +1)!
B 1 Jnei(x) 1 hy+1(x)
- ZNH(N—I— 1! N+L T ZNH(N—I— 1! y2N+3
1 pix) 1 p1(x) —p1(0)

= N T D)lqi(x) 2V (N+ 1) q1(x) — q1(0)’

where p;(x) = hyy1(x), and g;(x) = x*N3;
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Then

i) ghva(®) & v ()
qi(x) (2N +3)x3N+2 (2N + 3)x2NH

2
_ p(x) _ palx) = pa(0
42(0

@) @) -
where p(x) = [ ] hve1(x), and g2(x) = (2N + 3)*VH;

)
)’

p/z(x) . ] hny1(x) _ pa(x) _ p3(x) —p3(0)

&
B(x) N +3)N+ DN g3(x)  g3(x) — ¢3(0)

where ps() = (1] w1 (). and 45(x) = (2N + 3)(2N + 1)1

N+
Pne1(¥) (L4177 Ay (x)

dy () [N +3)x
By Lemma 6 we know that Zz:g; = (21\;1;)” , which is decreasing on (0,r).
Therefore, we obtain that F(x) is decreasing on (0, r) by using Lemma 1 repeatedly.
Furthermore,
. L= 3 g™
Jim F(x) = —
sm X P
lim F() = tim ot 20 S ()
x—r— x—r— (V X ) xX—r— gNH ()C)
1 1 djN+lsinx
= lim (=2 [;%] ' X 1 JN+1 (}’)
x—r— (N+ 1)! 2N+1(N+ 1). N1
= aN+1-

N 2n
1— E a .
Thus 7r2(’;\7j’”" and a4 are the best constants in (6).

. . . sin x
4. New infinite series for ——
X

In this section, we consider to show a new infinite series of (sinx)/x and a property
of the constants in series.

THEOREM 8. Let 0 < x < r < m/2 and N > 0 be a natural number, then

sinx
— = Poy(x) + Ransa2, (18)
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where Pyy(x) = Zf:o an(r* — x*)" and

sin r sinr — rcosr 2n+1 1
Q= —,d = —————— s = an— p_1, 1
0 ro ! 273 T2+ DR dn(n+ D2 !
The reminder term is
in+1(8) 2 2\N+L T
Royinp = —t 22 (42 O0<E<r<=
W2 = NG e ) §<r<y
or
1 sinn N T
R = To<n< =,
NZT NN DIRN )1 7 (=) n<rsy

661

=1,2,--

(19)

(20)

Proof. Let P AW AWZAR) , where fi(x) = ¥ — Pyy(x), and

(2N T ol al—sg()
gl(-x) _ (}’2 _ x2)N+l

S — Poy(x) _ ~ fi&) _ fi(&) = fi(r)

(rF =N gl(&)  gi(&) —gl(r)

_f1/(§2) _ (&) =)
g/ (&) gl(&)—gi(r)

_ 1 n+1(8) m
_2N+1(N+1)! Ngz\;ﬂ ,0<§<r<§
-~ 1 hy+1(8)
- 2N+1(N+ 1)! §2N+3
1 pi) _ 1 p1(§) —p1(0

TN ) T 2N D! ai(€) —ai0

where pi(§) = hy11(§), and q1(§) = £V,

. By using Cauchy mean value theorem repeatedly we obtain

Then
Y — Poy(x) 1 pi(m) _ 1 pi(m) —pi(0
(=T WA i) | TN D) — 40
LU pm L plm)=pi(0)
VFUN + D gy () 2VTHN + 1) gy (m2) — q7 (0)
N+1
ot LA @y
TN ) (2N +3)!n
1 sinn T
pr— 0 <_.
N T)IRN I3 0 S S srs 3

So
ni1(8)

Otz = W(ﬂ _x2)N+17O < é <r<

SIS
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or
_ 1 Sinm 5 5Ny
Oz = sviy s N+ g )

l\).l Q

0O<n<r<

)

Since N lim Qyni2 = 0 from (20), we can obtain the result about a new expansion

for (sinx)/x as follows

THEOREM 9. Let 0 < |x| < r < /2, then
sin x >
S iy o
n=0
where
__sinr _sinr—rcosr
ap = - ) ay = 27'3 )
2n+1 1
ap—1,N = 172”"'

nel = 2(n+ l)rzan B dn(n+ 1)r?

At the same time, the constants in series (21) have the following property

S ' im S0E (22)
— x—0 X

Particularly, let » = /2 in Theorem 9, we have

THEOREM 10. Ler 0 < |x| < 7/2, then

sinx Z (72 — 4x%) (23)

—

2 1 2n+1

by = — by = — bn = n— bn77 :1’27...
T Ty T2+ D2 16n(n+ 1)m2 p

> b7 = lim sinx _ . (24)
=0 x—0 X

5. The application of general Jordan’s inequality

Let H; = cos? AA; + cos? AA; — 2 cos A cos AA; cos AA;. Tt follows from [11]

that Y
sin” An < Hj < 4sin’ 5T (25)
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Let 1 < i< j < n. Taking the sum for all inequalities in (25), we obtain
A
in’ Amr < H; < 4sin® =11
Z sin“ Az Z i Z sin” —7 (26)
1<i<j<n 1<i<j<n 1<i<j<n

It follows from the definition of Hj; that

Z H; = Z (cos? AA; + cos® AA; — 2 cos A cos AA; cos AA;)

1<i<j<n 1<i<j<n

:(nfl)Zcosz/lAkuCos)Ln Z cos AA; cos AA;.

k=1 1<i<j<n (27)

Making use of the inequalities in (6) we obtain

A 1— N_ anr2" 1
Z 4s1n Z 4 2Py (Z 2 ) + %(rz B lenz)NH}z
1<i<j<n 1<z<]<n
N 2n
_(n 2 A 1=> oar™ , 1 2_2\N+172
(28)
and

A A
. 2 _ 2 . 2
E sin“ Am = 4 cos En E sin En

1<i<j<n 1<i<j<n

A A A
> 4 cos’ 57 Z (571)2[1'321v(2 ) + ay1 (1 ——/12 )N

= <n> (AE)Z[PZN(&n) +ay1 (P — l7L27r2)"\’+1}2(:052 &n,
2 2 4 2" )

where 0 < r < /2.
Substituting (28) and (29) into (26), we obtain the general improvement of Yang
Le inequality as follows

THEOREM 11. Let A; >0 (i=1,2,---,n) with Y i |A; < 7w, let 0 <A <1,
0 <r<m/2, andlet n > 2 be a natural number. Then

L(A) < (n—1)) cos” A —2cosAm Y cosAAicosAAj <R(A),  (30)

k=1 1<i<j<n

where,

L(A) = (2) (nP Po(5m) + ava (P — L2 Peos? 2m,

N n
’a) = (3) omrtpm G + LTt 2 Loy,

F2(N+1)



664 LING ZHU

6. A general form of Kober’s inequality

The following result is known as Kober’s inequality [1,12]:

THEOREM 12. (1)If 0 <u < 1, then cos Su > 1 —u
(2)If 1 <u<2,then cos Fu < 1—u.

Qi et al.[13,14] had done some refinement work on Kober’s inequality. In this
section, we obtain a general Kober’s double inequality as follows

THEOREM 13 (ZHU-KOBER INEQUALITY). Let u € [0,2],R(u) = Zf 0 ”2" 7 (1—
u)u (2—u)”75(u) = V(1 - )N“(2—u)’v“,bo =2b = L by =

2(;211117#17 — 16”(”+1 nzbn ,n=1,2,---,and N > 0 be a natural number, then

R(u) + AS(u) < cos gu < R(u) + uS(u) (31)
holds in cases: N N
(a) When 0 <u < 1, wehave A = by, U = %;
(b) When 1 < u <2, wehave A = %,u =byyt-

Furthermore, these paired numbers A and W are the best constants in (31).

Proof of Theorem 13. We have the following result from (7):

N N
Z bux(m? —4x*)" + ox(m? —4x*)V T Csinx < Z bux(m* —4x*)" + Bx(m* — 422V H1
n=0 n=0
(32)
where 0 <x < 7,0 =byy1,and B = _%"Nﬁl)”
We deal with (32) in two cases.
(a) Let Z(1 —u) = x in (32),then 0 <u <1 and
Noon T T
Zb 5(1 — )" (2 — u)" + 055(1 — u)m VDN (2 )N cos S
n=0
A
< Zobnz(l )ﬁ2nun( ) + B ( ) 2(N+1)MN+1(2 _ M)N+1,
that is,
T
R(u) + AS(u) < cos Tu < Ru) + uS(u)
_ N 2n
where)L:a:bNH,andu:ﬁ:%.

(b) Let Z(u—1) =xin (32),then 1 <u <2 and

N
Zb 727:(1/‘ _ 1) 2n n(2 _ I/t)” + ag(u _ I)HZ(N+1)MN+1(2 _ M)N+1 < —cos =u
n=0
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“MZ

bng u— l 2nun(2 _ M)n + Bg(u _ l)ﬂ2(N+l)uN+l(2 _ M)N+17

that is,

R(u) + AS(u) < cos gu < R(u) + uS(u),

N
1= bar™
where A = 8 = —gt— . and 4 = a = by .
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