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Abstract. In this work, the general form of Jordan’s double inequalities:

P2N(x) + α(r2 − x2)N+1 � sin x
x

� P2N(x) + β(r2 − x2)N+1

are established, where x ∈ (0, r], r � π
2 , P2N(x) =

∑N
n=0 an(r2 − x2)n, a0 = sin r

r , a1 =
sin r−r cos r

2r3 , an+1 = 2n+1
2(n+1)r2 an − 1

4n(n+1)r2 an−1 , N � 0 is a natural number, α = aN+1 and

β =
1−∑N

n=0 anr2n

r2(N+1) are the best constants in inequalities above. The application of the result

above give a new infinite series (sin x)/x =
∑∞

n=0 an(r2 − x2)n for 0 < |x| � r � π/2 , the
general improvement of Yang Le inequality, and a general form of Kober’s double inequality.

1. Introduction

The following result is known as Jordan’s inequality [1]:

THEOREM 1 . If 0 < x � π/2 , then

2
π

� sin x
x

< 1 (1)

with equality if and only if x = π/2 .

Qi, Cui and Xu [2] showed a new lower and upper bounds for the function sin x
x ,

and obtained the following results.

THEOREM 2 . If 0 < x � π/2 , then

3
π
− 4

π3
x2 � sin x

x
� 1 − 4(π − 2)

π3
x2. (2)

Theorem 2 is equivalent to the following
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THEOREM 3 . If 0 < x � π/2 , then

2
π

+
1
π3

(π2 − 4x2) � sin x
x

� 2
π

+
π − 2
π3

(π2 − 4x2). (3)

Debnath and Zhao [3] proved the left inequality in (3) using other method. In fact,

let g(x) =
sin x
x − 2

π
π2−4x2 , then lim

x→0+
g(x) = π−2

π3 and lim
x→ π

2
−

g(x) = 1
π3 , we find that 1

π3 and

π−2
π3 are best constants in (3).

Now, let 0 < x � r � π
2 , then ( sin x

x )′ = cos x(x−tan x)
x2 < 0 , so sin x

x is decreasing
on (0, r] , we obtain

THEOREM 4 . If 0 < x � r � π/2 , then

sin r
r

� sin x
x

< 1. (4)

The equality in (4) holds if and only if x = r .

Put r = π/2 in (4), then (1) holds by (4).
The author of this paper [4] obtained a further result:

THEOREM 5 . If 0 < x � r � π/2 , then

sin r
r

+
sin r − r cos r

2r3
(r2 − x2) � sin x

x
� sin r

r
+

r − sin r
r3

(r2 − x2). (5)

Furthermore, sin r−r cos r
2r3 and r−sin r

r3 are best constants in (5).

Clearly, Theorem 5 is the generalization of Theorem 2 or Theorem 3.
In the formof (4) and (5), we finally obtain the general Jordan’s double inequalities

as follows

THEOREM 6 (ZHU-JORDAN INEQUALITY). Let 0 < x � r � π/2 and N � 0 be a
natural number, then

P2N(x) + α(r2 − x2)N+1 � sin x
x

� P2N(x) + β(r2 − x2)N+1 (6)

with the equalities if and only if x = r , where, P2N(x) =
∑N

n=0 an(r2 − x2)n and

a0 =
sin r

r
, a1 =

sin r − r cos r
2r3

, an+1 =
2n + 1

2(n + 1)r2
an− 1

4n(n + 1)r2
an−1, n = 1, 2, · · · .

Furthermore, α = aN+1 and β =
1−

∑N
n=0

anr2n

r2(N+1) are the best constants in (6).

Letting r = π/2 in Theorem 6, we obtain the following results.
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THEOREM 7 . Let 0 < x � π/2 and N � 0 be a natural number, then

Q2N(x)+bN+1(π2−4x2)N+1 � sin x
x

� Q2N(x)+
1 − ∑N

n=0 bnπ2n

π2(N+1) (π2−4x2)N+1 (7)

with the equalities if and only if x = π/2 , where, Q2N(x) =
∑N

n=0 bn(π2 − 4x2)n and

b0 =
2
π

, b1 =
1
π3

, bn+1 =
2n + 1

2(n + 1)π2
bn − 1

16n(n + 1)π2
bn−1, n = 1, 2, · · · .

Furthermore, bN+1 and
1−

∑N
n=0

bnπ2n

π2(N+1) are the best constants in (7).

2. Six lemmas

LEMMA 1 ([5,6]). Let f , g : [a, b] → R be two continuous functions which are
differentiable on (a, b) . Further, let g′ �= 0 on (a, b) . If f ′/g′ is increasing (or
decreasing) on (a, b) , then the functions

f (x) − f (b)
g(x) − g(b)

and
f (x) − f (a)
g(x) − g(a)

are also increasing (or decreasing) on (a, b) .

LEMMA 2 ([7,8]). Let jn(x) be the Spherical Bessel Functions of the first kind,
jn(x) =

√ π
2x Jn+ 1

2
(x) , then

jn(x) = (−x)n

[
1
x

d
dx

]n sin x
x

, n = 0, 1, 2, · · · . (8)

LEMMA 3 ([9,10]). Let jn(x) be the SBFs of the first kind, jn(x) =
√ π

2x Jn+ 1
2
(x) ,

then

jn+1(x) =
2n + 1

x
jn(x) − jn−1(x) (9)

or
(2n + 1)jn(x) = x[jn+1(x) + jn−1(x)]. (10)

LEMMA 4 ([9]). Let jn(x) be the SBFs of the first kind, jn(x) =
√ π

2x Jn+ 1
2
(x) ,

then
xj′n(x) = njn(x) − xjn+1(x). (11)

In the following, we show some new results about the properties of a function
involving jn(x) .
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LEMMA 5 . Let jn(x) be the SBFs of the first kind, jn(x) =
√ π

2x Jn+ 1
2
(x), hn+1(x) =

xn+2jn+1(x) , then
h′n+1(x) = xhn(x)

or [
1
x

d
dx

]
hn+1(x) = hn(x), n = 0, 1, 2, · · · . (12)

Proof. We know that h′n+1(x) = xn+1[(n + 2)jn+1(x) + xj′n+1(x)] , and xhn(x) =
x(xn+1jn(x)) = xn+1[xjn(x)] , so (12) holds when we prove

(n + 2)jn+1(x) + xj′n+1(x) = xjn(x) (13)

or
(n + 1)jn(x) + xj′n(x) = xjn−1(x). (14)

In fact, (14) comes from (10) and (11).

LEMMA 6 . Let jn(x) be the SBFs of the first kind, jn(x) =
√ π

2x Jn+ 1
2
(x), hn+1(x) =

xn+2jn+1(x) , then [
1
x

d
dx

]n

hn(x) = xj0(x) = sin x, n = 0, 1, 2, · · · . (15)

Proof. we finish proof of (15) by mathematical induction.
(i) When n = 1 , 1

x
d
dxh1(x) = 1

x
d
dx [x

2j1(x)] = 1
x

d
dx [x

2(− cos x
x + sin x

x2 )] = sin x .

(ii) Supposing (15) holds for n = N or
[

1
x

d
dx

]N
hN(x) = sin x .

By (12) we have
[
1
x

d
dx

]N+1

hN+1(x) =
[
1
x

d
dx

]N [
1
x

d
dx

]
hN+1(x) =

[
1
x

d
dx

]N

hN(x) = sin x.

That is, (15) holds for n = N + 1 .

3. A concise proof of Theorem 5

Let F(x) =
sin x
x −P2N(x)

(r2−x2)N+1 = f 1(x)
g1(x)

= f 1(x)−f 1(r)
g1(x)−g1(r)

, where f 1(x) = sin x
x − P2N(x) , and

g1(x) = (r2 − x2)N+1 ;
Let lim

x→r−
f 1(x) = 0 , we have a0 = sin r

r and

f ′
1(x)

g′1(x)
=

d
dx

sin x
x − ∑N

n=1 nan(r2 − x2)n−1(−2x)
(N + 1)(r2 − x2)N(−2x)

=
1
−2

[
1
x

d
dx

]
sin x

x − ∑N
n=1 nan(r2 − x2)n−1

(N + 1)(r2 − x2)N

=
f 2(x)
g2(x)

=
f 2(x) − f 2(r)
g2(x) − g2(r)

,
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where f 2(x) = 1
−2

[
1
x

d
dx

]
sin x

x −∑N
n=1 nan(r2−x2)n−1 , and g2(x) = (N +1)(r2−x2)N ;

Let lim
x→r−

f 2(x) = 0 , we have a1 = sin r−r cos r
2r3 and

f ′
2(x)

g′2(x)
=

1
(−2)2

[
1
x

d
dx

]2 sin x
x − ∑N

n=2 n(n − 1)an(r2 − x2)n−2

(N + 1)N(r2 − x2)N−1

=
f 3(x)
g3(x)

=
f 3(x) − f 3(r)
g3(x) − g3(r)

,

where f 3(x) = 1
(−2)2

[
1
x

d
dx

]2 sin x
x − ∑N

n=2 n(n − 1)an(r2 − x2)n−2 , and g3(x) = (N +
1)N(r2 − x2)N−1 ;

· · · · · · ;

f ′
N(x)

g′N(x)
=

1
(−2)N

[
1
x

d
dx

]N sin x
x − ∑N

n=N n(n − 1) · · · 2an

(N + 1)N · · · 2(r2 − x2)

=
f N+1(x)
gN+1(x)

=
f N+1(x) − f N+1(r)
gN+1(x) − gN+1(r)

,

where f N+1(x) = 1
(−2)N

[
1
x

d
dx

]N sin x
x − ∑N

n=N n(n − 1) · · · 2an , and gN+1(x) = (N +
1)N · · · 2(r2 − x2) .

Let lim
x→r−

f N+1(x) = 0 , we have aN =
1

(−2)N
[ 1

x
d
dx ]

N sin x
x |x=r

N! =
jN (r)

(−r)N

(−2)NN!
by Lemma 2.

That is,

aN =
1

(2r)NN!
jN(r). (16)

From (9) and (16), we obtain

aN =
1

(2r)NN!
[
2N − 1

r
jN−1(r) − jN−2(r)]

=
2N − 1
2Nr2

aN−1 − 1
4N(N − 1)r2

aN−2. (17)

At the same time,

f ′
N+1(x)

g′N+1(x)
=

1
(−2)N+1 [ 1

x
d
dx ]

N+1 sin x
x

(N + 1)!

=
1

2N+1(N + 1)!
jN+1(x)
xN+1

=
1

2N+1(N + 1)!
hN+1(x)
x2N+3

=
1

2N+1(N + 1)!
p1(x)
q1(x)

=
1

2N+1(N + 1)!
p1(x) − p1(0)
q1(x) − q1(0)

,

where p1(x) = hN+1(x) , and q1(x) = x2N+3 ;
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Then

p′1(x)
q′1(x)

=
d
dxhN+1(x)

(2N + 3)x2N+2
=

[
1
x

d
dx

]
hN+1(x)

(2N + 3)x2N+1

=
p2(x)
q2(x)

=
p2(x) − p2(0)
q2(x) − q2(0)

,

where p2(x) =
[

1
x

d
dx

]
hN+1(x) , and q2(x) = (2N + 3)x2N+1 ;

p′2(x)
q′2(x)

=

[
1
x

d
dx

]2
hN+1(x)

(2N + 3)(2N + 1)x2N−1
=

p3(x)
q3(x)

=
p3(x) − p3(0)
q3(x) − q3(0)

,

where p3(x) =
[

1
x

d
dx

]2
hN+1(x) , and q3(x) = (2N + 3)(2N + 1)x2N−1 ;

· · · · · · ;

p′N+1(x)
q′N+1(x)

=

[
1
x

d
dx

]N+1
hN+1(x)

[(2N + 3)!!]x
.

By Lemma 6 we know that
p′N+1(x)
q′N+1

(x) =
sin x
x

(2N+3)!! , which is decreasing on (0, r) .

Therefore, we obtain that F(x) is decreasing on (0, r) by using Lemma 1 repeatedly.
Furthermore,

lim
x→0+

F(x) =
1 − ∑N

n=0 anr2n

r2(N+1) ,

lim
x→r−

F(x) = lim
x→r−

sin x
x − P2N(x)

(r2 − x2)N+1
= lim

x→r−
f ′
N+1(x)

g′N+1(x)

= lim
x→r−

1
(−2)N+1 [ 1

x
d
dx ]

N+1 sin x
x

(N + 1)!
=

1
2N+1(N + 1)!

jN+1(r)
rN+1

= aN+1.

Thus
1−

∑N
n=0

anr2n

r2(N+1) and aN+1 are the best constants in (6).

4. New infinite series for
sin x

x

In this section, we consider to show a new infinite series of (sin x)/x and a property
of the constants in series.

THEOREM 8 . Let 0 < x � r � π/2 and N � 0 be a natural number, then

sin x
x

= P2N(x) + R2N+2, (18)
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where P2N(x) =
∑N

n=0 an(r2 − x2)n and

a0 =
sin r

r
, a1 =

sin r − r cos r
2r3

, an+1 =
2n + 1

2(n + 1)r2
an− 1

4n(n + 1)r2
an−1, n = 1, 2, · · · .

The reminder term is

R2N+2 =
jN+1(ξ)

(N + 1)!(2ξ)N+1
(r2 − x2)N+1, 0 < ξ < r � π

2
(19)

or

R2N+2 =
1

2N+1(N + 1)!(2N + 3)!!
sinη
η

(r2 − x2)N+1, 0 < η < r � π
2
. (20)

Proof. Let
sin x
x −P2N(x)

(r2−x2)N+1 = f 1(x)
g1(x)

= f 1(x)−f 1(r)
g1(x)−g1(r)

, where f 1(x) = sin x
x − P2N(x) , and

g1(x) = (r2 − x2)N+1 . By using Cauchy mean value theorem repeatedly we obtain
sin x

x − P2N(x)
(r2 − x2)N+1

=
f ′
1(ξ1)

g′1(ξ1)
=

f ′
1(ξ1) − f ′

1(r)
g′1(ξ1) − g′1(r)

=
f ′′
1 (ξ2)

g′′1 (ξ2)
=

f ′′
1 (ξ2) − f ′′

1 (r)
g′′1 (ξ2) − g′′1 (r)

...

=
1

2N+1(N + 1)!
jN+1(ξ)
ξN+1

, 0 < ξ < r � π
2

=
1

2N+1(N + 1)!
hN+1(ξ)
ξ 2N+3

=
1

2N+1(N + 1)!
p1(ξ)
q1(ξ)

=
1

2N+1(N + 1)!
p1(ξ) − p1(0)
q1(ξ) − q1(0)

,

where p1(ξ) = hN+1(ξ) , and q1(ξ) = ξ 2N+3 .
Then

sin x
x − P2N(x)

(r2 − x2)N+1
=

1
2N+1(N + 1)!

p′1(η1)
q′1(η1)

=
1

2N+1(N + 1)!
p′1(η1) − p′1(0)
q′1(η1) − q′1(0)

=
1

2N+1(N + 1)!
p′′1 (η2)
q′′1 (η2)

=
1

2N+1(N + 1)!
p′′1 (η2) − p′′1 (0)
q′′1 (η2) − q′′1 (0)

...

=
1

2N+1(N + 1)!

[
1
x

d
dx

]N+1
hN+1(x)|x=η

(2N + 3)!!η

=
1

2N+1(N + 1)!(2N + 3)!!
sinη
η

, 0 < η < r � π
2

.

So

Q2N+2 =
jN+1(ξ)

(N + 1)!(2ξ)N+1 (r2 − x2)N+1, 0 < ξ < r � π
2
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or

Q2N+2 =
1

2N+1(N + 1)!(2N + 3)!!
sinη
η

(r2 − x2)N+1, 0 < η < r � π
2
.

Since lim
N→+∞

Q2N+2 = 0 from (20), we can obtain the result about a new expansion

for (sin x)/x as follows

THEOREM 9. Let 0 < |x| � r � π/2 , then

sin x
x

=
∞∑

n=0

an(r2 − x2)n, (21)

where

a0 =
sin r

r
, a1 =

sin r − r cos r
2r3

,

an+1 =
2n + 1

2(n + 1)r2
an − 1

4n(n + 1)r2
an−1, n = 1, 2, · · · .

At the same time, the constants in series (21) have the following property

∞∑
n=0

anr
2n = lim

x→0

sin x
x

= 1. (22)

Particularly, let r = π/2 in Theorem 9, we have

THEOREM 10 . Let 0 < |x| � π/2 , then

sin x
x

=
∞∑

n=0

bn(π2 − 4x2)n, (23)

where

b0 =
2
π

, b1 =
1
π3

, bn+1 =
2n + 1

2(n + 1)π2
bn − 1

16n(n + 1)π2
bn−1, n = 1, 2, · · · .

And ∞∑
n=0

bnπ2n = lim
x→0

sin x
x

= 1. (24)

5. The application of general Jordan’s inequality

Let Hij = cos2 λAi + cos2 λAj − 2 cosλπ cos λAi cos λAj . It follows from [11]
that

sin2 λπ � Hij � 4 sin2 λ
2
π. (25)
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Let 1 � i < j � n . Taking the sum for all inequalities in (25), we obtain

∑
1�i<j�n

sin2 λπ �
∑

1�i<j�n

Hij �
∑

1�i<j�n

4 sin2 λ
2
π. (26)

It follows from the definition of Hij that∑
1�i<j�n

Hij =
∑

1�i<j�n

(cos2 λAi + cos2 λAj − 2 cosλπ cosλAi cosλAj)

= (n − 1)
n∑

k=1

cos2 λAk − 2 cosλπ
∑

1�i<j�n

cos λAi cosλAj.
(27)

Making use of the inequalities in (6) we obtain

∑
1�i<j�n

4 sin2 λ
2
π �

∑
1�i<j�n

4(
λ
2
π)2[P2N(

λ
2
π) +

1 − ∑N
n=0 anr2n

r2(N+1) (r2 − 1
4
λ 2π2)N+1]2

=
(

n
2

)
(λπ)2[P2N(

λ
2
π) +

1 − ∑N
n=0 anr2n

r2(N+1) (r2 − 1
4
λ 2π2)N+1]2

(28)

and
∑

1�i<j�n

sin2 λπ = 4 cos2 λ
2
π

∑
1�i<j�n

sin2 λ
2
π

� 4 cos2 λ
2
π

∑
1�i<j�n

(
λ
2
π)2[P2N(

λ
2
π) + aN+1(r2 − 1

4
λ 2π2)N+1]2

=
(

n
2

)
(λπ)2[P2N(

λ
2
π) + aN+1(r2 − 1

4
λ 2π2)N+1]2 cos2 λ

2
π,

(29)

where 0 < r � π/2 .
Substituting (28) and (29) into (26), we obtain the general improvement of Yang

Le inequality as follows

THEOREM 11 . Let Ai > 0 (i = 1, 2, · · · , n) with
∑n

i=1 Ai � π , let 0 � λ � 1 ,
0 < r � π/2 , and let n � 2 be a natural number. Then

L(λ ) � (n − 1)
n∑

k=1

cos2 λAk − 2 cosλπ
∑

1�i<j�n

cos λAi cosλAj � R(λ ), (30)

where,

L(λ ) =
(

n
2

)
(λπ)2[P2N(

λ
2
π) + aN+1(r2 − 1

4
λ 2π2)N+1]2 cos2 λ

2
π,

R(λ ) =
(

n
2

)
(λπ)2[P2N(

λ
2
π) +

1 − ∑N
n=0 anr2n

r2(N+1) (r2 − 1
4
λ 2π2)N+1]2.
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6. A general form of Kober’s inequality

The following result is known as Kober’s inequality [1,12]:

THEOREM 12 . (1) If 0 < u < 1 , then cos π
2 u > 1 − u ;

(2) If 1 < u < 2 , then cos π
2 u < 1 − u .

Qi et al.[13,14] had done some refinement work on Kober’s inequality. In this
section, we obtain a general Kober’s double inequality as follows

THEOREM 13 (ZHU-KOBER INEQUALITY). Let u ∈ [0, 2], R(u) =
∑N

n=0
bn
2 π

2n+1(1−
u)un(2 − u)n, S(u) = 1

2π
2N+3(1 − u)uN+1(2 − u)N+1, b0 = 2

π , b1 = 1
π3 , bn+1 =

2n+1
2(n+1)π2 bn − 1

16n(n+1)π2 bn−1, n = 1, 2, · · · , and N � 0 be a natural number, then

R(u) + λS(u) � cos
π
2

u � R(u) + μS(u) (31)

holds in cases:

(a) When 0 � u � 1 , we have λ = bN+1,μ =
1−

∑N
n=0

bnπ2n

π2(N+1) ;

(b) When 1 � u � 2 , we have λ =
1−

∑N
n=0

bnπ2n

π2(N+1) ,μ = bN+1 .
Furthermore, these paired numbers λ and μ are the best constants in (31).

Proof of Theorem 13 . We have the following result from (7):

N∑
n=0

bnx(π2−4x2)n+αx(π2−4x2)N+1 � sin x �
N∑

n=0

bnx(π2−4x2)n+βx(π2−4x2)N+1,

(32)

where 0 � x � π
2 ,α = bN+1 , and β =

1−
∑N

n=0
bnπ2n

π2(N+1) .
We deal with (32) in two cases.
(a) Let π

2 (1 − u) = x in (32), then 0 � u � 1 and

N∑
n=0

bn
π
2

(1 − u)π2nun(2 − u)n + α
π
2
(1 − u)π2(N+1)uN+1(2 − u)N+1 � cos

π
2

u

�
N∑

n=0

bn
π
2
(1 − u)π2nun(2 − u)n + β

π
2
(1 − u)π2(N+1)uN+1(2 − u)N+1,

that is,

R(u) + λS(u) � cos
π
2

u � R(u) + μS(u),

where λ = α = bN+1 , and μ = β =
1−

∑N
n=0

bnπ2n

π2(N+1) .
(b) Let π

2 (u − 1) = x in (32), then 1 � u � 2 and

N∑
n=0

bn
π
2

(u − 1)π2nun(2 − u)n + α
π
2

(u − 1)π2(N+1)uN+1(2 − u)N+1 � − cos
π
2

u
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�
N∑

n=0

bn
π
2
(u − 1)π2nun(2 − u)n + β

π
2
(u − 1)π2(N+1)uN+1(2 − u)N+1,

that is,

R(u) + λS(u) � cos
π
2

u � R(u) + μS(u),

where λ = β =
1−

∑N
n=0

bnπ2n

π2(N+1) , and μ = α = bN+1 .
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