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AN APPROACH TO KY FAN TYPE INEQUALITIES
FROM BINOMIAL EXPANSIONS

JAMAL ROOIN

(communicated by J. Pecaric)

Abstract. In this article, using binomial expansions, we get some interesting recursive identities
concerning arithmetic, geometric and harmonic means of positive numbers, from which, the most
important Ky Fan type inequalities are handled by induction at once.

1. Introduction

Throughoutthis article, let A;, A, ..., A, >0 with >* A, =1,and A,, G, and
H, be the arithmetic, geometric and harmonic means of xj,...,x, > 0 respectively,
ie.

An:n/l,-,-, Gn:n A Hn:%. 1
27 e st O

Also, if x; € (07 %] , we denote by A/, G, and H) the arithmetic, geometric and
harmonic means of 1 —x,...,1 — x, respectively, i.e.

n

" , 1
ST SYYU NN | (ISP SIS et
-1 i—1 i=1 "1 —x;

When emphasizing, we write A,(x1,...,x,) instead of A, , and so on.
The following inequalities are the most important inequalities concerning these
means:

G, < A, 3)

!

g 2 )
A, —G, < Ay~ Gy, (5)

G G

L -n

H; R (6)
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and

11 1 1
— <= —. 7
H G, “H, G, 0

n

In (3), all x;’s are positive, and in the others all belong to (0,1]. Moreover,

equality holds in each of them if and only if x; = ... =x,.
In literature, (3) and (4) are known as AGM and Ky Fan inequalities respectively, and
all inequalities above and from the above kinds are referred as Ky Fan type inequalities.
There are several interesting proofs for the AGM inequality (3) and more than fifty of
them have been mentioned in [5] in order of their appearances.

The Ky Fan inequality (4), was published for the first time in the well-known
book Inequalities by Beckenbach and Bellman [4, p. 5], and from then it has evoked
the interest of several mathematicians and in numerous articles new proofs, extensions,
refinements and various related results have been published; see the survey paper [2] and
the references therein. Among these remarkable results, the additive analogue of Ky
Fan’s inequality (5) and also the inequality (7) are due to H. Alzer, and the inequality
(6) is due to Wang-Wang; see [3], [1] and [9] respectively, and see also [2].

The aim of this paper is to establish the above inequalities via binomial expansions.
This shows the power of binomial expansions on the one hand and the close relations
between these inequalities on the other hand. In the following sections, we introduce
two different binomial methods, which work in the cases of equal and arbitrary weights.
Although the methods are similar to each other, but they are quite independent.

2. The Case of Equal Weights

In this section, we consider only the case of equal weights A; = A, =... = A4, =
L In[7] and [8], using the binomial theorem, we proved AGM and Ky Fan inequalities
respectively. Now, we are going to establish the other inequalities by the same method.
Unfortunately, this method is not so straight forward for inequality (5) which remains
a challenging problem. The following trivial lemma is the heart of this method. With
the aid of this lemma, first we get some recursive identities concerning arithmetic,
geometric and harmonic means of positive numbers in the case of equal weights, and
then using these identities, we prove (6) and (7) by induction on n.

LEMMA 2.1. If a,b > 0, then for each n = 1,2, ..., we have
(n— 1)G+b n—1_1 1 " n n—k 1 1 k
- = n bn — n (bn — n) . 8
- a +n; ) a (8)

Proof. We can write

1 1 1\" n—1 1
b:(bn—anJran) =a+nan (bnfa

==
N———

+
N
>~ S
N
Q\.
s|1
~
/N

S
==

\

Q
==
N———
~

and (8) is obtained. O
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COROLLARY 2.2.

n—1 n—k % % k
Ay (AT L A\ 7 (x,, _An—l)
a=lg7) .2z e ©)
Gn anl n k anl o
k=2 X

and

n—1 n—k
1

n—1 1 1 n
An - Gn = (Anil - Gn£l> Xg + — § (Z)Anf
n
k=2

Proof. The identities (9) and (10) follow from (8) by taking a = A,—1,b = x,,
n—1 1

and considering A, = =1A, | + 1x, and G, = G, " xi. O

(ot —Aj_l)k. (10)

COROLLARY 2.3.

G G = 1 n G n_k G k=1 17k
ono (=) S () (e nl L (11)
n anl n k }]ﬂi1 Xn Hn,I
k=2
and
n 17k
11 1 1)1 1 A1 .
bb (e o) 3O b @) e
n n Hn—nl Gn—l Xy k=2 Hn—lxn n—1

and

G (x1y. o %)

Now, changing the roles of x;’s by )%, ’s, the identities (11) and (12) follow from

11 1
Gn? Hp—y? Gp—y

Corollary 2.2 by replacing A,, G,,A,—1,G,—1 and x,, by HL,N and xi,,

respectively. [

In order to use only discrete methods and so avoid the mean value theorem, the
following lemma and its consequences, are useful in the proof of (7).

LEMMA 2.4. Foreach x > 0 and n = 2,3,..., we have
1 — X! 1 —x"
T : (13)

n—1 n

with equality holding if and only if x = 1.
Consequently, if a,b > 0, then for each n =2,3, .. .,
n—la—->b n—1 1 n—1la—->
: L<an — < :
n an n bn

; (14)
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and equality holds in each of them if and only if a = b.

Proof. For (13), it is sufficient to consider
n—2
n(1-—x""—(m-1)(1—-x")=(1—2x) [Zxk —(n— 1))51*] .
k=0

Now, using (13) with x = (g)% and x = (;‘—))% , we have

n—1 n—1 n—1 b\ n—1 a1 b n—1la—»b
am —b " =an" |1—-|- > an [1-—=|= —,
a n a no gn

and

n—1

5 [(2)71] N CEn e

b n no pr
Evidently, equality holds in each of inequalities in (14), ifand only if a = 5. O

Proof of inequalities (6) and (7). We prove (6) and (7) by induction on n. If
n = 1, there is nothing to prove. Suppose n > 2 and the assertions hold for n — 1. If
X| = ... = x,, then obviously equality holds in each of (6) and (7). Let not all x;’s
be equal. Arrange x;’s so that x, = lgll_ignx,-. Applying Corollary 2.3 for (1 —x;)’s

instead of x;’s, the following similar identities hold:

(—1

n—1 n—k 11k
G/ (;/71 T 1 n n (;/71 i (;/71 o l—x n
—n — n - E —n=2 1— " 15
H, (Hy/,1) * n= (k) <H,’,1) (1 x,,) <Hr/11 ) (13)

and
o1 1 1 1
H,/q GZ o H/_ln;l G/_ln,—j1 (1 —xn)#
n n (16)
! " (n> 1 [1 (1 x)]
- n—k . -
nis \k H |7 (1—x,)n H,
Clearly,
G,_1 Gl_] Xn 1 —x,
1_ n> nsy /_ >Hn—7 “ ) 9
= n=l ! P 1—x, H,_1 H _,
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and

1
Xn n .
- (Hnl> B ;

Now, using the the induction hypothesis

anl qu—l
Z
-1 H

n—1

=

the second terms in the right hand sides of (11) and (12) are strictly greater than the
second terms in the right hand sides of (15) and (16), respectively. Now comparing
(11) with (15), evidently, we have strict inequality in (6).

Finally, using (14) and the induction hypothesis

1 1 1 1
- 2 - = 03
H,, G, H_, G,_,

we have
1 1 1 < n—1 1 1 H,_\"
HTi G% xr% - n Hn—l Gn—l Xn

P
n n—1

1

n—1( 1 1 G \" 1 1 1
2 / - ! 2 n—1 n—1 1
n anl anl 1 —x, Hr/t—l n G’ n (1 7)(”)"

since

H,_ G,_
Hn—l >1> "—1
X 1—x,
So, comparing (12) with (16), we have strict inequality in (7), and the proof is
complete. [J
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3. The General Case of Arbitrary weights
In this section, we consider the general case of arbitrary weights Ay, Az, ..., A,.
Here, using binomial series, first we establish a trivial lemma, from which is similarly
obtained some new recursive identities among arithmetic, geometric and harmonic
means of positive numbers in the general case. Then using these identities, we prove

(3-7) by induction on n. Fortunately, this method is stronger here than in the previous
case and gives the inequality (5) directly.

LEMMA 3.1. If 0 < a < 2b, then for each real A,

(1 —A)a+Ab=a""p* + i(q)’“ (1 ; A) (b —a)p'*. (17)
k=2

Thus, in the case of 0 < A < 1, considering

(—1)’<-1(1;’l) >0 (k> 2), (18)

and arranging a and b so that 0 < a < b, we get the difference of arithmetic and
geometric means of a and b as a series of nonnegative terms.

Proof. Since |§ — 1| < 1, using binomial series [6, p. 90], we have

A = (1=2\ /a k
DS )
G - ()6
k=1
Now, multiplying each side by b we get (17). O

COROLLARY 3.2. If A,—1 < 2x,, then

1—A4 [e%S)
An An—l " 1 k—1 1- An k., 1—k
—_— = —_— —1 n _An— n I 19
G, (Gnl) + G, kE:Z( ) ( k (x 1)"x ( )

and

= 1— A,
Ay — G, = (A};f" - G},:f") ey (—1)"“( )(xn — A1) (20)
k
k=2
Ai

n—1 A n—1 _1-1
where A,_1 = Zi:l T i and G,_| = Hi:l x;i .

Proof. The identities (19) and (20) follow from (17) by taking a = A,—1,b = x,
and A = A, in Lemma 3.1, and considering A, = (1 — A,)A,—1 + A%, and G, =
Gl O

n—1 *n
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COROLLARY 3.3. If x, < 2H,,_, then

1-A o) k
G, (G \'™" G, e (1= A X
n = 223 (-1 1- 21
Hn <Hn1 ) + Xn k:2( ) ( k anl ’ ( )
and

1 1 1 1 | s 1—A x, \*
e ) S 2N ()R G (" 22
H, G, (Hnl—fn Gi_%n) Xﬁ" + X, Z( ) ( k ) ( Hnl) ( )

k=2

where Hy—1 = 1/(2;':11 1&/1" xi,) and Gy = H:l;ll X
Proof. Clearly,

1 1 1
An e ) T T . v
X1 X, Hy (X1, .. %)

1 1 1
e (=R I S
X1 Xy, Gy (X1, ., x)

Now since +1 < % ,changing the roles of x; ’sby % ’s, the identities (21) and (22) fol-

H,
low from Corollary 3.2 by replacing A, , G,,,A,—1, G,—1 and x,, , by Hin, Gin, T 171 ' G 171

and

and L respectively. [J

Proof of inequalities (3-7). We prove (3-7) by induction on n. If n = 1, there is
nothing to prove. Suppose n > 2 and the assertions hold for n — 1. If x; = ... =x,,
then obviously equality holds in each inequality of (3-7). Let not all x;’s be equal. For
proving (3), (4) and (5), arrange x;’s so that x, = max x;. Since A,_; < x, < 2x,,

1<ign
the identities (19) and (20) hold. Now, using the induction hypothesis
An—l = Gn—l>

and considering (18), the AGM inequality (3) follows from (20) with strict inequality.
Since A}, < 2(1 — x,), using Corollary 3.2, we have

AL (AT L& (1A -
a = <G’ 1) —+ a (*1)1c 1( k >(Anl 7xn)k(l 7xn)1 k7 (23)
n n—1 n k=2

and N .
A:‘l - Gi/l :(A/rlliln - Glli n)(l - xn))tn

= _7 1—2, B (24)
+ :2(_1)k 1( k )(An—l_xn)k(l_-xn)l k>

k

Ai
where 4], | =Y 2 (1—x;) and G, , = [[/5'(1 — x;) ™% . But,

G, <G Xp > An_y and X, < 1 —x,.

n’
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Therefore, considering (18), the second terms in the right hand sides of (19) and
(20) are strictly greater than the second terms in the right hand sides of (23) and (24)
respectively. Now, considering the induction hypothesis

An—l > Ai’l*l
G_1 ~ G _’

n—1

the Ky Fan’s inequality (4) follows with strict inequality by comparing (19) with (23).
Moreover, using the mean value theorem and the induction hypothesis
-G

n—1

An—l - Gn—l = A/

n—1

>0,

we have

n—1 [2) .
n—

A
1 —x,\™"
2 (1 — A{n)(A/n71 - G/nfl) <6/—x>

n—1

— (All—)tn _ Gll—)tn) (1 _xn)/ln7

n—1 n—1

where 6,_ € [G,—1,A,—1] and O,_, € [G]_,,A],_,], since

Xn An—l thzfl 1 - Xn
> >1> o
9;171 9}171 Qn—l 6}171

Thus, comparing (20) with (24), we get strict inequality in (5).
For the proof of (6) and (7), arrange x;’s so that x, = min x;. Since x, <

1<ign
H,_1 <2H,_y and 1—x, < 2H!_,, using Corollary 3.3, the identities (21), (22), and
also the following similar identities hold:

G (G.N\'"T" G X (1-A 1—x\
In _ n n —1)k1 " 1— 1 25
7= () Ty 2 ) 0-Fr) e

and
11 ( 1 1 ) 1
H G T T — oV
H, G, \@g_ % ¢ )T
- 1—A 1 k (26)
N AN n
+ 1-— Xn Z( ) ( k ) ( H/—l
k=2 n
Now, since

q Xn _"Z_l Ai x,-—xn>nzl A xi—x, 1—x, 150
Ry . 1-A, 1—x, H ’

n—1

G, G 1 1
> and — > ,
Xy 1—x,
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considering (18), the second terms in the right hand sides of (21) and (22) are strictly
greater than the second terms in the right hand sides of (25) and (26), respectively.
Now, by the induction hypothesis

Gn—l > G:‘lfl

= 7 ’
anl H —1

n

comparing (21) with (25), we have strict inequality in (6).
Finally, by the mean value theorem and the induction hypothesis

1 1 1 1
- 2 - 2 07
anl anl Hyl,fl G;/lfl

A
1 1 1 1 1 1 "
[ g} 7 :(I_An)( - )( )
Hn—ln Gn—ln .Xn" anl anl XnMNn—1
A
1 1 1 "
2 1 a A‘n ( a > ( >
( ) H,_, G, (L —2x)m,_

B 1 1 1
S \a_ [ g M) (= x)h

where 1,1 € [g—, —] and m)_, € [G%ﬂ, H%ﬂ} , since
Xn 1 — Xn 12
XnMn—1 g o : <1< G < (1 7xﬂ)nn—l'
n— n—1

So, comparing (22) with (26), we have strict inequality in (7), and the proof is com-
plete. O

REMARK 3.4. Tt is noted that if x, > A,_1, each of identities (9) and (19) gives a
refinement for the Popoviciu inequality

1-A
An An—l !
e B : 21
Gn (Gnl ) ( )

in the case of equal and arbitrary weights respectively, where A, = z;:ll lf—")tnx,- and

Ai
G = Hf’;ll x; ™ ; see [5] for details.
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