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Abstract. By introducing some parameters and a norm |x|α , x ∈ R+
n , we give higher-

dimensional Hilbert’s and Hardy-Hilbert’s integral inequalities in non-conjugate case. Further,
we prove that their constant factors are the best possible, in the conjugate case, when the param-
eters satisfy appropriate conditions. We also compare our results with some known results.

1. Introduction

Hilbert’s and Hardy-Hilbert’s type inequalities (see [7]) are very significant weight
inequalities which play an important role in many fields of mathematics. Similar
inequalities, in operator form, appear in harmonic analysis where one investigate prop-
erties of boundedness of such operators. This is the reason why Hilbert’s inequality is
so popular and represents a field of interest for numerous mathematicians: since Hilbert
till nowadays.

During the past century such inequalities were generalized in many different direc-
tions and also numerous mathematicians reproved them using various technics. Some
possibilities of generalizing such inequalities are, for example, by various choices of
non-negativemeasures, kernels, sets of integration, extension to multi-dimensional case
etc. Several generalizations involve very important notions such as Hilbert’s transform,
Laplace transform, singular integrals, Weyl operators.

At present, because of the requirement of higher-dimensional harmonic analysis
and higher-dimensional operator theory, multiple Hilbert-type inequality is researched
(see [2],[4], [5] and [8]). In this paper we refer to a recent paper of Yong ( see [8]):

THEOREM A. If p > 1 , 1
p + 1

q = 1 , α > 0 , β > 0 , s > 0 , a ∈ R , b ∈ R ,
0 < n − ap < βs , 0 < n − bq < βs , f � 0 , g � 0 and

0 <

∫
R+

n
|x|α (n−βs)+p(b−a)f p(x)dx < +∞,
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0 <

∫
R+

n
|y|α (n−βs)+q(a−b)gq(y)dy < +∞,

then the following two inequalities hold and are equivalent:

∫
R+

n

∫
R+

n

f (x)g(y)(
|x|αβ + |y|αβ

)s dxdy < Cα,β ,s(a, b, p, q)

×
(∫

R+
n
|x|α (n−βs)+p(b−a)f p(x)dx

) 1
p
(∫

R+
n
|y|α (n−βs)+q(a−b)gq(y)dy

) 1
q

(1)

and∫
R+

n
|y|α

(n−βs)+q(a−b)
1−q

⎡⎢⎣∫
R+

n

f (x)(
|x|αβ + |y|αβ

)s dx

⎤⎥⎦
p

dy

< Cp
α,β ,s(a, b, p, q)

∫
R+

n
|x|α (n−βs)+p(b−a)f p(x)dx, (2)

with the constant Cα,β ,s(a, b, p, q) defined by

Cα,β ,s(a, b, p, q) =
Γn( 1

α )
βαn−1Γ( n

α )
B

1
p
(n − ap

β
, s − n − ap

β
)
B

1
q
(n − bq

β
, s − n − bq

β
)
,

where Γ is gamma function, B is beta function and | · |α is the α−norm.

We usually call inequality (1) Hilbert’s type inequality, and inequality (2) Hardy-
Hilbert’s type inequality. These inequalities are equivalent. Note that the inequalities
(1) and (2) include two conjugate exponents p and q .

Further, paper [8] discusses the problem of the best possible constant. However,
the best possible constant is obtained there in some special cases.

Hilbert’s and Hardy-Hilbert’s inequalities with two non-conjugateparameters were
firstly researched by Hardy, Littlewood and Pólya (see [7], chapter IX, page 254). They
obtained the inequality without the specific value for the constant factor. The value of
that constant factor was given by Levin (see [11]), but the paper did not decide whether
that was the best possible constant. That question is a hard problem and still remains
open.

After that, the described inequalities with non-conjugate parameters were re-
searched and generalized by Bonsall (see [1]). He obtained some multidimensional
results and established general conditions of non-conjugate exponents. Now, we present
these notions and definitions: Let pi, i = 1, 2, . . . , k, be the real parameters which sat-
isfy

k∑
i=1

1
pi

� 1 and pi > 1, i = 1, 2, . . . k. (3)

Further, the parameters pi
′ , i = 1, 2, . . . , k are defined by the equations

1
pi

+
1
p′i

= 1, i = 1, 2, . . . k. (4)
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Since pi > 1 , i = 1, 2, . . . , k , it is obvious that p′i > 1 , i = 1, 2, . . . , k . We define

λ :=
1

k − 1

k∑
i=1

1
p′i

. (5)

It is easy to deduce that 0 < λ � 1 . Also, we introduce the parameters qi , i =
1, 2, . . . k , defined by the relations

1
qi

= λ − 1
p′i

, i = 1, 2, . . . , k. (6)

In order to obtain our results we need to require

qi > 0 i = 1, 2, . . . , k. (7)

It is easy to see that the above conditions do not automatically apply (7). Further, it
follows

λ =
k∑

i=1

1
qi

and
1
qi

+ 1 − λ =
1
pi

, i = 1, 2, . . . , k.

Of course, if λ = 1 , then
∑k

i=1
1
pi

= 1 , so the conditions (3)–(6) reduce to the case of
conjugate parameters.

Our main aim in this paper is to generalize Theorem A. Our generalization will
include the integrals taken over the set (R+

n)k , where k � 2 , with k non-conjugate
parameters. The techniques that will be used in the proofs are mainly based on classical
real analysis, especially on the well known Hölder’s inequality and on Fubini’s theorem.

Conventions. Throughout this paper we suppose that all the functions are non-
negative and measurable, so that all integrals converge. We also introduce the notations:

R+
n = {x = (x1, x2, . . . , xn); x1, x2, . . . , xn > 0},
|x|α = (x1

α + x2
α + · · · + xn

α)
1
α , α > 0,

and we agree that |x|α < δ represents the set {x ∈ R+
n; |x|α < δ} .

2. Preliminaries

The following lemma can be found in [6]:

LEMMA 1. Let pi > 0 , ai > 0 , αi > 0 and Ψ(u) be a measurable function.
Then the following integral equality holds∫

· · ·
∫

x1,x2,...,xn>0,( x1
a1

)α1 +···+( xn
an

)αn�1
Ψ
((

x1

a1

)α1

+ · · · +
(

xn

an

)αn)
×x1

p1−1 · · · xn
pn−1dx1 · · · dxn

=
a1

p1 · · · an
pnΓ
(

p1

α1

)
· · ·Γ

(
pn
αn

)
α1 · · ·αnΓ

(
p1

α1
+ · · · + pn

αn

) ∫ 1

0
Ψ(u)u

p1
α1

+···+ pn
αn

−1du, (8)
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where Γ is gamma function.

For the sake of technical reasons,we introduce real parameters Aij, i, j = 1, 2, . . . , k
satisfying

k∑
i=1

Aij = 0, j = 1, 2, . . . , k. (9)

We also define

αi =
k∑

j=1

Aij, i = 1, 2, . . . , k. (10)

The main results in this paper will be based on the following result:

LEMMA 2. We define the weight function by

ωα,β ,s(xi) =
∫

(R+
n)k−1

∏k
j=1,j�=i |xj|αqiAij

(
∑k

j=1 |xj|αβ)s
dx1dx2 · · · dxi−1dxi+1 · · · dxk, (11)

where α, β , s, qi > 0 , Aij > − n
qi

and βs−(k−1)n
qi

> αi − Aii , i = 1, 2, . . . , k . Then,

ωα,β ,s(xi) = Ki|xi|α (k−1)n−βs+qiαi−qiAii (12)

where the constant Ki is defined by

Ki =
Γ(k−1)n

(
1
α
)
Γ
(
s − (k−1)n+qiαi−qiAii

β

)
βk−1α(n−1)(k−1)Γk−1

(
n
α
)
Γ(s)

k∏
j=1,j�=i

Γ
(

n + qiAij

β

)
. (13)

Proof. By applying Fubini’s theorem we have

ωα,β ,s(xi) =
∫

(R+
n)k−2

k∏
j=2,j�=i

|xj|αqiAij

(∫
R+

n

|x1|αqiAi1

(
∑k

j=1 |xj|αβ)s
dx1

)
×dx2 · · · dxi−1dxi+1 · · · dxk. (14)

Now, the inner integral can be transformed in the following way:∫
R+

n

|x1|α qiAi1

(
∑k

j=1 |xj|αβ)s
dx1

= lim
r→∞

∫
· · ·
∫

x11, . . . , x1n > 0,

x11
α+ · · ·+x1n

α < rα

[
r
((

x11
r

)α + · · ·+ ( x1n
r

)α) 1
α
]qiAi1

[
rβ
((

x11
r

)α + · · ·+ ( x1n
r

)α) β
α

+
∑k

j=2 |xj|αβ
]s

×x11
1−1 · · · x1n

1−1dx11 . . . dx1n, (15)

where x1 = (x11, . . . , x1n).
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By using the integral equality from Lemma 1 we have∫
R+

n

|x1|αqiAi1

(
∑k

j=1 |xj|αβ)s
dx1 = lim

r→∞
rnΓn

(
1
α
)

αnΓ
(

n
α
) ∫ 1

0

(ru
1
α )qiAi1(

rβu
β
α +

∑k
j=2 |xj|αβ

)s u
n
α−1du

= lim
r→∞

Γn
(

1
α
)

αn−1Γ
(

n
α
) ∫ r

0

tn+qiAi1−1

(tβ +
∑k

j=2 |xj|αβ)s
dt

=
Γn
(

1
α
)

αn−1Γ
(

n
α
) ∫ ∞

0

tn+qiAi1−1

(tβ +
∑k

j=2 |xj|αβ)s
dt.

Finally, by using the substitution tβ = u
(∑k

j=2 |xj|αβ
)

one obtains

∫
R+

n

|x1|α qiAi1

(
∑k

j=1 |xj|αβ)s
dx1 =

Γn
(

1
α
)

βαn−1Γ
(

n
α
) ( k∑

j=2

|xj|αβ)
n+qiAi1

β −s
∫ ∞

0

u
n+qiAi1

β −1

(1 + u)s
du

=
Γn
(

1
α
)
Γ
(

n+qiAi1
β

)
Γ
(
s − n+qiAi1

β

)
βαn−1Γ

(
n
α
)
Γ(s)

⎛⎝ k∑
j=2

|xj|αβ
⎞⎠

n+qiAi1
β −s

. (16)

Now, we substitute (16) in (14) and we again use Fubini’s theorem. In that second step
we have, as above in (16),

∫
R+

n

|x2|αqiAi2

(
∑k

j=2 |xj|αβ )s− n+qiAi1
β

dx2

=
Γn
(

1
α
)
Γ
(

n+qiAi2
β

)
Γ
(
s − 2n+qiAi1+qiAi2

β

)
βαn−1Γ

(
n
α
)
Γ
(
s − n+qiAi1

β

)
⎛⎝ k∑

j=3

|xj|αβ
⎞⎠

2n+qiAi1+qiAi2
β −s

.

If we continue with the described procedure, for the variables x3 , x4 , . . . , xi−1 ,
xi+1 , . . . ,xk , we obtain equality (12) and the proof is completed. �

3. Main results

In this section we shall use the relations (11) and (12) to obtain the higher-
dimensional generalization of Theorem A over the set (R+

n)k , k � 2 , with non-
conjugate exponents. Our main result is following:

THEOREM 1. Let k � 2 be an integer and pi, p′i, qi , i = 1, 2, . . . , k , be real
numbers satisfying (3)-(7). Further, let Aij, i, j = 1, 2, . . . , k be real parameters
satisfying (9) and (10). Then, for any non-negative measurable functions f i , i =
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1, 2, . . . , k , the following inequalities hold and are equivalent∫
(R+

n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

� K
k∏

i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi

+piαi f pi
i (xi)dxi

] 1
pi

(17)

and{∫
R+

n
|xk|α− pk

′
qk

[(k−1)n−βs]−pk
′αk

×

⎡⎢⎣∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk−1

⎤⎥⎦
pk

′

dxk

⎫⎪⎪⎬⎪⎪⎭
1

pk
′

� K
k−1∏
i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi

+piαi f pi
i (xi)dxi

] 1
pi

, (18)

for any s, qi > 0 , Aij > − n
qi

, αi − Aii < βs−(k−1)n
qi

, where the constant K is given by
the formula

K =
Γλ (k−1)n

(
1
α
)

βλ (k−1)αλ (n−1)(k−1)Γλ (k−1)
(

n
α
)
Γλ (s)

k∏
i=1

Γ
1
qi

(
s − (k − 1)n + qiαi − qiAii

β

)

×
k∏

i,j=1,i�=j

Γ
1
qi

(
n + qiAij

β

)
.

Proof. We start with inequality (17). The left-hand side of the inequality (17) can
easily be transformed in the following way∫

(R+
n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

=
∫

(R+
n)k

k∏
i=1

⎡⎢⎣ |xi|αpiAii
∏k

j=1,j�=i |xj|αqiAij(∑k
i=1 |xi|αβ

)s Fi
pi−qi(xi)f pi

i (xi)

⎤⎥⎦
1
qi

×
[

k∏
i=1

|xi|αpiAii (Fif i)
pi (xi)

]1−λ

dx1dx2 · · · dxk,

where Fi(xi) =
[
ωα,β ,s(xi)

] 1
qi , and the weight function ωα,β ,s(xi) is as defined in

Lemma 2. It follows from Lemma 2 that

Fi(xi) = Ki
1
qi |xi|α

(k−1)n−βs
qi

+αi−Aii , (19)
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where the constant Ki is defined by formula (13).
Further, since

∑k
i=1

1
qi

+ 1 − λ = 1 , qi > 1 and 0 < λ � 1 , we can apply

Hölder’s inequality with conjugate parameters q1, q2, . . . , qk and 1
1−λ , to the above

transformation. Namely, we obtain∫
(R+

n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

�
k∏

i=1

[∫
R+

n
|xi|αpiAii(Fif i)pi(xi)dxi

] 1
qi

k∏
i=1

[∫
R+

n
|xi|αpiAii(Fif i)pi(xi)dxi

]1−λ

=
k∏

i=1

[∫
R+

n
|xi|αpiAii(Fif i)pi(xi)dxi

] 1
pi

,

since 1
qi

+ 1 − λ = 1
pi

. Finally, by using definition (19) of the functions Fi , i =
1, 2, . . . , k , one obtains the inequality (17).

Let us show that the inequalities (17) and (18) are equivalent. Suppose that the
inequality (17) is valid. If we put the function f k : Rn �→ R , defined by

f k(xk) = |xk|α− pk
′

qk
[(k−1)n−βs]−pk

′αk

⎡⎢⎣∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk−1

⎤⎥⎦
pk

′
pk

in inequality (17), we obtain

Ip′k(xk) � K
k−1∏
i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi

+piαi f pi
i (xi)dxi

] 1
pi

I
p′k
pk (xk)

where I(xk) denotes the left-hand side of inequality (18). That gives inequality (18).
It remains to prove that inequality (17) is a consequence of inequality (18). For

this purpose, let’s suppose that inequality (18) is valid. Then the left-hand side of
inequality (17) can be transformed in the following way:

∫
(R+

n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

=
∫

R+
n
|xk|α

(k−1)n−βs
qk

+αk f k(xk)

×

⎡⎢⎣|xk|α− (k−1)n−βs
qk

−αk

∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk−1

⎤⎥⎦ dxk.
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Applying Hölder’s inequality to the conjugate parameters pk and p′k we have∫
(R+

n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

�
[∫

R+
n
|xk|α

pk (k−1)n−pkβs
qk

+pkαk f pk
k (xk)dxk

] 1
pk · I(xk),

and the result follows from (18). Hence, we have shown that inequalities (17) and (18)
are equivalent. Since the first inequality is valid, the second one is also valid. That
completes the proof. �

REMARK 1. It is easy to see that Theorem 1 is the generalization of Theorem A
from the Introduction. Namely, let us define, for k = 2 , p1 = p , p2 = q , A11 = b ,
A12 = −a , A21 = −b , A22 = a . Since λ = 1 and pi = qi , αi = Ai1 + Ai2 ,
i = 1, 2 , in the conjugate case, and since B(x, y) = Γ(x)Γ(y)

Γ(x+y) , inequalities (17) and (18)
become (1) and (2) respectively, as well as the constant K from Theorem 1 becomes
Cα,β ,s(a, b, p, q) from Theorem A.

REMARK 2. Further, if we put n = 1 and β = 1 in Theorem 1, we obtain the
result from our paper [4], and in the conjugate case from [2].

It is very interesting to investigate under which conditions the equality in (17) and
(18) holds. The answer to that question is given in the following result:

THEOREM 2. The equality in (17) and (18) holds if and only if at least one of the
functions f i is equal to zero.

Proof. Observe that the equality in inequality (17) holds if and only if it holds
in Hölder’s inequality. By using the notation from Theorem 1, it means that the func-

tions |xi|αpiAii
∏k

j=1,j�=i |xj|α qiAij
(∑k

j=1 |xj|αβ
)−s

Fi
pi−qi(xi)f

pi
i (xi) , i = 1, 2, . . . , k , and∏k

i=1 |xi|α piAii (Fif i)
pi (xi) are effectively proportional. So, if we suppose that the func-

tions f i , i = 1, 2, . . . , k are not equal to zero, a straightforward computation (see also
[4], Remark 1) leads to the following condition( k∑

j=1

|xj|αβ
)−s

= C
k∏

j=1

|xj|α (k−1)n−βs+qiαi−qiAii ,

where C is an appropriate constant, and that is a contradiction. So the equality in
Theorem 1 holds if and only if at least one of the functions f i is identically equal to
zero. Otherwise, for non-negative and non-zero functions, the inequalities (17) and
(18) are strict. �

The following remark deals with the reversed sign of inequalities (17) and (18):

REMARK 3. If the parameters pi , i = 1, 2, . . . , k are chosen in such a way that

qj > 0, for some j ∈ {1, 2, . . .n}, qi < 0, i �= j and λ < 1 (20)
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or
qi < 0, i = 1, 2, . . . , n (21)

then the exponents from the proof of Theorem 1 fulfill the conditions for the reverse
Hölder’s inequality (for details see e.g. [12], Chapter V), which gives the reversed sign
of inequalities (17) and (18).

4. The best possible constants in the conjugate case

In this section we consider the inequalities in Theorem 1. In such a way we
shall obtain the best possible constants for some general cases. As we have already
mentioned, obtaining the best possible constants in the case of non-conjugateparameters
seems to be a very difficult problem and it remains still open.

It follows easily that the constant K from the previous theorem, in the conjugate
case ( λ = 1 , pi = qi ), becomes

K =
Γ(k−1)n

(
1
α
)

β (k−1)α(n−1)(k−1)Γ(k−1)
(

n
α
)
Γ(s)

k∏
i=1

Γ
1
pi

(
s − (k − 1)n + piαi − piAii

β

)

×
k∏

i,j=1,i�=j

Γ
1
pi

(
n + piAij

β

)
.

However, we shall deal with appropriate forms of the inequalities obtained in the
previous section in the conjugate case. The main idea is to simplify the above constant
K , i.e. to obtain the constant without the conjugate exponents. For that sake, it is
natural to consider real parameters Aij satisfying the following relation

βs − (k − 1)n + piAii − piαi = n + pjAji, j �= i, i, j ∈ {1, 2, . . . , k}. (22)

In that case the constant K above is simplified to the following form:

K∗ =
Γ(k−1)n

(
1
α
)

βk−1α(n−1)(k−1)Γk−1
(

n
α
)
Γ(s)

k∏
i=1

Γ

(
n + Ãi

β

)
, (23)

where
Ãi = pjAji, j �= i and − n < Ãi. (24)

It is easy to see that the parameters Ãi satisfy the relation

k∑
i=1

Ãi = βs − kn. (25)

Further, by using (9) and (24) we have

Aii = −A1i − A2i − · · · − Ai−1i − Ai+1i − · · · − Aki

= − Ãi

p1
− Ãi

p2
− · · · − Ãi

pi−1
− Ãi

pi+1
− · · · − Ãi

pk

= Ãi

(
1
pi

− 1

)
. (26)
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Further, by using (24), (25) and (26), the inequalities (17) and (18) with the
parameters Aij , satisfying relation (22), become∫

(R+
n)k

∏k
i=1 f i(xi)(∑k
i=1 |xi|αβ

)s dx1dx2 · · · dxk � K∗
k∏

i=1

[∫
R+

n
|xi|α−n−piÃi f pi

i (xi)dxi

] 1
pi

(27)

and {∫
R+

n
|xk|α (1−p′k)(−n−pkÃk)

×

⎡⎢⎣∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k
i=1 |xi|αβ

)s dx1dx2 · · · dxk−1

⎤⎥⎦
pk

′

dxk

} 1
pk

′

� K∗
k−1∏
i=1

[∫
R+

n
|xi|α−n−piÃi f pi

i (xi)dxi

] 1
pi

. (28)

We shall see that the constant K∗ in (27) and (28) is the best possible in the sense
that we can’t replace that constant K∗ in inequalities (27) and (28) with the smaller
constant, so that the inequalities are fulfilled for all non-negative measurable functions.

THEOREM 3. The constant K∗ is the best possible in both inequalities (27) and
(28).

Proof. Let’s suppose that the constant factor K∗ given by (23) is not the best
possible in the inequality (27). Then, there exist a positive constant K1 < K∗ , such
that (27) is still valid when we replace K∗ by K1 .

We define the real functions f̃ i,ε : Rn �→ R by the formulas

f̃ i,ε(xi) =

{
0, |xi|α < 1

|xi|α Ãi− ε
pi , |xi|α � 1

, i = 1, . . . , k,

where 0 < ε < min1�i�k{pi + piÃi} . Now, we shall put these functions in inequality
(27). By using the n−dimensional spherical coordinates, the right-hand side of the
inequality (27) becomes

K1

k∏
i=1

[ ∫
|xi|α�1

|xi|−n−ε
α dxi

] 1
pi

=
K1|Sn−1|α

2n

∫ ∞

1
t−1−εdt =

K1|Sn−1|α
2nε

, (29)

where Sn−1 denotes unit sphere in Rn, and let |Sn−1|α = 2nΓn( 1
α )

αn−1Γ( n
α ) be its area in view

of α−norm.
Further, let J denotes the left-hand side of the inequality (27), for above choice of

the functions f̃ i,ε . By applying n− spherical coordinates and the substitutions yi = tβi ,



ON SOME HIGHER-DIMENSIONAL HILBERT’S... 711

i = 1, . . . , k, in J, we find

J =
∫
|x1|α�1

· · ·
∫
|xk|α�1

∏k
i=1 |xi|Ãi− ε

pi
α(∑k

i=1 |xi|βα
)s dx1 . . . dxk

=
|Sn−1|kα

2kn

∫ ∞

1
· · ·
∫ ∞

1

∏k
i=1 t

n−1+Ãi− ε
pi

i(∑k
i=1 tβi

)s dt1 . . . dtk

=
|Sn−1|kα
βk2kn

∫ ∞

1
y

n+Ã1− ε
p1

β −1

1

⎛⎜⎜⎝∫ ∞

1
· · ·
∫ ∞

1

∏k
i=2 y

n+Ãi− ε
pi

β −1
i(∑k
i=1 yi

)s dy2 . . . dyk

⎞⎟⎟⎠ dy1. (30)

By using the substitutions ui = yi
y1

, i = 2, . . . , k, in (30), and the identity (25), we
have

J =
|Sn−1|kα
βk2kn

∫ ∞

1
y

n+Ã1− ε
p1

β −1

1 · y
1
β

[
(k−1)n+

∑k
i=2

(Ãi− ε
pi

)
]
−s

1

×

⎛⎜⎜⎝∫ ∞

1
y1

· · ·
∫ ∞

1
y1

∏k
i=2 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=2 ui

)s du2 . . . duk

⎞⎟⎟⎠ dy1

=
|Sn−1|kα
βk2kn

∫ ∞

1
y
−1− ε

β
1

⎛⎜⎜⎝∫ ∞

1
y1

· · ·
∫ ∞

1
y1

∏k
i=2 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=2 ui

)s du2 . . . duk

⎞⎟⎟⎠ dy1.

Now, it is easy to see that the following inequality holds

J � |Sn−1|kα
βk2kn

∫ ∞

1
y
−1− ε

β
1

⎛⎜⎜⎝∫ ∞

0
· · ·
∫ ∞

0

∏k
i=2 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=2 ui

)s du2 . . . duk

⎞⎟⎟⎠ dy1

−|Sn−1|kα
βk2kn

∫ ∞

1
y
−1− ε

β
1

k∑
j=2

Ij(y1)dy1, (31)

where for j = 2, . . . , k, Ij(y1), is defined by

Ij(y1) =
∫

Dj

∏k
i=2 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=2 ui

)s du2 . . . duk,
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satisfying Dj = {(u2, . . . , uk); 0 < yj < 1
y1

, 0 < ul < ∞, l �= j}. Without losing
generality, we only estimate the integral I2(y1). For k = 2 we have

I2(y1) =
∫ 1

y1

0

u

n+Ã2− ε
p2

β −1

2

(1+u2)s
du2 �

∫ 1
y1

0
u

n+Ã2− ε
p2

β −1

2 du2 = β
(

n+Ã2− ε
p2

)−1

y

ε
p2

−n−Ã2

β
1 ,

and for k > 2 we find

I2(y1) �

⎛⎜⎜⎝∫ ∞

0
· · ·
∫ ∞

0

∏k
i=3 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=3 ui

)s du3 . . . duk

⎞⎟⎟⎠ ·
∫ 1

y1

0
u

n+Ã2− ε
p2

β −1

2 du2

� β
(

n + Ã2 − ε
p2

)−1

y

ε
p2

−n−Ã2

β
1

∫ ∞

0
· · ·
∫ ∞

0

∏k
i=3 u

n+Ãi− ε
pi

β −1
i(

1 +
∑k

i=3 ui

)s− 1
β (n+Ã1+ε− ε

p1
)

×du3 . . . duk

= β
(

n + Ã2 − ε
p2

)−1

y

ε
p2

−n−Ã2

β
1

1

Γ(s − 1
β (n + Ã1 + ε − ε

p1
))

×
k∏

i=2

Γ

(
n + Ãi − ε

pi

β
+ 1

)
,

where we used the well known formula for gamma function (see, for instance, [3],
Lemma 5.1.):∫ ∞

0
. . .

∫ ∞

0

∏k−1
i=1 uai−1

i

(1 +
∑k−1

i=1 ui)
∑k

i=1
ai

du1 . . . duk−1 =
∏k

i=1 Γ(ai)

Γ(
∑k

i=1 ai)
.

Hence, we have Ij(y1) � y

ε
pj

−n−Ã2

β
1 Oj(1), for ε → 0+, j ∈ {2, . . . , k}, and

consequently ∫ ∞

1
y
−1− ε

β
1

k∑
j=2

Ij(y1)dy1 � O(1). (32)

Now, from (29), (31) and (32) we get K∗ � K1. This contradiction follows that the
constant K∗ in(27) is the best possible.

Finally, equivalence of inequalities (27) and (28) means that the constant K∗ is
also the best possible in the inequality (28). That completes the proof. �

REMARK 4. In two-dimensional conjugate case, by using the notation fromRemark
1, relation (22) reduces to pa+qb = 2n−βs , what is the condition for the best possible
constant in paper [8]. So, Theorem 3 is the generalization of the appropriate result from
[8]. Further, Theorem 3 also generalizes our result from [2].



ON SOME HIGHER-DIMENSIONAL HILBERT’S... 713

5. Some examples

Our aim in this section is to apply the results from Theorem 1, to some special
choices of real parameters Aij, i, j = 1, 2, . . . , k . In such a way, we shall obtain
generalizations of the numerous versions of multiple Hilbert’s and Hardy-Hilbert’s
inequality, previously known from the literature. Further, in the conjugate case we shall
obtain the best possible constants in some cases.

At the beginning, let us define the real parameters Aij , i, j = 1, 2, . . . , k , by
Aii = (nk − s) λqi−1

q2
i

and Aij = (s − nk) 1
qiqj

, i �= j , i, j = 1, 2, . . . , k . Then we have

k∑
i=1

Aij =
∑
i�=j

s − nk
qiqj

+ (nk − s)
(
λqj − 1

qj
2

)
=

s − nk
qj

(
k∑

i=1

1
qi

− λ

)
= 0,

for j = 1, 2, . . . , k . Clearly, the parameters Aij are symmetric and it follow that
αi =

∑n
j=1 Aij = 0 , for i = 1, 2, . . . , k . In such a way we obtain the following result:

COROLLARY 1. Let k � 2 be an integer and pi, p′i, qi , i = 1, 2, . . . , k , be
real numbers satisfying (3)-(7). Then, for any non-negative measurable functions f i ,
i = 1, 2, . . . , k , the following inequalities hold and are equivalent∫

(R+
n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

� L
k∏

i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi f pi

i (xi)dxi

] 1
pi

(33)

and{∫
R+

n
|xk|α− pk

′
qk

[(k−1)n−βs]

×

⎡⎢⎣∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk−1

⎤⎥⎦
pk

′

dxk

} 1
pk

′

� L
k−1∏
i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi f pi

i (xi)dxi

] 1
pi

, (34)

where nk − βs < n min{pi, qj, i, j = 1, 2, . . . k} and the constant L is defined by the
formula

L =
Γλ (k−1)n

(
1
α
)

βλ (k−1)αλ (n−1)(k−1)Γλ (k−1)
(

n
α
)
Γλ (s)

k∏
i=1

Γ
1
qi

(
βs + n(pi − k)

βpi

)

×
k∏

i=1

Γλ−
1
qi

(
βs + n(qi − k)

βqi

)
.
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The equality in both inequalities holds if and only if at least one of the functions f i ,
i = 1, 2, . . . , k , is equal to zero. Further, the constant L is the best possible in the
conjugate case.

Proof. The corollary follows directly by putting the real parameters Aii = (nk −
s) λqi−1

q2
i

and Aij = (s − nk) 1
qiqj

, i �= j , i, j = 1, 2, . . . , k , in inequalities (17) and (18).
Straightforward computation shows that such parameters Aij , in the conjugate case,
satisfy equation (22). Hence, the constant L is the best possible. �

REMARK 5. By using the same notation as in Remark 1 and by defining A11 =
A22 = 2n−s

pq , A12 = A21 = s−2n
pq in two-dimensional conjugate case, the constant L be-

comes L = B
(

np+s−2n
p , nq+s−2n

q

)
, so the inequalities (33) and (34) are generalizations

of those from the paper [8]. Further, by putting n = 1 and β = 1 we obtain appropriate
results from [2] and [4].

REMARK 6. Similarly as in the previous corollary, if we define the parameters Aij

by Aii = n(λqi−1)
λq2

i
and Aij = − n

λqiqj
, i �= j , i, j ∈ {1, 2, . . . k} , then we have

k∑
i=1

Aij =
∑
i�=j

− n
λqiqj

+
n(λqj − 1)

λqj
2

= − n
λqj

(
k∑

i=1

1
qi

− λ

)
= 0,

for j = 1, 2, . . . , k . Since the parameters Aij are symmetric, one obtains αi =∑n
j=1 Aij = 0 , for j = 1, 2, . . . , k . So, by putting these parameters in Theorem 1

we obtain the same inequalities as in the Corollary 1, with the constant L replaced with

L′ =
Γλ (k−1)n

(
1
α
)

βλ (k−1)αλ (n−1)(k−1)Γλ (k−1)
(

n
α
)
Γλ (s)

k∏
i=1

Γ
1
qi

(
s − (k − 1)n

β
+

n
λβp′i

)

×
k∏

i=1

Γλ−
1
qi

(
n

λβp′i

)
,

where s + n
λβp′i

> (k−1)n
β . Similarly as before, if βs = (k − 1)n , then the defined

parameters satisfy constraint (22) in the conjugate case, the constant L′ becomes

L′′ =
Γ(k−1)n

(
1
α
)

β (k−1)α(n−1)(k−1)Γ(k−1)
(

n
α
)
Γ(s)

k∏
i=1

Γ
(

n
βp′i

)
,

and that is the best possible constant.
On the other hand, if we define the parameters by Aii = Ai , Aii+1 = −Ai+1 ,

Aij = 0 , where |i − j| > 1 and the indices are taken modulo k , then we have

k∑
i=1

Aij = Aj−1j + Ajj = −Aj + Aj = 0,

so we obtain the following result:
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COROLLARY 2. Let k � 2 be an integer and pi, p′i, qi , i = 1, 2, . . . , k , be
real numbers satisfying (3)-(7). Then, for any non-negative measurable functions f i ,
i = 1, 2, . . . , k , the following inequalities hold and are equivalent∫

(R+
n)k

∏k
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk

� M
k∏

i=1

[∫
R+

n
|xi|α

pi(k−1)n−piβs
qi

+pi(Ai−Ai+1)f pi
i (xi)dxi

] 1
pi

(35)

and{∫
R+

n
|xk|α− pk

′
qk

[(k−1)n−βs]−pk
′(Ak−A1)

×

⎡⎢⎣∫
(R+

n)k−1

∏k−1
i=1 f i(xi)(∑k

i=1 |xi|αβ
)λ s

dx1dx2 · · · dxk−1

⎤⎥⎦
pk

′

dxk

} 1
pk

′

� M
k−1∏
i=1

[∫
(R+)n

|xi|α
pi(k−1)n−piβs

qi
+pi(Ai−Ai+1)f pi

i (xi)dxi

] 1
pi

, (36)

for any Ai ∈
(

(k−1)n−βs
qi−1

, n
qi−1

)
, with the constant M defined by the formula

M =
Γλ (k−1)n

(
1
α
)
Γλ (k−2)

(
n
β

)
βλ (k−1)αλ (n−1)(k−1)Γλ (k−1)

(
n
α
)
Γλ (s)

k∏
i=1

Γ
1
qi

(
βs + qiAi+1 − (k − 1)n

β

)

×
k∏

i=1

Γ
1
qi

(
n − qiAi+1

β

)
.

The equality in both inequalities holds if and only if at least one of the functions f i ,
i = 1, 2, . . . , k , is equal to zero.

Clearly, by putting n = 1 and β = 1 in (35) and (36) we obtain appropriate
inequalities from the papers [2] and [4].
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40000 Čakovec
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