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PARAMETRIZED KLAMKIN’S INEQUALITY
AND IMPROVED EULER’S INEQUALITY

DARKO VELJAN AND SHANHE WU

(communicated by V. Volenec)

Abstract. In this paper, the authors present a generalization of Klamkin’s inequality by introduc-
ing a parameter, which relaxes the conditions of Klamkin’s inequality. As applications, some
improved versions of Euler’s inequality are obtained.

1. Introduction

We begin by recalling here the following well-known inequality related to the
angles A, B, C of a triangle

3v3
sinA + sin B + sin C < T\/_ (1)

In 1969, P. M. Vasic [1] presented a weighted generalization of the inequality (1),
as follows

THEOREM A. Let x, y, z be positive numbers, and let A, B, C be real numbers
with A+ B+ C =m. Then

ﬁ({c—z+§+ﬂ>. )

xsinA +ysinB+ zsinC < —
y b4

2
In 1984, M. S. Klamkin [2] sharpened Vasi¢’s inequality (2) in the from asserted
by Theorem B below.

THEOREM B. Let x, y, z be positive numbers, and let A, B, C be real numbers

with A+ B+ C=m. Then
1 1 1
(y+yz+zx) ([ —+—=+—=. 3)
Xy yz oz

It is well-known that Klamkin’s inequality (3) plays an important role in the study
of geometric inequalities. A number of geometric inequalities can be obtained from

xsinA + ysin B+ zsin C <

N[ =
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the Klamkin’s inequality (3) by assigning appropriate values to the parameters. Due
to the importance of Klamkin’s inequality, this inequality has been given considerable
attention by mathematicians. A comprehensive survey on this inequality can be found
in [3], where a large number of references connected to this subject are listed.

The aim of this paper is to give a generalization of Klamkin’s inequality by intro-

ducing a parameter. Moreover, we provide an application of the obtained result to the
improvement of the classical Euler’s inequality and Bandilad’s inequality.

2. Lemmas

In order to prove the main result in Section 3, we need the following lemmas.

LEMMA 1. Let x, vy, z, A, B, C be real numbers with A+B+C =0, —n <
0 < 7. Then

0
Ky 47 2secg(yzcosA+zxcosB+xycosC). 4)
Proof. We rewrite the inequality (4) as
2 6 2 6 2
x fsecg(ycosC+zcosB)x+y fyzsecgcosAJrz > 0. (5)
To prove the inequality (5), it is enough to prove that
0 0
Ay = sec? g(ycosC +zcosB)? — 4 <y2 —yzsee COSA + zz) <0,

i.e.,

6 2] 2]
A = (sec2 3 cos’ C — 4) v+ (ZZ cos C cos B sec’ 3 +4zsec 3 cosA) y
. (©)
+7 (sec2 3 cos’B — 4) <0.
When C = 0 and 0 = 7, we deduce directly that A; = 4z>(cos’ B — 1) < 0. When

C # 0 or 0 # m, it implies that sec? g cos’ C —4 < 0. Thus, in order to prove the
inequality (6), it is enough to prove that

0 0 :
A = (ZZ cos C cos B sec’ 3 + 4zsec 3 cos A)
20 5 20 5
—4 | sec gcos C—-4 sec §cos B—4) <O0.
Direct computation gives

0 7] 0
Ay = 162% sec’ 3 [cosA cos Bcos C + cos 3 (cos® A + cos’ B + cos® C) — 4 cos’ g] ;
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and

0 0
cos A cos Bcos C + cos 3 (cos® A + cos® B + cos® C) — 4 cos’ 3

= % [cos(8 — C) 4 cos(A — B)] cos C

0 0
+cos 3 [14 cos(6 — C) cos(A — B) + cos® C| — 4 cos’ 3

1
=3 cos(A — B) {cos C +2cos g cos(6 — C)]

39

1 0 0
+ EcosC {cos(@— 0) +2cos§cosC] +cos§ —4cos 3

= %cos(A — B) {cos(%@ —-O)+ cos(%@ — C) +cos C}
1 0 0
+ 3 cos C cos(g +C)+ cos(§ —C)+cos(0—C)
fcosg <1 +2cos§9>
= %cos(A — B) cos(%@ -0) (1 + 2 cos %9)
1 0 2 0 2
+§ cos Ccos(g—C) <1+2cos 56) —cos <1+2cos 59)

2 1 2 0 0
= (cos §9+§> [cos(§9C) cos(A—B)+n cos Ccos(ng)f2 cos =

] ®)

By the assumption of Lemma 1 —n < 6 < 7, we conclude that cos %6 > —%,

cos g > % . In order to prove that A, < 0, we consider the following two cases.

Case (I). When cos(30 — C) > 0, we have
cos(%@ — C)cos(A — B) + cos Ccos(g -C)— 20052
< cos(%@ — C) +cos Ccos(g -C)— 20052
= 2cos g cos(g —C)—cosC+ cochos(g - C) — ZCosg

=— {1 fcos(g - C)] |:COSC+2COS g]

1
-2 {1 - cos(g - C)} [cos2 g + cosg - 5}

<0.



732 DARKO VELJAN AND SHANHE WU
Case (IT). When cos(36 — C) < 0, we have

2
005(59 — C)cos(A —B) + cochos(g -C)— 20052
2 0 0
< —cos(z0 — C) +cosCcos(z —C) —2cos =
3 3 3
0 0 0 0
= —ZCosgcos(g -0) +cosC+cochos(§ -C) — 2005§

=— {1 +cos(§ - C)} |:COSC+2COS g]

0 ., C 0 1
=—2{1+cos(% — ~ +cos> — = | <0.
2{1 cos(3 C)} [sm 5 teosy 2] 0

Combining the identity (8) and the above inequalities, we deduce that A, < 0,
which implies the validity of inequality (4). The Lemma 1 is proved. [

LEMMA 2. Let x, vy, z, A, B, C be real numbers with A+ B+ C =0, (6k—
<0< (6k+1)m, (k=0, £1, £2, ...). Then

Py 47 2secg(yzcosA+zxcosB+xycosC). 9)
Proof. Based on the assumption of Lemma 2 (6k — 1)m < 0 < (6k + 1)m, we
have
(A —2km)+ (B —2km) + (C —2knt) = 0 — 6k and —7m < 60— 6k < .
It thus follows from Lemma 1 that
K4y 477 > sec <§—2k7r> [vz cos(A—2km)+zx cos(B—2km)+xy cos(C—2km)| . (10)

this yields
0
¥4+ 472 > sec 3 (yzcosA 4 zxcos B+ xycos C)

which is the required inequality in Lemma 2. The proof of Lemma 2 is complete. [

3. Main result

Our main result is stated in the following theorem.

THEOREM 1. Let x, y, z be positive numbers, and let A, B, C be real numbers
with A+B+C=0, Bk+1)n <0< (B3k+2)nr (k=0, £1, £2, ...). Then
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xsinA+ysin B+zsin C < %\/(xy+yz+zx)2 — (208 20+1) (x2y2+y222+22x2)

1 1 1
Vet et (11)

Proof. Using a substitution in (11) by

T — @1 T— ¢
B+—
2 2

we find that the inequality (11) is equivalent to the following inequality:

T— Q3
C
| — 2 ;

Ar—

xcos & +ycos L+zcos & < %\/(Xy+yz+zx)2 _ (172 cos %) (224222 +2242)

1 1 1
Ve TetTw (12)

where ¢ = @) + @+ @3, (6k— 1)< ¢ < (6k+ 1) (k=0, £1, +£2, ...).
In order to prove the inequality (11), it is enough to prove that the inequality (12)
is valid.
Applying the Cauchy-Schwarz’s inequality [4, p.30], one obtain
% @3

X Ccos %er cos 72+z cos 7

1 1 1
< (zxxy cos? ﬂeryyz cos? %erzzx cos? %) —t—t—
2 2 2 Yz Xy

13)
1 (
=3 V2 (zxxy+xyyz+yzzx) +2 (zxxy cos @ + xyyzcos @ + yzzx cos ¢3)
1 1 1
yz
On the other hand, in view of the hypothesis that
d=0i+ @+, (k—1)m< o< (6k+ 1) (k=0, £1, £2, ...).
We thus deduce from Lemma 2 that
ZXXY COS (0] + XYYz COS Py + YzZX COS (3 < COS % (2227 + X2 + 7). (14)
Combining inequalities (13) and (14) gives
X COS % + ycos % + zcos %
1 O a2 22 2.2y )L ! 1
< =1/ 2 (zxxy + xyyz + yzzx) + 2 cos — (2262 + x2y2 + y222)y [ — + — + —
2 3 Xy ¥z

1 1 1 1
== (xy+yz+ZX)2<12cos?) (22 + 22 + 22 | —+ —+ —.
2 3 Xy yz oz
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Hence the inequality (12) is proved, which leads us to the desired inequality (11). This
completes the proof of Theorem 1. [

REMARK 1. It is obvious that the Klamkin’s inequality (3) would follow as a
special case of Theorem 1 when 6 = 7.

4. Application to the improvement of Euler’s inequality

In what follows, we state that A, B, C denote the angles of triangle ABC, a, b, ¢
denote the lengths of the corresponding sides. Let R, r be the radii of the circumscribed
and inscribed circles of triangle ABC respectively. Similarly define the triangle A’B'C’ .

The inequality

R=2r (15)
is called Euler’s inequality. This inequality was proved by L. Euler in 1765, it is
one of the oldest geometric inequalities, As is well-known, Euler’s inequality (15) is
an important tool in the study of geometric inequalities, see [35] for history and more
details, refer to [6—13] for some results concerning improvements and applications of
this inequality .

In 1985, an interesting sharpened version of Euler’s inequality was presented by

V. Béndila [14], as follows

R_b ¢

e 16
r_ ¢ + b (16)
In 2003, Zh.-H. Zhang and Q. Song et al [15] established an analogue of Bandild’s

inequality (16) as a sharpening of Euler’s inequality, i.e.,

R_2(a b ¢
-2z (-+-+-]. 17
r 3<b+c+a> (17)

As application of Theorem 1, we give here a new improvement of Euler’s inequality,
it will be shown that the present result is a unified improved version of Bandild’s
inequality (16) and Zhang-Song’s inequality (17).

THEOREM 2. Supposethat A, B, C are the real numbers such that A+B+C = 0
(m<0<2m), A, B', C' arethe angles of triangle A'B'C’, and R', v’ are the radii
of the circumscribed and inscribed circles respectively. Then the following inequality
holds true

. . . 5
sinA sinB sinC 2 / 2 R’

<4/3(2 -0+1) —-2 -0 1+— . 18
sinA’+sinB’+sinC’ \/ < €083 + ) r (0053 > ( +r’> (18)

Proof. Direct computation gives

1 1 1
(Y 4y + 2°x7) <— +—+ —)
Xy vz

1 1 1
= [(xy-i—yz-&-zx)z — 2xyz(x+y+z)] (_ +— _)
Xy yz
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o1
= (x4 yz+ )’ (— +—+ —) —2(x+y+2)?

ooy
= (xy+yztzx)’ (i+l+l> —6(xy+yztan) —(x—y)’ —(y=2)*~ (z—x)’

Xy yz =
2111

< (y+yzt+o) | =+ =+ — ) —6(xy +yz+2x).

Xy yz =

By using Theorem 1 with k = 1, and appealing to the above inequality, we get that

xsin A+ysin B+zsin C

1 2 2 1 1 1
< 24/6(2cos Z0+1 ) (xy+yztzx) — (2cos 20 ) (xy+yztax)” (| —+—+— ).
2 3 3 Xy yzI ¢

Now, substituting
1 1 1

- = — 1= ——
sind’ * YT SnB sin C’

into (19), and making use of the known results (see [3, p.180]):

1 1 1 2R’

- - + — - + = - = —
sinA’sinB’  sinB’sinC’  sin C’sinA’ r’

7N\ 2
sinA’sinB’ + sin B’ sin C’ +sin C'sinA’ < (1 + I%) ;

we obtain immediately the desired inequality (18). The proof of Theorem 2 is com-
plete. O

As a consequence of Theorem 2, letting A, B, C be the angles of a triangle
and using the law of sine, it yields immediately the following interesting and valuable
inequality between two triangles.

COROLLARY 1. Forany triangle ABC andtriangle A'B'C’, the following inequal-
ity holds true
1 1 a b ¢
REMARK 2. In particular, the Béndild’s inequality (16) would follow from the
inequality (20) by setting @’ = a, b’ = ¢, ¢/ = b (where, it evidently implies that
r=rand R =R).

Moreover, putting @' = b, b’ = ¢, ¢’ = a in inequality (20), a new sharpened
version of Euler’s inequality is derived as follows

COROLLARY 2. For any triangle ABC, the following inequality holds true
R b

a c
- > -4+-+-—-1 21
r b+c+a (21)
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REMARK 3. Itis clear that

a b ¢ 2(fa b c
—+-+-—-12=|-+-+-]. 22
b+c+a 3(b+c+a> (22)
Thus, the inequality (21) is stronger than the inequality (17) given by Zhang and Song
etal in [15].

In fact, we can now prove that the inequality (21) is the strongest possible inequalities
of the form

R b
—>M(g+—+£>+23u. (23)
r b ¢ a

By using the identity
R 2abc

r (a+b—c)b+c—a)c+a—b)

we conclude that the inequality (23) is equivalent to the inequality:

2abc a b ¢
>u(4+248) v2-3u (24
(a+b—c)(b+c—a)(c+a—D) 'u(b+c+a)Jr 3 (24)

Putting @ = b = 1, ¢ = € in (24) and then taking limits as € — 0, we get that
u < 1. Consequently, the coefficient u = 1 is best possible in the sense that it cannot
be replaced by a larger constant.

REMARK 4. In a recent paper [16], D. Svrtan and I. Urbiha proved a sharp inequal-

ity:
2abc 1 a* b
>-(1+—4+—+—. 25

(a+b—c)(b+c—a)lc+a—Db) 2( +chrcaJrab) (25)

By direct computation, we find that

Lo P ey _(aybie
2 bc ca ab) \b ¢ a

(b+c—a)(c+a—b)(a+b—c) (b+c—a c+a—b a+b—c
+ 3.
8abc ct+a—b a+b—c b+c—a

(26)

Combining inequalities (25) and (26), a refinement of inequality (21) is derived as
follows

R _ 1 a*> b 2 a b ¢
o144+ =4+ ) >S4+ 51 27
r 2(+bc+ca ab> b+c+a 27)
In addition, applying inequalities (21) and (25) to identity (26), we get immediately
the following sharpened version of inequality (21):

2 2
R a b C 1 b"‘C—Cl C+Cl—b Cl—‘rb—c
— > —+—+-—— - B .
(”) (b+c+a 1) +4 <c+ab+a+bc+b+Ca 3) (28)

Acknowledgments. The research was supported by the Natural Science Foundation
of Fujian province of China under grant No.S0650003.



(10]
(11]
(12]
(13]

[14]
(15]

(16]

PARAMETRIZED KLAMKIN’S INEQUALITY AND IMPROVED EULER’S INEQUALITY 737
REFERENCES

P. M. VASIC, Some inequalities for the triangle, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz.
274-301(1969), 121-126.

M. S. KLAMKIN, On a triangle inequality, Crux Math. 10 (1984), 139-140.

D. S. MITRINOVIC, J. E. PECARIC AND V. VOLENEC, Recent Advances in Geometric Inequalities. Kluwer
Academic Publishers, Dordrecht, Netherlands, 1989.

D. S. MITRINOVIC AND P. M. VASIC, Analytic Inequalities, Springer-Verlag, New York, 1970.
O.BOTTEMA, R. Z. DJORDJEVIC, R. R. JANIC, D. S. MITRINOVIC AND P. M. VASIC, Geometric Inequalities.
Wolters-Noordhoff, Groningen, 1969.

D. S. MITRINOVIC, J. E. PECARIC, V. VOLENEC AND J. CHEN, Addenda to the Monograph: Recent
Advances in Geometric Inequalities(I). Journal of Ningbo University, 4(2)(1991).

Z. SHAN, Geometric Inequality in China. Jiangsu Education Publishing House, Nanjing, 1996 (in
Chinese).

J.-CH. KUANG, Applied Inequalities, 2nd ed., Shandong Science and Technology Press, Jinan, 2004 (in
Chinese).

S. Wu, Generalization and sharpness of Finsler-Hadwiger’s inequality and its applications. Math.
Inequal. Appl., 9 (3) (2006), 421-426.

SH.-H. WU, A sharpened Euler’s inequality and its inverse version. The Monthly Journal of High School
Mathematics, 1 (2003).19-20 (in Chinese).

SH.-H. WU AND ZH.-H. ZHANG, A class of inequalities related to the angle bisectors and the sides of a
triangle. J. Inequal. Pure Appl. Math., 7 (3) (2006), Article 108.

R. A. SATNOIANU, General power inequalities between the sides and the circumscribed and inscribed
radii related to the fundamental triangle inequality. Math. Inequal. Appl., 5(4)(2002),745-751.

R. A. SATNOIANU, Refined geometric inequalities between two or more triangles obtained by dedublation.
Math. Inequal. Appl., 7(2)(2004),289-298.

V. BANDILA, Problem C 474, Gaz. Mat. (Bucharest) 90 (1985), 65.

ZH.-H. ZHANG, Q. SONG AND ZH.-S. WANG, Some Strengthened Results On Euler’s Inequality. RGMIA
Res. Rep. Coll. 6 (4) (2003), Art. 7, Available online at URL: http://rgmia.vu.edu.au/v6n4.html.

D. SVRTAN AND 1. URBIHA, Verification and strengthening of the Atiyah-Sutcliffe conjectures for several
types of configurations, arXiv: math. MG/0609174 v1, 6 Sep 2006.

(Received April 18, 2007) Darko Veljan

Department of Mathematics
University of Zagreb
Bijeniccka 30

Zagreb, 10000

Croatia

e-mail: dveljan@math.hr

Shanhe Wu

Department of Mathematics
Longyan College

Longyan Fujian 364012
People’s Republic of China

e-mail: wushanhe@yahoo.com.cn

Mathematical Inequalities & Applications



