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A NOTE ON STRONG APPROXIMATION OF FOURIER SERIES
AND EMBEDDING THEOREMS

R. J. LE AND S. P. ZHOU!

(communicated by L. Leindler)

Abstract. The present paper proves embedding results which arise from strong approximation
by Fourier series and generalizes a theorem of Tikhonov under the ultimate MVBYV condition.

¢1. Introduction

Let f (x) be an odd continuous function of period 27 and let

> by sinnx (1)

n=1

its Fourier series. As usual, denote S,(f,x) the nth partial sum of series (1). Write
| - || as the usual supremum norm.
The modulus of smoothness of order §, B > 0 is defined by

= su 3 —1)Y p X —y
o) = sp |51 (8 )recs6-vm).

where

B N ﬁ(ﬁ%)--v-!(ﬁ*vﬂ)’ V>
v 1, v=0.

When [ is aninter k, w(f,) then reduces to the ordinary modulus of smoothness of
order k.

Let w(8) be anon-decreasing continuous functionon [0, 27] having the following
properties:

A%

0(0) =0, w(d + &) <w(d)+ w(d)
forany 0 < 6; < 6, < 8 + & < 27, then we write @ € Q.
A nonnegative sequence {b, };°, is said to be quasimonotone sequence (in symbol,
{bn}32, € OMS) if, for some o > 0, the sequence {b,/n*} is non-increasing for
n > 1. This is a classical generalization to (nonnegative) non-increasing condition.
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For another direction, Leindler [2] raised the rest bounded variation condition.
A nonnegative sequence A = {a,} with lim a, = 0 is said to be a rest bounded
n—oo

variation sequence (in symbol, {a,} € RBVS) if
Z ‘ak - ak+l‘ g C(A)an
k=n

holds forall n = 1,2, ... and some constant C(A) depending only upon the sequence
A. Surely, it is also a generalization to (nonnegative) non-increasing condition.

Leindler [3] proved that guasimonotonicity and the rest bounded variation condition
are not comparable.

A unified condition called Group Bounded Variation condition (GBV condition)
was introduced by our work [7] to contain both RBV condition and various quasimono-
tone conditions and to generalize the classical result of Chaundy and Jollife [1] which
states that if { b, } is a non-increasing sequence with lim b, = 0, then a necessary

n—oo
and sufficient condition for the uniform convergence of series (1) is nlinolo nb, =0.

Very recently, S.P. Zhou, P. Zhou and Yu [4] proposed a new condition, Mean
Value Bounded Variation condition (MVBV condition), which contains all previous
condition including GBV condition. Furthermore, the Chaundy-Jollife’s theorem still
holds true in MVBYV condition, and the condition cannot be further weakened for
uniform convergence case.

In every sense, we believe that this MVBV condition could be also an ultimate
generalization to monotonicity in most classical important convergence problems of
Fourier analysis.

The definition can be stated as follows:

A nonnegative sequence A = {a,}52, is said to be a mean value bounded variation
sequence ({a,} € MVBVS) ifthere isa A > 2 such that

2n [An]
C(A

Z|ak—ak+1\< (n) Z ax

k=n k=[A—1n]

holds forall n = 1,2, ... and some constant C(A) depending only upon the sequence
A.

In the present note, we will consider the strong approximation problem and related
embedding theorems in MVBYV condition. We need the following definitions.

A nonnegative sequence b = {b,} is said to be an almost monotone (increaing)
sequence ({b,} € AMS) if there is a positive constant C(b) such that

by = C(b)b, forall k > n.

Let {A,} be a sequence of positive numbers and set

N
v=1
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Denote
/p
)= | (2 3400~ 50
Define the following classes of functions:
H(A,p,r,0) = {f € Con : ha(f,A,p) = O(n”"w(n""))},

WHE = {f € Con : wp(f"), 8) = 0(w(8))},

Ci={f € Con:f(x) =Y _bysinnx,b, € OMS},

n=1

={f € Con:f(x) = > _ bysinnx, b, € RBVS},

n=1

Cs={f € Cr:f(x) = »_bysinnx,b, € MVBVS},

n=1

where C,, denotes the class of continuous functions of period 27.
Set I} < I if there exists a positive constant C such that I} < CI,.
I, < I, and I, < I, hold, then we write I, ~ I,.

Tikhonov [6] proved the following theorem for the classes C; and C;:

751

If both

THEOREM T. Let B,p >0, r >0, o € Q, A, be a positive sequence satisfying

Apy € A, K 1A,

2n@”(1/n)n' =7 € AMS,

WHE (G € H(A,p, 7, 0)

forj=1,2.

In this note, we generalized the above theorem to MVBVS:

)

3)

THEOREM. Let B,p >0, r > 0, w € Q, A, be a positive sequence satisfying

2). If (3) holds, then

WHE (s € H(A,p,r, ).
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§2. Lemmas

LEMMA 2.1. ([5]) Let a, =20, A, > 0. If p > 1, then
[e%e] fe%e] p [e%e] n p
> (Z av> <Y Ay ra (Z /lv> ; 4)
n=1 v=n n=1 v=1
If0<p<l1, a,l, then

iﬂtn (i av> < an '@ (n)tn + nz/l ) (5)

n=1

LEMMA 2.2. Let p >0, r > 0, {A,} be a positive sequence satisfying
Aoy € Ay K 1Ay,

Let b, € MVBVS and b, < n"""'o(1), and o € Q, then the Fourier series (1)
converges to f (x) uniformly, i. e.,

oo
x) = E b, sin nx.
n=1

Furthermore, if {A,@”(1)n'="P} € AMS, then

f(x) € HA,p,r, o).

Proof. The first part of Lemma 2.2 is clear by the generalization of Chaundy-

Jollife’s theorem in MVBV condition (see [4: Theorem 5]) and the condition b, <

n_’_lw(%). In view of Sk(f O) = S«(f,m) = 0, we may restrict x € (0, 7), say,

m_+1 <x< for m=1,2,---. By Abel’s transformation, for k£ < m, we have
If (x) — Sk(f,x)| > bjsinjx|+ | > b;sinjx
j=k+1 j=m+1
<L |x X0 jbl+ Z |bj — bjs1|Dj(x)] (6)
Jj= k+1 Jj=m+
< Z jbj+m Z |bj — bj1l,
Jj=k+1 j=m+1

where Dj(x) := Z sin kx, and the estimate |D;(x)| = O(%) clearly holds. Similarly,

for k > m, we obtaln that

f (x) = Sk(@)| < m Y |bj— bjaal-

j=k+1
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Therefore

m

> Alf () = Se@) P = 3o Aklf () =Sk + 2 Aelf (x) = Se(x) P
k=1 k=1 k=m+1
=L+
From (6) we see that
m m P m oo P
I <« Z Ak (% Z jbj) + Z)tkmp ( Z ‘bj — bj+1> =:I11 + 112
k=1 j=k+1 k=1 j=m+1

First, we estimate I;;. If p > 1, by using (4), (2), (3) and by < k" 'o(}), we
obtain that (Setting @, = vb, for v < m and a, = 0 for v > m we apply (4))

p
m m k
< z M (z jbj> <L Z AP (z /l,») (kb )P
‘ & e
<L Z 2P K PP (1 /KA < L Z JikP=P P (1 /k)
<m'” ”’/l o’ (1/m).

If 0 <p < 1,byusing (2), (3), (5) and by < k"' o(3), we have
m P
I < o5 Z A (Zj’w(l/j))
=k
m k—1
< & Z PP (1/k) | kA + S0 A
=

< mp Zk” =P P (1/k) A

m,,/l a)”(l/m) 1=rppp
< m'="P A, 0P (1/m).

Therefore, in any case,

I < ml_’pkmcop(l/m). (7)
On the other hand, by Abel’s transformation and that {b,} € MVBVS, we check that
] oo 2t 121
> b =bial <X X [Ab < Zzlm Z b;
Jj=m+1 i=0j=2im j
> [A2'm
<Y g 2 i e(1/))
i=0 r2im
=l 2 ]
o [A20m]
<Y 7m0 (7) X 7!
i=0 _r2im
J [l ]
o 1 1 Iy
< ;} 2’mw (W) (2’m)”12 m
1
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with A,, <€ mA,, , we get

Iy < Ay 0 (1/m) < Apm' PP (1/m). (8)

P

At the same time,

. p
Z Ak Sk |p < Z Aem? (ZAbﬂ) R

k=m+1 k=m+1 =k
while
00 oo 2tk A2k]
2 1Ab| =30 3 [Ab <<Zyk > b
I=k J=01=2k =0 1=[24)
2
W2 Ly (26 T,
€& Y (1) <<22,k () (%) 2k
0
<<Zw(ﬁ) k)< o(1/kk
j=0
then

Lo<m Y hao!(1/OE 0P = mp S deer(1/kk k=1
k=m+1 k=m-+1 (9)

<L mPA,0P(1/n)nt=" Y k1P < =P, 0P (1/n).
k=m+1

From the above estimates (7)-(9) we achieve that
S " 2lf () = Silf )P < n' P A0 (1/n).
=1

It is easy to prove that Ay, < A, < nA, and Ay, ~ A, ~ nA, is equivalent (in
the same manner as the proof of [6]). With all the above discussions, we have proved

f(x) e HA,p,r,0).

Lemma 2.2 is completed. [
§3. Proof of the Theorem

Proof. Following the technique of Tikhonov [6], we get

n

(D(l’lil) > n*(ﬁ«kl) Zkr+ﬁ+lbk-
k=1
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Let m = [An] + 1, {bx} € MVBVS, we have

(D(nil) > a)(mil) > m—(B+1) Z kr+ﬁ+1bk

k=1
> m—(B+) i": Ek: B — ﬁ+l)§:kr+ﬁf:bj
k=1 j=1 k=1 j=k
[%] [An]
> (An) =B S B ST
k=1 J=1%]

Let n <k <2n,

2n

k=1 [An]
<Y Db+ b < |Ab| + b < M(b)n' Y b+ by,
j=n j=n J=1#]

so that
2n o [ (An]
nby = by <M®BN YN b +Zbk (b)Y by,
k=n k=n j=[4] J=1%]
and it yields that
(%]
om™") > =P Z KtPnb, > n=B+tpp, B+ = ptip,
k=1
i. e.,

b, <n " taom™h).

From Lemma 2.2 we know that

f(x) e HA,p,r,0).

The proof of the Theorem is completed. [

FINAL REMARK. During improving the monotonicity conditions, before appearing
the above mentioned ultimate class MVBVS due to Zhou-Zhou-Yu [4], some other
classes as independent antecedents have also been defined, see e.g. Leindler [8-10].
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