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A GENERAL HLAWKA INEQUALITY AND ITS REVERSE INEQUALITY
YASUII TAKAHASHI, SIN-EI TAKAHASI AND SHUHEI WADA

(communicated by S. Saitoh)

Abstract. We investigate a general Hlawka inequality and its reverse inequality on a Banach space
in an integral form. We also give an interesting relation between a general Djokovi¢ inequality
and its reverse inequality on a Banach space in a weighted form.

1. Introduction and results

Let (Q,u) be a fixed non-trivial finite measure space. Let X be a Banach space
and L'(X;Q, u) the space of all Bochner integrable X -valued functions on (Q,u).
For f € L'(X;Q, u), we consider the following inequality (cf. [6]):

/ f(w)duH+ [veias [ \P(w)— [ 0auto

If Q consists of the three points and u is the counting measure, then GHI reduces to
the well-known Hlawka inequality (cf. [3]):

(u(Q)-2) ‘ du. (GHI)

[l + Iyl =+ llzll + [l +y +zll = [lx+ Il + lly + 2l + llz + x|

This inequality holds for all x,y,z in any Hilbert space. Therefore we call GHI a
general Hlawka inequality. If Q consists of the n— points (7 > 3), then GHI reduces
to the following inequality:

O o =2) | D[+ Y llall =D =Y w - (GDI)
i=1 i=1 i=1 i=1 j=1

If uy =--- = u, = 1, then GDI reduces to the Djokovi¢ inequality (cf. [1],[2] and

[5]):
n n n
Yol D Ml =Dl Sl
i=1 i=1 i=1

where the sign " placed over a vector indicates that this vector is to be deleted from the

(n—2)
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sum. This inequality holds for all xj,--- ,x, in any Hilbert space. Therefore we call
GDI a general Djokovi¢ inequality. If GHI holds for all f € L'(X;Q, u), then we say
that GHI holds for X. However, GHI does not necessarily hold (cf. [6]) and so it will be
meaningful to consider the reverse of a general Hlawka inequality, say RGHI. Similarly
for the reverse of a general Djokovic¢ inequality, say RGDI. In this paper, we investigate
a condition on (Q, u) under which GHI or RGHI hold for a Banach space. We also
give an interesting relation between GDI and RGDI.

Throughout this paper, we assume that all linear spaces are nonzero. Recall that u
is said to be purely atomic if u(Q,) = u(Q), where Q, is the atomic part of u. We
will show the following results.

THEOREM 1. Letr (Q,u) be a fixed non-trivial finite measure space. Then GHI
holds for all L' -spaces X if and only if u is purely atomic and there exist disjoint
atoms Ay, - -+ ,A, in Q suchthat p(A;) 2 1(i=1,---,n) and p(Q) = u (U A;).

THEOREM 2. Let (Q,u) be a fixed non-trivial finite measure space. Then
RGHI holds for all L'-spaces X if and only if w(Q) < 1 or there exist disjoint
atoms Ay,--- A, in Q such that u(A;) >0 (i =1,---,n), u(Q) = u (U A),
S HA) ST (k =1, n) and Y, n(4)) > 1.

THEOREM 3.  Suppose that W is not purely atomic. Then the following are
equivalent:
(i) RGHI holds for all Banach spaces.
(ii) RGHI holds for X = I5°(R).
(i) u(®) < 1.

THEOREM 4. Let X be a Banach space and n > 2. Then the following are
equivalent:
(I) GDI holds for all xy,--+ ,x, € X and py,--- U, > 1.
(I1) RGDI holds for all xi,--- ,x, € X and Wi, o, -~ , tp > O suchthat 37| p >
Land 3w < 1(k=1,---,n).

In the next section, we prepare some lemmas to show the above theorems.
2. Lemmas
LEMMA 5. If ui, - , U = 1, then GDI holds for all L' -spaces.
Proof. This follows immediately from [6, Corollary 2]. O

LEMMA 6. If there exists a measurable set A with 0 < W(A) < 1, then GHI does
not hold for any Banach space X .

Proof. Let X be a Banach space and suppose that 0 < u(A) < 1. Take a norm one
element e € X and set f (w) = ya(w)e (v € Q), where x4 denotes the characteristic
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function on A . In this case GHI does not hold for f € L (X;Q, u). In fact, we have

<u<sz>2>] / f(w)duH+ 17 @) dit = (@)D i) = i) @)-)

Also we have

/ W) - [ ranto

- | l@)e —u(a)lau(@)

/ lia(@)e — u@yelldu(@) + | Im(o)e - p)elduco)

w(A)lle — u(Ae| + u(Q — A)ll — u(Ae||
—u(A)( — u(A)) +u(Q —A)u(A)
= () (1+p(Q) —2u(A)).

Since 0 < u(A) < 1, it follows that

o+ [r@lan < [ )~ [ roaue)|an

and so GHI does not hold for f € L'(X;Q, u). O

Q)-2)

COROLLARY 7. If GHI holds for some Banach space, then | is purely atomic.

Proof. Suppose that GHI holds for some Banach space. By Lemma 6, u(A) > 1
holds for all measurable set A with u(A) # 0. If u is not purely atomic, then we can
find a measurable set B such that 0 < u(B) < 1. This is a contradiction. O

LEMMA 8. If u(Q) < 1, then RGHI holds for all Banach spaces.

Proof. Let X be a Banach space and f € L'(X;Q, u). Assume u(Q) < 1. Since

w)|<H/( /f (1)du (1 /f (1)du(r

holds for all w € Q, it follows from pu(Q) < 1 that
[ £ 0auio)] dufo)
ell/e

Q) / £ (0)du()
< [ @~ [swane du(w)+(2u(9))H 5 wauto
Q Q

and hence RGHI holds for X . O

/Q IF (@) |du(o) < / ()~ | £@du)]| du) +

Q

- / F(@) — [ £@du| du)+u

Q
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LEMMA 9. Suppose that RGHI holds for X = I13°(R). Then u(Q —A) = 0 holds
for all measurable sets A with (A) > 1.

Proof. Let A be a measurable set with ©(A) > 1 and let oo > 0 be sufficiently
small. Set

f(o) = xa(w)er + axa-a(w)er (0 € Q),
where e; = (1,0) and e, = (0,1) in [5°(R). Note that

0)an(©) | = (). o — )] = max{ia(h), (@~ 4)) = (A

/W'|mw /w )l oodis( )L/Awmwwmw>
(A) + au(@ - A).

Moreover, we have

/Q p(w)—/gf(t)du(t) oodu(w)
~/, }f(co) */Qf(t)du(t)

:AHQ_MMkI_muQ—Awmdew>

du(w) +

—/fmwm>
Q

du(w)

[ e - (e - (@ el dufo)
Q—-A

= u(A) max{|1 — u(A)], au(Q — A)} + u(Q — A) max{u(A), a|l — u(Q — A)}
= u(A)(u(A) — 1) + u(A)u(Q —A) (since u(A) > 1 and « is sufficiently small).
Since RGHI holds for X = I5°(R
(M(Q) = 2)u(A) + u(A) + ap(Q — A) < u(A)(u(A) — 1) + n(A)u(Q — A)
and then

), it follows from the above equalities that

Q—A
H(Q)—2+1+a“(7) < uA) — 1+ u(Q-—A).
u(A)
Consequently, we obtain that okt (HQ(;)A ) < 0 and so u(Q — A) must be zero. O

COROLLARY 10.  Suppose that RGHI holds for X = IS°(R). If u is not purely
atomic, then u(Q) < 1.

Proof. Suppose that u is not purely atomic and RGHI holds for X = [5°(R). In
this case, we show that u(€) < 1. Suppose contrary and put § = u(Q) — 1, hence
0 > 0. Since u is not purely atomic, it follows that there exists a measurable set A
such that 0 < u(A) < 8. Then u(Q —A) = u(Q) —u(A) =8+ 1—u(A) > 1 and
hence ©(A) = 0 by Lemma 9, a contradiction. O
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3. Proofs of Theorems

Proof of Theorem 3. This follows immediately from Lemma 8 and Corollary
10. O

Proof of Theorem 2. Necessity. Suppose that RGHI holds for all L!-spaces and
u(Q) > 1. Note that the space 15°(R) can be isometrically embedded in some L!-
space (cf. [4]). Since RGHI holds for /5°(R), it follows from Lemma 9 that

u(Q — A) = 0 holds for all measurable sets A with u(A) > 1 (1)

and hence p must be purely atomic as observed in the proof of Corollary 10. Since
(Q, u) is finite, we can find at most countable disjoint atoms A;,A,,--- such that
u(Q) =>7°, u(Ax) and u(Ax) > 0 for each k. Since u(Q) > 1, there is a number
n with Y}, u(Ax) > 1 and then by (1), u (Q — U{_Ax) =0, hence u(Ax) =0 for
each k > n + 1.Therefore we have from (1) that > ., u(Ag) <1 (k= 1,---,n)
because u(Ax) > 0 foreach 1 <k < n.

Sufficiency. If u(Q) < 1, then RGHI holds for all L' -spaces by Lemma 8. Next
suppose that there exist disjoint atoms A1, A;, -+ A, in Q such that u(4;) >0 (i=
Loyn), u(Q) =p (Uz:IAk) ) Zj;&k puA) <1 (k=1,--,n) and Z]r'l:l M(Aj) >
1. In this case, we show that RGHI again holds for all L!-spaces. To do this, let X
be an L'-space and put v; = u(4;) (j=1,---,n). Then vi >0 (i=1,---,n),
SuVi <1l (k=1,---,n)and 377, v; > 1. Also RGHI can be rewritten by the
following RGDI:

(5

where yi,---,y, € X. However, (2) always holds by Lemma 5 and Theorem 4 which
is shown later. [

n
D v
i=1

n n n
> villyill < iy = > vl (2)
i—1 i—1 =1

Proof of Theorem 1. Necessity. This follows immediately from Lemma 6 and
Corollary 7.

Sufficiency. Suppose that u is purely atomic and there exist disjoint atoms
Ay,---A, in Q such that u(4;,) > 1 (i =1,---n) and pu(Q) = u (U A;). Let
X be an L'-space and put v; = u(A;) (j=1,---,n). Then GHI can be rewritten by
the following GDI:

(5

where y1,---,y, € X. Howeversince v; > 1 (j=1,---,n), it follows from Lemma
5 that (3) always holds. O

n
Z Viyi
i=1

n n n
+D villyill =D v v =D vl (3)
i=1 i=1 =1
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Proof of Theorem 4. (I) = (II). Suppose (I). Let x1,--- ,x, € X and let uy, U,
*Mp >0 besuchthat 377 ;> 1and 37, <1 (k=1,---,n). Set

K
V':niand}”:ni wixi | (Gi=1,---,n).
DY TR ToXhivie ( Z )

Then we have the following properties:
(@) v210G="1--.n).
(i) = # (j=1,--,n).

(i) 2= L= R
(iv) 5= (S, vi— 1) (3= S0 i) G= Lo ).

In fact, (i),(ii) and (iii) follows from an easy observation. Also since

Z vy = ,., — Z <\/ij \Z Z u,x,) (by the construction of y;)

17

ZHJXJ Jvl i 1 Zﬂlxl (by (ii))
l 17

>
= (1—21 1Vl1>z,u,x,

Do Mixi
S vi—1
Xj

(by the construction of y;) ,

if follows that (iv) holds. Therefore we have

ZMJ” xill = Z] i J||_J|1| ( by (ii))
= ZVJ szyl

<> v-2)|y

( by (iv))

i Vi

+ Z villyill (by (i) and (1)) .
i=1
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Note that
Zu,x, " Z% by (ii))
= Z Vi (y, szyz> by (iv))
S ()3
pm = ) c
_ (1 - Zv) 3 v
=)o

Then we have

. - Z;:IMJXJ"
willxl < vi—2 | —=

_<22“"> Z“f’“f *Z“f X — ZM
=1

n
- E Hix;
i=1

(by (ii) and (iii))

and hence (II) holds.
(I1) = (I). Suppose (IT). Let x1,---x, € X and Wy, -ty > 1. Set

i=1

Vi = Z:n+ and y; = (Z.uz > ( ZM!M) =1,---,n).

Then we can easily see that vi, vp,---,v, > 0, ZJ'.':I v; > 1 and Zj#kvj <1
(k=1,---,n). Therefore by hypothesis, we have

(5

Note also that the following equalities hold:

i Vi

n n n
+Zvi||yi“ <ZV1' }’i—zvjyj . (4)
i=1 i=1 j=1

"opi—2

(a) - Zl V= Zz wi—1"
(b) X vy = (1= 200 ) 20y o
© y—Yrvi= L m—1)x (=1, ,n).
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Then by (a) and (b) we have

(Z Vv, — 2) Z Viyil|l = (2 — ZM,) Zuix,- . (5)
i=1 i=1 i=1 j=1

By the construction of v; and y;, we have

S ovilvill =D il = > |- 6)
i=1 i=1 j=1

Also by the construction of v; and (c), we have

S vl = S vl = 3 il (7)
i=1 j=1 i=1

Then by (4),(5),(6) and (7), we have

(Z Ui — 2> Z i;
i1 i1

and hence (I) holds. O

> mllll ==
i—1 i=1 Jj=1

4. Further remarks
REMARK 1. If GDI holds for some Banach space X, then we have u;,---u, > 1
by Lemma 6. But we can show this fact directly as follows: let 1 < j < n and take

a norm one element e € X. Set x; = §je (i = 1,---,n), where § denotes the
Kronecker delta. Then GDI reduces to the following inequality:

(Zui—2> Wy > gl =l
i=1

i

This implies easily that u; > 1. Actually, this fact was a motivation of our paper.
REMARK 2. Lemma 5 is extended as follows:

PROPOSITION 11. Let X bean L' -space, py, -+ , by > 0 and g = min{1, uy, -+ , U, }.

Then
(Z Wi — 2#) Z Hix;i
i—1 i=1

holds for all xi,--- ,x, € X.

SIS SR
i=1 i=1 J=1
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Proof. Let x,--- ,x, € X. Since % > 1(j=1,---,n), it follows from Lemma
5 that
n n ‘LLJ n n ‘bLl n
> will = Fgl <D =2 D] S|+ D willxl (8)
= - U — - M 1
i Jj i i i
Therefore,
OIS S
i=1 j=1
n X; n i
W W
i=1 H j=1 H

Xi
LIS
u

<uy mi xi—Z%xJ SO
i=1 i=1

n

n Ml n n xz
<p (D w—2u il Y il |+ > || x| (by (8))
i=1 -1 M i=1 i=1 H
(-2 ||zu S 1 )
i=1 i=1 i=1
= (S aw) [ bt (e < 1)
i=1 i=1 i=1
and so we obtain the desired inequality. O
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