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ON SOME REVERSE WEIGHTED L,(R")-NORM
INEQUALITIES IN CONVOLUTIONS AND THEIR
APPLICATIONS

DINH THANH DuC AND NGUYEN DU VI NHAN

(communicated by S. Saitoh)

Abstract. In this paper, we give the reverse weighted L,(R") norm inequalities and their im-
portant applications to studying stability of some inverse problems. Especially, we will see their
applications to inverse problems in non-homogeneous linear differential equations.

1. Introduction

In a series of papers, S. Saitoh, V.K. Tuan, M. Yamamoto ([9], [10], [11]) derived
new type norm reverse inequalities in convolutions in some several weighted L, spaces
using the following famous reverse Holder’s inequality

PROPOSITION 1. ([5]) For two positive functions f and g satisfying

O<m<]i<M<oo (L.1)
8

onthe set X, and for p,g > 1, p~ ' +q ' =1,

(/deu)‘l’ (/ngu)q <Ay (%) /Xf%géd% (12)

if the right hand side integral converges. Here

1

1 ra(l—1)
11;

(=) (=)

In the same way, we ([7]) gave the new type of reverse convolution inequality in
weighted L,(R?, p)(p > 1) spaces

2=
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PROPOSITION 2. Let F) and F, be positive functions satisfying

L L L L
0<ml <Fi(E,1) <M <oo, 0<m] <FyE,7)<M] <oo, (£17)€R
(1.3)
Then for any positive continuous functions p1 and p, we have the reverse L,(p > 1)—
weighted convolution inequality

H((Flpl) % (F22))(py  p2)7 !

Lp(R?)

_p [ Miny
> 452 () 1l P2l

Recently, we ([8]) introduced the inequalities in convolutions in weighted L, (R", p)
(p > 1) spaces

(1.4)

1_
H((Flpl) * (F2p2))(p1 * p2)? IH,, S UE ooy 1F2 1, e, ooy (1.5)

for functions F; € L,(R", p;)(j = 1,2).

In this paper, by using the the reverse Holder inequality, we give the reverse
weighted L, norm inequalities and their important applications to studying stability of
some inverse problems.

2. The Main Results

For brevity of presentation we shall use the following notation.

2.1. Notation

By R” we denote the n — dimensional Euclidean space, n € N. This is the set of
all n—tuples of real numbers, X = (x1,...,x,), x € R, j = 1,2,...,n with the linear
operations

x+y=(x1 4+, X0 +yn), X,y E€R",

(2.6)
AX = (Axy, .., Axy), A €R, xeR",
the scalar product
Xy = x1y1 + - + Xuyn, X,y € R, (2.7)
and the norm
|| = (xx)? = (& +---+x2)?, xe€R" (2.8)

We shall write x > y instead of x; > y;, j = 1,2,...,n. Anologously one has to
understand X >y, X <y, x <Yy. In particular let

1=(1,1,...,1), 2=(2,2,...,2),... (2.9)
We shall denote some subsets of R”

R} ={x:xeR" x>0},

2.10
Ri(t) ={x:xeR",0<x<t}. (2.10)
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Now let z,a € R". Then we set ' = (21, ..., 21,21, 2n) ER™ 1, i=1,2,....n,
and

2 =][7" (2.11)
j=1
Finally, we shall denote some integrals
f(x)dx = / - ~/f(x1, ey X)Xy - dxy,
R R R
151 In
f(X)dx:/ / F ey ey ) doxy - doxy, (2.12)
R (t) 0 0
f(X)Xm = / e /f(x17 ~'~7xn)dx1 o 'dxifldxiJrl <edxy,.
Ri—1 R R

2.2. The Inequalities
For the sake of convenience, we first introduce the following corollary
COROLLARY 1. Let F| and F, be positive functions satisfying
1 1 1 1
O0<m) <Fi(z) <M} <oo, 0<mj <F(z) <M) <oo, zeR' (2.13)

Then for any positive continuous functions p, and p, on R", we have the inequality

M\ M>

a2 ) [ F@p @ - (s - 2
R" K L (2.14)
A [ rom@re-one-oal { [ n@ex- e} "

Proof. We use induction on n. When n = 1, the inequality (2.14) is reduced
to the reverse Holder’s inequality (1.2). Now suppose (2.14) holds for some integer
n— 1> 2, we claim that it also holds for n. Put

fa) = [ @@= det-0dd. 5@ = [ p@px-nd

The condition (2.13) implies

[ (=)
8(zi)
Thus by the Fubini’s theorem, the induction hypothesis and the reverse Holder’s in-
equality, we have

mmy < <MMy, zeR

A, (mlmz ) /Rn Fi1(z)p1(2)F2(x — z)py(x — z)dz

MM,

_ miny n—1 [ 1My _ _ i .
=Ay, (M—IMZ)/R{AM (Mle)/Ranl(z)pl(z)Fz(x z)p2(x z)dz}dzl
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> 4, (e | F@p(@)F5(x — Dps(x — 2)de! 'l’
<M1M2> /]R {/R” ! }
X {/Rnl p1(z)p2(x — z)dzi}ll% dz;

1

7 =5
A [ Aom@re-onx-oial { [ n@ex-oe) "
The proof is complete. [

Next, by using the Corollary 1 and Fubini’s theorem, we obtain the reverse weighted
L, norm inequalities.

THEOREM 1. Let F| and F, be positive functions satisfying
1 1 1

1 1 1 1
O0<m) <Fi(z) <M} <oo, 0<mj <Fz)<M) <oo, zeR' (2.15)

Then for any positive continuous functions p, and p, on R", we have the reverse
weighted L,(p > 1)— norm convolution inequality

H((Flpl) * (F2p2))(p1 * 92)%’_ Lp(RM)

(2.16)
_n [ MMy
> 457 () Uy VP 5,

Inequality (2.16) and others should be understood in the sense that if the left hand
side is finite, then so is the right hand side, and in this case the inequality holds.

Proof. By the Corollary 1, we have directly

(Jen FY (2)F5(x — z)pa(x — z)dz)"
(fRn pl pZ(X - Z)dZ)

A(M) / (21 DF(x — 2)pa(x — 2)dz.

MM,

Therefore,

[ (o PGP~ 2)palx 1))’
" (Jon P1(2)2(x — 2)dz)"™ (2.17)

— mimy
Z A0 Fy dz | P dz.
g (Mle) /R" 1(2)01(2) Z/]Rn 2(z)pz(z) 7z

Raising both sides of the inequality (2.17) to power 117 yields the inequality (2.16). O
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REMARK 1. In formula (2.16) replacing p, by 1, and F>(x — z) by G(x — z),
and integrating with respect to x from a to b, we arrive at the following inequality

/ab (/R F(z)p(2)G(x — Z)dz)p dx

_1 (2.18)
(2 ’ r [ @wa
> L
ZA,, <M) /n p(z)dz /nF (z)p(z)dz - (y)dy,
if positive continuous functions p, F and G satisfy
O<m%<F(z)G(x—z)<M%<oo7 a<x<bh, zeR" (2.19)

Moreover, by the reverse Holder’s inequality and Fubini’s theorem and by changing
the variables in integral, we obtain the following inequalities

THEOREM 2. Let F| and F, be positive functions satisfying
1 1 1 1
0<m! <Fi(z,t) <M <oo, 0<m) <Faz,t) <M} <00, (z,t) eR" " xR
(2.20)

and

_ {fo Flt dz}”
S s Bz npazndzy”
(2.21)

Then for any positive continuous functions p, and p, on R", we have the inequality

/ (fon F1(2,2)p1(2,1)F2(x — 2,1)p2(x — 2, 1)dzdr)"
R (fon P1(2, P2 (x — 2, 1)dzdt)"~

—n mpmy —1 (M3
>Ap’qp (MIMZ)AP’q (M ) HH 1||L (R"—1 p,dz)

Proof. Similar to proof of Corollary 1, we have

np <m1m2 ) (Jgn F1(2,0)p1 (2, ))Fa(x — 2,1)pa(x — 2, 1)dzdt)”
MM, (fRn p1(z,1)p2(x — 2, t)dzdt)p_l (2.23)

> / F(z,1)p\(z,1)F5(x — 2,1)p2(X — 2, 1)dxdt.
RN

0<ms

<Ms, p>1,p g =1, (z,1) e R"xR.

dx

)20 | .
Lp(R.dr) H” ZHLP(R” Lo2dz) |1 (R )

(2.22)

Taking integration of both sides of (2.23) with respect to x on R"~!, we obtain

a2 / (fon Fi(z,1)p1 (2, 1) Fa(x — 2, 1)p2 (X — 2, )dzdt)"
? M1M2 Rn—1

dx
(fin 1 (2, 1) (x — 2,1)dzdr)" ™" (2.24)

/R{/Rnl Fi(z,1)p: (z, t)dz} {/Rnl Fi(z,1)pa(z, t)dz} dt.

WV
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From the condition (2.21), we apply the reverse Holder inequality (1.2) to get

/ {/ Fl(z,1)p1(z, t)dz} {/ F5(z,1)p2(z, t)dz} dt
R Rn—1 Rn—1
1 [ M3 14
Z 4 <1\73) HHFIHL,,(R"*I,pIdz)

Combining (2.24) and (2.25) gives the inequality (2.22). The proof is complete. [J

(2.25)

p
HFZ”L,,(R”*l,pzdz)

Ly (R.dr) Ly(Rdr)

REMARK 2. Informula (2.22) replacing p, by 1,and F2(x — z,t) by G(x — z,1),
we arrive at the following inequality

/. ( [ Feopenon- z,t)dz>pdx
> Aed” (1’%) ”( )(/ dt/Rn Pz, 1)d ) " (2.26)

X [/ub {/Rnl FP(z,1)p(z, t)dz}p dt p [/ub{ - G’ (z, t)dz}th] é ,

if positive continuous functions p, F and G satisfy

1 1
0<m! <F(z,))G(x —z,t) <M] <oco, xeR"' zeR"' 1telab]
(2.27)
and

{fR,, , o(z,t dz}p

<My, p>1, pl4qg =1 r€elabl.
{fRanPthZ}" 2 P P +q [a, ]

0<m <

(2.28)

REMARK 3. Informula (2.24) replacing p, by 1,and F>(x — z,1) by G(x — z,1),
and integrating with respect to x from ¢ to d we have

Al (%) /cd (/ub dl/ﬂwl F(z,t)p(z,1)G(x — z,t)dz)pdx
(/dt/wl (z,1)d > /dt/Ran”Zt (z,t)dz dzzG”(xt)

(2.29)
if positive continuous functions p, F and G satisfy

0<mb < F(z,1)G(x — z,1) < MP <oo, c<x<d, (z,1) € R"' x R. (2.30)

Inequality (1.2) reverses the side if 0 < p < 1. Hence, inequality (2.16) and
inequality (2.22) reverse the side if 0 < p < 1.

Inequality (2.18) is especially important when G(x — z) is a Green’s function.

In the next section, we will consider some applications to integral transforms and
partial differential equation ([1], [2],[3],[4],[12]).
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3. Applications

3.1. Laplace Transformation

We consider the Laplace transform

u(x) = L[Fp](x) = / e~¥F(2)p(z)dz. (3.31)

n
+

Take G(z) = e ™. Let

1 M
0<x<¢c, O<a<z<h, bc<—log(—).

[) m
From
e—bc < P < 17

we have

1 1

0<mh <F(z)e ™ <Mr, zE€ R% (3.32)
if
1 1
0 < mreP < F(z) < Mp. (3.33)

Thus, the inequality (2.22) yields

11— eme (P
/ u’(x)dx > A, 1" (ﬁ) — ¢ / o(z)dz
R (c) M/ pr a a

where a positive continuous function p on [a,b] and F satisfies (3.33).

p—1

/ FP(@)p(z)dz, (3.34)

3.2. Abel’s Integral Transform

We consider the Abel’s integral transform

_ F(z)p(z)
fx) = /M(x) x—2) dz, 0<a<l1. (3.35)

Take G(z) = . Since

1 1 1
0< < < , 0<z<b<x<cg,
(c—z)* " (x—z)* ~ (b—2z)

we see that the condition (2.19)

1
0<mr <

holds if 1 1
0<mr(c—z)* < F(z) <Mr(b—2z)" (3.36)
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Thus, we have the inequality

/b f(x)Pdx > {AM (%) }%p 1 —1 pa </Rz<b> p(z)dz>

/ F(z)'p(z) {(c —z)"" (b - z)lf”a} dz (pa<1),
R (b)

(3.37)

where p is a positive continuous function on R’ (b) and F satisfies (3.36).

3.3. Heat Equation

In the integral transform

- 1 x — z[?
u(x,r) = e/m) /Rn F(z)p(z)exp {— 1 }dz (3.38)

which gives the solution u(x, ) of the heat equation

u = AAu(x,t) (x,1) €ER" x R, (3.39)
satisfying the condition
u(x,0) = F(x)p(x). (3.40)
Take
G(z) =expq — i
R P>
Let
4 M
—a<x<a, -b<z<b, la+bP>"Llog.
m
From 5 5
|x — z| |]a + b|
1< < )
¢ p{ 4c2t 4c2t
we have
0<mb <F(z)e =21 (3.41)
s xp 4c%t = ’ '
if ,
mp exp{|a4+zl;| } < F(z) ngl’, —-b<z<b. (3.42)
¢
We have

[ o= (3) oo (557) e (5]

2 n
erf(x) = <_77:) /R ( )e_ZZdz
" (x

where
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is the error function. Therefore, for —a < ¢ < d < a, the inequality (2.18) yields

d sy - [ p—1
R ) ( / bp(z)dz>

/_bb FP(z)p(z) {erf (%\/—Zz)) —erf (%)] dz,

where p is a positive continuous function on [—b,b], and F satisfies (3.42).
Next, we consider the integral transform

= ! t ! VA VA ex 7M Z
u(x,t) = (26\/5)}1/0 (— 0} /WF( ,1)p(z, 1) p{ 4c2(tr)}d dt (3.44)

which gives the solution u(x, ) of the non-homogeneous heat equation

(3.43)

u, — AAu(x,1) = F(x,0)p(x,1) (x,7) € R" x R, (3.45)
satisfying the condition
u(x,0) = 0. (3.46)
Take | |2
1 z
G = 7 - .
(z,7) (t—1)2 xp { 4c2(t — 1) }
Let
4c*(t — M
—a<x<a, -b<gz<gh, |a+b|2>¥log(z>, 0<t<t
From | |2 | ‘2
X—Z a+b
1< ¢ S —— (>
P { 41— 1) } P { 421 — 1) }
we have | |2
1 1 X—1Z 1
0 P L F — ———— > < Mp, 3.47
<mp (z) Tk exp{ T P } P (3.47)
if
ES n b 2 L n
mzli(t—'r)f exp{%} gF(Z) gMIl’(th)f, -b<z<b, 0<T<.

Therefore, for —a < ¢ < d < a, the inequality (2.18) yields

d MmN Y =P t b P
/c ulx. /x> 5o \/ﬁ)n(i N {n4 (57)} ( /0 /_ b p(z,r)dzdr)

[ s 83 (5o

—1

where p is a positive continuous function and F satisfies (3.48).
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3.4. Laplace Equation in a half-space of R""!

We consider the Dirichlet problem for the Laplace equation in a half-space of

R**! j.e. the determination of the bounded solution of
Appru(x,1) =0, (x,7) € R" xRy
with the boundary condition
u(x,0) = F(x)p(x), xe€R",

we have the solution of the Dirichlet problem (3.50), (3.51) in the form

o Fap
u(x,1) = /]R"( dz,

Oni1 24 x—z2)T
where . .
n-—+
w”_Zn%r( > >
Take 1
G(z) = T
(12 + [z]] 2
Let
a<x<b ec<z<d
Denote

o= max{‘ai - ci|7 |ai - di|7 |bl - ci|7 |bl - di|}>
ﬁ = max{|a - C|, |a - d|v |b - C|, |b - d‘}

Then, we have

1 1 1
< <
ntl N [T ntl
P+ (m-2)7  [Prx-227T [P+ -z
and
1 1 < 1
2+ BT b 2+ |x — 2T T

Hence, for a function F satisfying

n+l n+l 1
2

[P o?+ (i —2)] * mP <F2) < [P+ (n—2)Y] 7 M

and for a positive continuous function p on [c,d], we obtain

/:i W (x,1)dxt > (bt — al) (wi;)p {AM (%)}ﬁp (/cd p(z)dz> -

/“ P@p@
p(n+1) :
¢ [+o? e

(3.50)

(3.51)

(3.52)

(3.53)
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Moreover, if the function F satisfies

1

ntl 1
[tz JrBZ] > b < F(Z) < thrIMI—,
and for a positive continuous function p on [c,d], we obtain

LbM&ﬂWKEBQj;>p“;réFQﬁ{&W(%)}ﬂw

) -1 g (3.54)
(/ p(z)dz) / FP(z)p(z)dz.
C c
In the conjugate Poisson integral transform
2 i %
vi(x,1) = / F(z)p(z)x—znﬂdz, (3.55)
Wp11 n [[2 + |X _ Z‘Z]T
take
Xi —Zi
2+ [x[?] 7
Let
a<x<b, e¢<z<d, (<)
Denote
o = max{|a' — ¢'[,|a' — d'|,|b' — |, |b' —d'|}.
Then, we have
xz — Zl n+l g xl — Zl n+l < xl — Zl n+l
P+ i—a)T k- R - a))T
and
a; — d; Xi = Zi bi — ¢
T S T S el
P+ i—aP)T  Pix—2T P+ (- )"
Hence, for a function F satisfying
n+l n+l
2 2 =) 2 —z)?
[+ o? + (xi — )] mﬁgF(z)g[ + (% — z)?] M
Xi — 3 Xi —Zi
and for a positive continuous function p on [c,d], we obtain
bi » _ d p—1
. . . 2 np
/ vi(x, 1)’ dx" >(d' — ') ( > {Am (ﬂ)} / p(z)dz
al Wy 41 M ¢
(3.56)

p(n+1) :

/ T P@p@) i —a)
© P44 (x—z)* 2
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Moreover, if the function F satisfies

n+l n+l
[2 062 bi* iZT l2 i*diZT
[ + o + (b — )] mﬁgF(z)g[ +la—d)?] "
ai—di b,‘*Ci

and for a positive continuous function p on [c,d], we obtain

b P -
2 (b —a (Cli — dl,)p m P
. 4 >
/a x> (co,m) [ 2 {Ana (M)}

)
2+ 02+ (b —c)?

d r=l 4
(/ p(z)dz) /F”(z)p(z)dz.

Consider now the integral transform

u(x) = —— /F(Z)p(z) dz (3.58)

(n—2)w, Jpn |x—12z|"2

(3.57)

and this is the solution of the Poisson equation

Au(x) = F(x)p(x), xeR"(n>3). (3.59)

a<x<h e¢<z<d (b<cord<a),

=™

Here
o = max{la—d|,[b—c|}, B =min{la—-d| b—cl}.

Then, we have

1 F(z) 1
on—2 S |X _ Z‘n—Z = ﬁn—Z '
Hence, for a function F satisfying

Oﬂ”izmll’ < F(Z) < B"*ZMP

and for a positive continuous function p on [c,d], we obtain

b P _ m —np
[ o> (=50 ) s {400 (57)

(/cd p(z)dz) "~

; (3.60)
/ FP(z)p(z)dz.
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3.5. Biharmonic equation
The solution of the biharmonic equation
Al u(x,t) =0, (x,0) ER" xRy, A2, =Aui1(Ansi1) (3.61)

with the boundary conditions

u(x,0) = F(x)p(x), u(x,0)=0 (3.62)
is given by
2 1A F
u(x,r) = 20D / @pz) 4, (3.63)
W41 Rn ([2 + ‘X _ Z|2)T
Take |
[ + [z[*]
Let
as<x<b c<z<d
Denote

o= max{\ai - ci|7 |ai - di|7 |bl - ci|7 |bl - di|}>
ﬁ = max{|a - C|, |a - d|v |b - C|, |b - d‘}

Then, we have

1 1 1
< <
2 2 YL S 2 2 o
[+ o + (xi — z1)?] [ + [x — 2] [+ (xi — z)?]
and
1 < 1 < 1
n S n X 3"
Ry R R S R

Hence, for a function F satisfying

n+3 n+3

nes e 1

[t2+a2+(xi—zi)2] = mr < F(z) < [t2+(xi—2i)2] s My

and for a positive function p on [¢,d], we obtain

/;i u(x, 1)’dxt >(bi — al) (%)p {AM (%)}—np (/cd p(z)dz>

[ R—
c [[2 n 052 I (_xl- _ Zi)z]P(nZH)

(3.64)
Moreover, if the function F satisfies

n+3

[tz + BZ:I e m’l, < F(Z) < tn+3M’l,
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and for a positive continuous function p on [c,d], we obtain

[ s pas s (2 0Y - T T () AP

W41 + ﬁz]

where

p—1

I= /cd p(z)dz /cd FP(z)p(z)dz.
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