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GENERALIZED INTEGRAL OPERATORS RELATED
WITH p-VALENT ANALYTIC FUNCTIONS

KHALIDA INAYAT NOOR AND MUHAMMAD ARIF

(communicated by Th. Rassias)

Abstract. Let </(p),p € N, be the class of functions f : f (z) = 2 + > 22, a, +kzp+k, analytic
in the unit disc E. For n € No, n > —p, an integral operator I p 1 : &/ (p) — /(p) is

—1 —1
defined as [ p—1f = f,Eerll * f such that <f,£+pll *fn+p—1) (z) =
fnip—1(2) = ﬁ and * denotes convolution. Using this integral operator, some new

classes Hyp(k, o, B,u,A) of &/ (p) are introduced and certain interesting properties of these
classes are studied. A radius problem is also discussed.

P
Z
=Pt where

1. Introduction

Let </ (p) denote the class of functions
fR =2+ au, peN={1,2,....}), (1.1)
k=1

which are analytic and p-valent in the unit disk E = {z: |z| < 1}. The class <7 (p) is
closed under the Hadamard product or convolution x as:

(fixf)2) =2+ Z ap iy,

k=1
where -
f](Z) =2+ Zap+k:fzp+ka (/ = 17 2)
k=1
Let
I
Faep=1(@) = Ty (0> 1)
and let f,f;pll 1(z) be defined such that
(1) __ 7
(fn+p—1 *fn+p—1) (z) = =z (1.2)

Mathematics subject classification (2000): 30C45, 30C50.
Keywords and phrases: p -valent functions, convolution, integral operator, radius problems.

© ey, Zagreb 91

Paper MIA-12-08



92 KHALIDA INAYAT NOOR AND MUHAMMAD ARIF
We define the integral operator 1,4, : &/ (p) — /(p) as follows:
-1
b/ Q) = (£, %) @)

& (=1
- a5 e s, (13)
We note that

If =zf'and I,f =f.

From (1.2) and (1.3), we obtain the following identity for the operator I, :

Z(Inerf)/ =(n+ I)Inﬂ?*lf —(n—-p+ 1)In+17f~ (1.4)
It is clear, from (1.4), that
Z(Inerf)/ In+p—lf
D) )22 (ip— 1),
T ( ) Innd (n+p—1)

and

/ —
Re{M}>0andRe{I"+p_Lf}>n ptl
In+ﬂf In+pf n+1

For p = 1, the integral operator I, was first introduced and studied by Noor in [3],
which is known as Noor Integral operator. For more details, see [2, 6-8].
Let Py(ax) be the class of functions /(z) analytic in the unit disk E satisfying the

properties #(0) = 1 and
2n
J

where z = re®® k> 2 and 0 < a < 1. For a = 0, we denote P;(0) as P; and for
a =0,k =2, we have the class P of functions with positive real part. The case k =2
gives us the class P(o) of functions with positive real part greater than o.

Also we can write, for h(z) € Pr(a) as

Reh(z) — o
1 —-o

do < km, (L.5)

1214 (1 —20)ze—it
h(z) = = - 1.
Q=3 [ S . (16)
where u(r) is a function with bounded variation on [0, 27] such that
2 2n
/ du(t) :2and/ ldu(t)| < k. (1.7)
0 0
From (1.6) and (1.7), we can write, for h € Py(a),
k1 k1
h(Z) = (Z + E)hl(z) - (Z - E)hz(z), hl,hz S P(O!). (1.8)

We now define the following.
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DEFINITION 1.1. Let n > —p, u > 0, k > 2, 0 < o < 1 and let f € &/ (p).
Then f € H,,(k, o, B,u,A) for z € E, if it satisfies

I’”ﬂf)y (In+p—Lf) <In+Pf>H1
-2 P i Y (el
{( ) <In+pg * Iner_lg In+pg € Pk(Oﬂ)7

where g € o7 (p) satisfies the condition

n—p-+1

1. 1.9
n+1 < (1.9)

Ly .
{ng} € P(PB), z€ E, with 0 < =
In+pg

We note that, with p = 1, n = 0, g is starlike univalentin E.

2. Preliminary Results

To establish our main results, we need the following results.

LEMMA 2.1. [3]. Let u = u; + iuy and v = vy + iva and let ¥(u,v) be a
complex-valued function satisfying the conditions:
(i) W(u,v) is continuous in a domain 9 C €2,
(ii) (1,0) € 2 and ¥(1,0) > 0.
(iii) ReW(iup,v1) <O whenever (iuz,vi) € 2 and vy < —3(1 —I—Lé)
Ifh(z) = 1437 | cw2™ is afunction, analytic in E, suchthat (h(z),zh'(z)) € 2
and Re(h(z),zh'(z)) > 0 for z € E, then Re h(z) > 0.

LEMMA 2.2. Let q(z) be analytic in E with q(0) = 1 and Req(z) > 0, z € E.
Then, for |z| =r, z € E,

1—r 1+r
1 <R < < )
(i) 57 eq(z) < lg@)l < T—
. 2Req(z
(i) g < 249

This result is well-known, see [1].

LEMMA 2.3. [9]. If h(z) is analytic in E with h(0) = 1, and if A is a complex
number satisfying Re(A) = 0 (A # 0), then Re{h(z) + Azh'(z)} > ¢ (0 < a < 1)
implies

Reh(z) > a+ (1 —a)2yn — 1),

where Y is given by
1
%z/u+ﬁﬂﬂm
0

which is an increasing function of Re A and % < 11 < 1. This estimate is sharp in the
sense that the bound cannot be improved.
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3. Main Results

u
THEOREM 3.1. Let f € H,,(k, o0, B, u,A), A > 0. Then (%) € P(y),

where

~ 2u(n+ o+ Ad
C 2u(n+ 1)+ A8

(3.1)

and g € </ (p) satisfies the condition (1.9) and

Re hg (Z) In+p— 18
= 5 O(Z) =
o (2)] Inspg

Proof. Set

u
(%) (=1, (3:2)

h(0) = 1, and h(z) is analytic in E and we write
k1 k1
h(z) = (Z + 5)hl(z) - (Z - E)hz(z). (3.3)

Simple calculations yield

(1- 1) (M)M + A (In+pf)“_l beipf

n+p8 Inipg Liip8

7(2 _ %) {(1 —)ha(2) +y — o+ H} G4

Now we form the functional ¥ (u,v) by choosing u = hi(z) = u; + iup and v =
zhi(z) = vi + iv2. Thus

Al =y

Y(u,v) = (1 —}/)u+(}/—a)+m.

The first two conditions of Lemma 2.1 are clearly satisfied. We verify the condition
(iii) as follows.

A(l —y)viRehy(z)
u(n+ 1)|ho(2)[?
(L—y)d

= (y_a)+7u(n+l) Vi, where § =

Re l[/(iuz,vl) = v7—-0+

Reh()
[hol* -
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Now, for v; < —%(1 + u3), we have

Re‘I’(iuz,vl) < ('}/_OC)— A'(l_'}/)(l"'_u%)s

2u(n+1)
_ 2u(mt Dy —a) = AS(1 —y) —A8(1 — y)u
2u(n+1)
A+ B3
= 2 C >0,

A = 2u(n+ Dy - @) — 2801 — 1),
B = —A6(1—v)<0.
Now ReW¥(iuz,v;) < 0 if A < 0 and this gives us y as defined by (3.1). We

now apply Lemma 2.1 to conclude that #; € P,z € E and thus h € P, which gives us
the required result. [J

We note that y = o when § = 0.
THEOREM 3.2. For A > 1, let f € H, ,(k, 0,0,1,A). Then

In+p—lf

€ Pr(a), for z€E.
In+p—1g ( ) f

Proof. We can write, for A > 1,

In+ —Jf |: In+yf In+ —lf:| In+f
p Ruihs kg R} + 122 + (A — 1),
Liip—18 ( ) Liipg Liip—18 ( ) Liipg

This implies that
In+p—lf _ 1 |:(1 7A)In+pf +AIn+p_Lf:| + (1 o l)ln+pf

Liip—18 A Liipg Liip—18 A Lyipg
1 1
= —H 1— —)H,.
P P

Since H,, H, € Pi(c), by Theorem 3.1, Definition 1.1 and Pi(cx) is a convex set, see
[4], we obtain the required result. [

THEOREM 3.3. Let A be a complex number satisfying Re A > 0. Let f € o/ (p)
and satisfy the condition

u u—1
{(1 —2) (I”Z*p"f> 4 pTrmtf (I"“f) } € Pi(a), for u>0.

r r

u
Then, for z € E, (I"sz’f) € Py(o), where

1 A\ !
c=a+(1—a)20—1) with p:/ (1+t“(”*”) dr.
0
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The value of o is best possible and cannot be improved.
Proof. We set
Liof\" . (k1 ko1
( 7 ) _‘h&)_'(44‘2)h“@ (4 2)hﬂz%
where 7(0) = 1 and £ is analytic in E. Then
Lippf \" Lisp—1f (1n+ A Azl (z)

1—A) | =5 ) +222— =2 = |h(z) + —= | € Pi(@),

{( (B ) att (B O ) <
zeE.

Using Lemma 2.3, we note that #; € P(0),

c=a+(1—-ao)2p—-1),
—1

1 _A
p = /0 (1+:“(”*”) dt (3.5)

and consequently & € Py(o) and this gives the required result. [

We remark that p given by (3.5) can be expressed in terms of hypergeometric
function as
-1

1 _A
p::/ O+r”m> dt
0

1 n+1
— W/ u le )}_1(1+u)_1du, (A1 =Red >0)
1 0

p(n+1)
A

pun+1)
Mo b

1 o Mt 1

= 2LF1(1,1,1+7/11 ,2)].

THEOREM 3.4. For 0 < Ay < Ay, Hyp(k,0,0,u,A1) C Hyp(k, 00,0, 1, Az).

= LF(1, ;14

Proof. If A, = 0, then the proof is immediate from Theorem 3.1. We let A, > 0
and f € H,,(k, ct,0, 1, ). There exist two functions Hi, H> € Pi(o) such that

In+f)“ Lispif <1n+f)““
1= Ay (el ) p 2= (e —H
{( 1) <In+pg ! In+pg In+pg I(Z)

In+pg

and

Then
—1
{(1/12) (I"*”f)u 2y o=l (Lﬁpf)“ } _ %Hl(z)ﬂl—%)Hz(z) (3.6)

Liipg Livp—18 \1nipg
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and since Pi(cr) is a convex set, see [4], it follows that the right hand side of (3.6)
belongs to Py(a) and this completes the proof. [

We now consider the converse case of Theorem 3.1. as follows.

u
THEOREM 3.5. Let (I"*”f) € Pi(o) with {I’””—’lg} € P(B), for z € E. Then

Inipg Inipg
f € Hyplk, o, B, 1, A) for |z| < r, where r is given as

= uln+ 1) . (37
{(1=B)u(n+1)+2A}++/(Bu(n+1))>+A2+2A (1-B)u(n+1)

Proof. Let

H _ (Inﬂnf)u7
Liipg
In+p—lg

Hy = 2218
In+pg

then H € Py(at), Hy € P(B). Proceeding as in Theorem 3.1, for n > —p, u > 0,
k>2,ReA >0, 0<a,Bf<1, and

H = (1-o)h+a,
Hy = (1 —=B)ho+ P, withh € Py, ho € P,

we have
N (o
1 —a {(1 A) (In+pg) + A’ In+pg In+pg ¢
B A 7' (2)
= O T TP 7B
_ (k1 A 7h}(2)
= (42 [0 G A +8)
k1 A 7h5(2)
(32 [’“(Z) DT Pe@ T B}] '
Using well known results, see [1], for &; € P,
() < ZReMD)
1—r 14+r

g hi g )
< ) <
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we have

Re [h,-(z) +

A 7hl(z) ]
p(n+1) [(1 = B)ho(z) + B]

> Rehi(z) {1 - u(iirl) 1 ,1 2 ((1 — (11+r26)r))}

2Ar

= Reh,-(z){l -

pn+ 1A =r)( = (1 - Zﬁ)r)}
1

= Rehi(z) {

un+ D1 —r—(1-2B)r+ (1 -2B)r% — 2)Lr}
p(n+ D =r)(1 = (1= (1 -2B)r)
u(n+1)(1-2B)r*=2[(1-B)u(n+1)+A]r+u(n+1)

> Rehi(z) {

p(n+1)(1=r){1-(1-2B)r}

} . (3.8)

Right hand of (3.8) is positive for |z| < r, where r is given by (3.7). O

We note that, for p =1, n =0, u=1,and A =1, § =0, [g] € Py(a), for

z € E implies {{;—:} € Pi(a) for |z] < R= -1

243"
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