athematical
nequalities
& Papplications

Volume 12, Number 1 (2009), 123-139

DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION OF ANALYTIC FUNCTIONS
DEFINED BY THE MULTIPLIER TRANSFORMATION

ROSIHAN M. ALIL V. RAVICHANDRAN AND N. SEENIVASAGAN

(communicated by R. Mohapatra)

Abstract. Differential subordination and superordination results are obtained for analytic func-
tions in the open unit disk which are associated with the multiplier transformation. These results
are obtained by investigating appropriate classes of admissible functions. Sandwich-type results
are also obtained.

1. Introduction

Let 57 (U) be the class of functions analytic in U := {z € C : |z] < 1}
and .#[a,n] be the subclass of 7 (U) consisting of functions of the form f(z) =
a+ ap?" + ap1 27 + -+, with 4 = 00, 1] and # = #[1,1]. Let o, denote
the class of all analytic functions of the form

flo)=2Z+ i @ (zeU) (1.1)

k=p+1

and let @ := /. Let f and F be members of 7 (U). The function f (z) is said
to be subordinate to F(z), or F(z) is said to be superordinate to f (z), if there exists
a function w(z) analytic in U with w(0) = 0 and |w(z)| < 1 (z € U), such that
f(z) = F(w(z)). In such a case we write f(z) < F(z). If F is univalent, then
f(z) < F(z) if and only if f(0) = F(0) and f(U) C F(U). For two functions f (z)
given by (1.1) and g(z) = 2 + Z,fip .1 bk, the Hadamard product (or convolution)
of f and g is defined by

(F )@ =2+ Y abid = (g+f)(2). (1.2)

k=p+1
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Motivated by the multiplier transformation on 7', we define the operator I,(n, A)
on 7, by the following infinite series

o0 k n
L(n,A)f (z) =2+ Z (p—t—i) ad (A > —p). (1.3)
k=p+1

The operator I,(n, A) is closely related to the Salagean derivative operators [11]. The
operator I} := I;(n,A) was studied recently by Cho and Srivastava [6] and Cho and
Kim [7]. The operator I, := I;(n, 1) was studied by Uralegaddi and Somanatha [13].
To prove our results, we need the following definitions and theorems.
Denote by 2 the set of all functions g(z) that are analytic and injectiveon U\ E(q)
where

E(q) ={C€dU: ;eréq(Z) = oo},

and are such that ¢’({) # 0 for { € OU \ E(q). Further let the subclass of 2 for
which ¢(0) = a be denoted by 2(a), 2(0) = 2, and 2(1) = 2,.

DEFINITION 1.1.  [9, Definition 2.3a, p. 27] Let Q beasetin C, ¢ € 2 and
n be a positive integer. The class of admissible functions ¥, [Q, g] consists of those
functions W : C* x U — C that satisfy the admissibility condition w(r,s,#;z) & Q
whenever r = q({), s = k{q'({), and

t q"(§)
nfys {5 )
ze€ U, £ € 90U\ E(qg) and k > n. We write ¥,[Q, g] as ¥[Q,¢].

In particular when g(z) = M=, with M > 0 and |a| < M, then ¢(U) =
Uy = {w: |w| < M}, g(0) =a, E(g) =0 and ¢ € 2. In this case, we set
Y, [Q, M, a] ;= ¥,[Q,q], and in the special case when the set Q = Uy, the class is

simply denoted by W, [M, a] .

DEFINITION 1.2, [10, Definition 3, p. 817] Let Q beasetin C, ¢(z) € 5a,n]
with ¢(z) # 0. The class of admissible functions ¥/,[Q, g] consists of those functions
v : C* x U — C that satisfy the admissibility condition y(r,s,t; {) € Q whenever

r=q(z),s = zq( , and

§R{§+1} < %%{Zg(i)) +1}

z€ U, {€0U and m > n > 1. In particular, we write ¥|[Q, g] as ¥'[Q, q].

THEOREM 1.1.  [9, Theorem 2.3b, p. 28] Let y € ¥,[Q,q] with q(0) = a. If
the analytic function p(z) = a + 2" + a1 2" + - -+ satisfies

w(p(2), ' (2), 20" (2):2) € Q,

then p(z) < q(z).
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THEOREM 1.2.  [10, Theorem 1, p. 818] Let y € W,[Q,q] with q(0) = a. If
p(2) € 2(a) and y(p(2),2p'(2),2*p" (2);2) is univalent in U, then

Qc{y(piz), ' (2),22p"(z):z) :z€ U}

implies q(z) < p(z).

In the present investigation, the differential subordination result of Miller and
Mocanu [9, Theorem 2.3b, p. 28] is extended for functions associated with the multiplier
transformation 7,(n,A), and we obtain certain other related results. A similar problem
for analytic functions defined by Dizok-Srivastava linear operator was considered by
Ali et al. [4] (see also [1], [2], [3], [5]). Additionally, the corresponding differential
superordination problem is investigated, and several sandwich-type results are obtained.

2. Subordination Results involving the Multiplier Transformation

DEFINITION 2.1.  Let Q be a setin C and ¢(z) € 2y N #°[0,p]. The class of
admissible functions ®;[Q, g] consists of those functions ¢ : C? x U — C that satisfy
the admissibility condition

O(u,v,w;z) & Q
whenever
u=aq(), v= LB
(A+p)Pw—2Au &q" (%)
S e ELR R

z€U €OU\E(g) and k> p.
THEOREM 2.1. Let ¢ € ®;[Q,q]. If f (z) € o, satisfies
{0 (p(n, A)f (2), L,(n+ L, A)f (2), Ip(n + 2,A)f (2);2) : 2 € U} C Q, (2.1)

then
Ip(n, A)f (2) < q(2).
Proof. Define the analytic function p(z) in U by

p(2) :==L(n,A)f (z). (2.2)
In view of the relation
(p+ML(n+ 1L,A)f (z) = 2[L,(n, A)f (2)] + ALy (n,A)f (z), (2.3)

from (2.2), we get
' (2) + Ap(z)

L(n+1,A)f(z) = p (2.4)
Further computations show that
2.0 22 1 ! A,Z
n+2,2)f(2) = 2P (2) + (24 + ap'(z) + Ap(2) (2.5)

(A +p)?
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Define the transformations from C* to C by

s+ Ar t+ (A + 1)s+A%r
- L W= ) 2.6
A" A +p)? (26)

u=r,v

Let

s+ Ar t+(2)k+1)s+/12r;z). (27)

q/(r,s,t;z)=¢(u>v,W;Z)=¢<n/1+p7 (. +p)?

The proof shall make use of Theorem 1.1. Using equations (2.2), (2.4) and (2.5), from
(2.7), we obtain

w(p(2), ' (2), 220" (2):2) = & (Lp(n, A)f (), Iy (n + 1, A)f (2), Ip(n + 2, A)f (2):2) -
(2.8)
Hence (2.1) becomes
w(p(2), ' (2),2p"(2);2) € Q.
The proof is completed if it can be shown that the admissibility condition for ¢ €
®,[Q, g] is equivalent to the admissibility condition for y as given in Definition 1.1.

Note that
t A+ p)zw —A%u

E+1: (A +p)v—Au -2
and hence y € ¥,[Q, q|. By Theorem 1.1, p(z) < ¢(z) or
Ip(n, 2)f () < q(2). 0

If Q # C is a simply connected domain, then Q = h(U) for some conformal
mapping h(z) of U onto Q. In this case the class @;[h(U), q| is written as ®;[h, q] .
The following result is an immediate consequence of Theorem 2.1.

THEOREM 2.2. Let ¢ € ®;[h,q|. If f (z) € <, satisfies

O (L(n, A)f (2),L,(n+ LA)f (2),L,(n +2,A)f (2);2) < h(z), (2.9)

then
L(n, A)f (2) < q(2).

Our next result is an extension of Theorem 2.2 to the case where the behavior of
q(z) on QU is not known.

COROLLARY 2.1. Let Q C C and let q(z) be univalent in U, q(0) = 0. Let
¢ € D;[Q, qp) for some p € (0,1) where qp(z) = q(pz). If f (z) € <, and

O (Ly(n, A)f (2),L,(n+ 1,A)f (), I,(n+2,A)f (z);2) € Q,

then
L(n, A)f (z) < q(2).
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Proof. Theorem 2.1 yields I,(n, A)f (z) < gp(z). The result is now deduced from
ap(2) < q(2). 0

THEOREM 2.3. Let h(z) and q(z) be univalent in U, with q(0) = 0 and set
4p(z) = q(pz) and hy(z) = h(pz). Let ¢ : C* x U — C satisfy one of the following
conditions:

(1) ¢ € O;[h,qp)|, for some p € (0,1), or

(2) there exists py € (0,1) such that ¢ € ®y[hy, qp), forall p € (po,1).

If f (2) € <, satisfies (2.9), then

L(n, A)f (z) < q(2).

Proof. The proof is similar to the proof of [9, Theorem 2.3d, p. 30] and is therefore
omitted. (]

The next theorem yields the best dominant of the differential subordination (2.9).

THEOREM 2.4. Let h(z) be univalentin U. Let ¢ : C* x U — C. Suppose that
the differential equation

0 <q(z), zq/(z))L —:iq(z) ’ 2q"(2) + (2/E)L+Jr1‘)pz)qz/(z) + 224(2) ;Z) “h)  (2.10)

has a solution q(z) with q(0) = 0 and satisfy one of the following conditions:
(1) q(z) € 2 and ¢ € P;[h,q],
(2) q(2) is univalentin U and ¢ € ®;[h, q,], for some p € (0,1), or
(3) q(2) isunivalentin U and there exists py € (0, 1) such that ¢ € ®;lhy, qp),
forall p € (po,1).
If f (2) € 9, satisfies (2.9), then

I(n,A)f (z) < q(2),

and q(z) is the best dominant.

Proof. Following the same arguments in [9, Theorem 2.3e, p. 31], we deduce that
q(z) is a dominant from Theorems 2.2 and 2.3. Since ¢(z) satisfies (2.10) it is also a
solution of (2.9) and therefore g(z) will be dominated by all dominants. Hence ¢(z)
is the best dominant. ]

In the particular case ¢(z) = Mz, M > 0, and in view of the Definition 2.1, the
class of admissible functions ®;[Q, ¢], denoted by ®;[Q, M], is described below.

DEFINITION 2.2. Let Q be asetin C and M > 0. The class of admissible
functions ®;[Q, M] consists of those functions ¢ : C* x U — C such that

o (Me"" k+)LM€,.0 L+ (24 + Dk + A?)Me™®

T L ;z> ZQ (2.11)

whenever z € U, 0 € R, R(Le ) > (k — 1)kM for all real 6 and k > p.
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COROLLARY 2.2. Let ¢ € ®;[Q,M]. If f (z) € <, satisfies
¢ (Ip(n, A)f (), 4y (n + 1, A)f (2), Ip(n + 2, A)f (2):2) € Q,

then
|1y (n, A)f (2)] < M.
In the special case Q = g(U) = {o : |@| < M}, the class ®;[Q, M] is simply
denoted by ®;[M].

COROLLARY 2.3. Let ¢ € ®;[M]. If f(z) € @, satisfies

|0 (L,(n, A)f (2), L,(n+ 1,A)f (2),[,(n +2,A)f (2);2) | < M,
then
p(n, A)f (2)] <M.

REMARK 2.1. When Q = U and M = 1, Corollary 2.2 reduces to [1, Theorem 2,
p.271). When Q=U, A=a—1(a>0), p=1 and M = 1, Corollary 2.2 reduces
to [8, Theorem 2, p. 231]. When Q = U, A =1, p=1 and M = 1, Corollary 2.2
reduces to [5, Theorem 1, p. 477].

COROLLARY 2.4. If M > 0 and f (z) € <, satisfies

(A +p)Lp(n +2,)f (2) = (& +p)lp(n + LA) (2) = A2, (n, A)f (2)|
<[@Cp—1DA+plp—-1)]M, then |I,(n,A)f(2)| <M. (2.12)
Proof. This follows from Corollary 2.2 by taking ¢(u,v,w;z) = (A + p)*w —
(A +p)v—A%u and Q = h(U) where h(z) = [2p — 1)A +p(p — 1)]Mz, M > 0. To

use Corollary 2.2, we need to show that ¢ € ®,[Q, M], that is, the admissible condition
(2.11) is satisfied. This follows since

k4 A L 2A 4+ Dk + A2)M.
(e )
=L+ (24 + Dk + A*)Me"” — (k+ A)Me" — 2*Me" |
= |L+ (2k — 1)AMe"|
> (2k — 1)AM + R(Le™ ™)
> (2k—DAM +k(k—1)M > [(2p — DA +p(p — 1)|M

z€U 0€R, R(Le ) > k(k—1)M and k > p. Hence by Corollary 2.2, we deduce
the required result. ]

DEFINITION 2.3.  Let Q be a setin C and ¢(z) € 2y N . The class of
admissible functions ®;[Q, g] consists of those functions ¢ : C* x U — C that
satisfy the admissibility condition

¢(u7v7 W;Z) ZQ
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whenever

prA. (GELETRIG

(Atpfw—(htp—Du . ¢'(0)
%{<A+mv@+p1w 20 +p ”}>k%{ *1}
ze U {€0U\E(qg) and k > 1.

)

THEOREM 2.5. Let ¢ € ®;,[Q,q]. If f(z) € <, satisfies
{¢(4W*V“>4@+LAV@>4@+ZAV“2Q;zeU}Cg,(zm)

Zp_l ’ Zp_l ’ Zp_l

then
I,(n,A)f (2)

e q(z).

Proof. Define an analytic function p(z) in U by
Ip(n, A)f (z)

p(z) == ) (2.14)
By making use of (2.3), we get,
Ln+ LA (2) _ '@+ (A +p—Dp@)
= = . (2.15)
2! A+p
Further computations show that
L(n+2,A)f(z) ")+ 24 +p) —1]ap'()) + (A +p—1)°p(2)
—~ = . (2.16)
! (4 +p)?
Define the transformations from C? to C by
s+ A+p-Ur  t+R2A+p) —1ls+A+p—1)7r
u=r, V_—)k+p , W= e . (2.17)
Let
v(rs,t;z) = o(u,v,w;z) (2.18)
_ (r s+(A+p—Dr t+2A+p)—1s+ A +p—1)>*r )
R U IR % +p) )

The proof shall make use of Theorem 1.1. Using equations (2.14), (2.15) and (2.16),
from (2.18), we obtain

L,(n,A)f (2) L(n+1,A)f(2) Ip(n—&—2,)L)f(Z);Z

Zp_l ’ Zp_l ’ Zp_l

v(p(2),20' (), 20" (2):2) = ¢ <

(2.19)
Hence (2.13) becomes

w(p(2),2p'(2), 2" (2);2) € Q.
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The proof is completed if it can be shown that the admissibility condition for ¢ €
®;1[Q, g] is equivalent to the admissibility condition for y as given in Definition 1.1.
Note that
£+1 A +pPw—(A+p—1)u
 A+pv—A+p—1lu
and hence v € W[Q, g]. By Theorem 1.1, p(z) < q(z) or
Ip(n7 A’)f (Z)

21

< q(2).

O

If Q # C is a simply connected domain, then Q = i(U), for some conformal
mapping h(z) of U onto Q. In this case the class ®@;;[a(U), q] is written as @ ;[h, q] .
In the particular case q(z) = Mz, M > 0, the class of admissible functions ®;[Q, ¢],

denoted by ®;;[Q, M]. The following result is an immediate consequence of Theorem
2.5.

THEOREM 2.6. Let ¢ € ®;,]h,q|. If f(2) € 4, satisfies
¢ (Ip(n7j’)f(z) Ip(n+ 17A)f(Z) Ip(l’l‘i’Z,A)f(Z)Z) < h(Z),

e o , e : (2.20)

" LA ()
p\I, 2

T =< q(2).
DEFINITION 2.4. Let Q be a setin C and M > 0. The class of admissible
functions ®;1[Q, M] consists of those functions ¢ : C* x U — C such that
o k -1 ., L+](2 — Dk —1)4]Me"

q,(Me,e’ A1y e LHIQA+p) — Dkt (A +p— 1)Me
A+p (A +p)?

;z> ZQ
(2.21)
whenever z € U, 0 € R, R(Le ) > (k — 1)kM for all real 0 and k > 1.

COROLLARY 2.5. Let ¢ € ®;1[Q,M]. If f (2) € <, satisfies
0 (lp(ndl)f(Z) L(n+1,A)f(2) Ip(n+27/1)f(2),z) co

ZI’*I ’ ZI’*I ’ ZI’*I ’

then
I(n,A)f (2)

-1
In the special case Q = g(U) = {w : |w| < M}, the class ®;;[Q, M] is simply
denoted by @, ;[M].

COROLLARY 2.6. Let ¢ € @y [M]. If f(z) € o, satisfies
0 <1p(n>/1)f(2) L(n+1,A)f(2) Ip(n+277t)f(z)_z)‘ <M,

<M.

ZP_I ’ ZP_I ’ Zp_l ’

then
L,(n,A)f (2)

<M.
21
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=1 and M =1, Corollary

REMARK 2.2. WhenQ:U,/l:a—l( >0),p
=U,A=1,p=1land M =1,

2.5 reduces to [8, Theorem 2, p. 231]. When Q
Corollary 2.5 reduces to [5, Theorem 1, p. 477].

COROLLARY 2.7. If f(z) € <, then,
Ln+1,A)f )

<M=
21

<M.

L(n, A)f (2)
Z

p—1

This follows from Corollary 2.6 by taking ¢ (u, v, w;z) = v.
COROLLARY 2.8. If M > 0 and f (z) € <, satisfies

Iy(n +Zp2_717t)f (2) Iy(n Jrzplifl)f @) _ (A+p-— 1)21p(nz7p7t_){ (2)

Mx+m2 L (h+p)

L(n, A)f (2)

<[3(A+p)— 1M, then -
i

<M. (2.22)

Proof. This follows from Corollary 2.5 by taking ¢ (u, v, w;z) = (A +p)?w+ (A +
p)v—(A+p—1)*u and Q = h(U) where h(z) = (3(A +p) — 1)Mz, M > 0. To use
Corollary 2.5, we need to show that ¢ € @;; [Q, M], that is, the admissible condition
(2.21) is satisfied. This follows since

w0 k+A+p—1 o L+[2(A+p)— Dk+ (A +p—1)*|Me®
‘(p (M 0 A+I; Mei®. [(2(A +p) (A)er)(z p—1)7] ;Z>
= [L+[(2(A + p)— Dk+(A+p—1)’ M+ (k+A+p—1)Me" —(A+p—1)*Me"|
= [L+[(2k+ 1)(A +p) — 1]Me"| > [(2k + 1)(A + p) — 1]M + R(Le ™)
> [(2k+1)(A +p) — 1M+ k(k—1)M > (3(A +p) — 1)M

7€ U, 0 €R, R(Le ) > k(k—1)M and k > 1. Hence by Corollary 2.5, we deduce
the required result. ]

DEFINITION 2.5. Let Q be asetin C and q(z) € 2, N 5. The class of
admissible functions @;,[Q, g] consists of those functions ¢ : C* x U — C that
satisfy the admissibility condition

O(u,v,w;z) & Q
whenever
_ o1 klq'(£)
=@, v = (@ + 528 (g0 20,
(A +ppy(w—v) . &q" ()
&e{ - (A +p)(2u )}2@%{ 70 +1},

zeU (€OU\E(g) and k > 1
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THEOREM 2.7. Let ¢ € ®;5[Q,q] and I,(n,A)f (z) # 0. If f (z) € <, satisfies

L(n+1,A)f (z) L(n+2,A)f(z) L(n+3,A)f(z) \ .
{¢< 4@Jy@>’4@+va&w4m+zay@ra'ZEU}CQ’

(2.23)
" Bnt LAY Q)
p(n+1, Z
L T H 2 g(z).
AT TERI
Proof. Define an analytic function p(z) in U by
_ Ln+1,A)f (z)
PO= T @) 224)
By making use of (2.3) and (2.24), we get
Ln+2,A)f(z) _ 1 ZP’(Z)}
A . 2.25
Lt LAY  Atp [P TPPETE (2:23)
Further computations show that
' ' (2) ' (2) 2 20" (2)
Ln+3,0)f(z) 1 |9/ P PP @O+ - ( e ) o0
P IV~ p) ¥ El
L,(n4+2,A)f (2) Atp | p(2) (A +p)p()+E5
(2.26)
Define the transformations from C* to C by
- 1 s - 1 s (A+p)s+E—(5)2+1
u=r,v= r+ﬁ(—), _r+)L+p [— G o)t ] (2.27)
Let
w(rs,t;z) = ¢(u,v,w;2) (2.28)
B 1 s s (Ap)s+i—(2)+1]
_¢( T [(/l—l—p) e } T {(/H ) G }z)

The proof shall make use of Theorem 1.1. Using equations (2.24), (2.25) and (2.26),
from (2.28), we obtain

W(p().' (), 20" (2):2) = 0 (

L(nt 1, A)f (2) 1,(n+2,A)f (z) 1,(n43,A)f (Z)'Z)
L(n, A)f (2) " Lp(n+1,A)f (2) " L(n+2,A)f (2) ")

Hence (2.23) becomes
w(p(2), 2" (2).2°p" (2);2) € Q.

The proof is completed if it can be shown that the admissibility condition for ¢ €
®;,[Q, g] is equivalent to the admissibility condition for y as given in Definition 1.1.

Note that
(A +p)v(w—v)
V—u

§+1: — (4 p)2u—v),
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and hence ¥ € ¥[Q, g]. By Theorem 1.1, p(z) < ¢(z) or
L(n+1,A)f(z)
Loy
|

If Q # C is a simply connected domain, then Q = i(U), for some conformal
mapping A(z) of U onto Q. In this case the class ®@;,[a(U), q] is written as @1 [h, q] .
In the particular case ¢(z) = 1+Mz, M > 0, the class of admissible functions ®;,[Q, g]
becomes the class @;,[Q, M]. Proceeding similarly as in the previous section, the
following result is an immediate consequence of Theorem 2.7.

THEOREM 2.8. Let ¢ € ®;5[h, q]. If f (2) € <, satisfies

L(n+ 1L,A)f (2) Ln+2,2)f(2) L(n+3,2)f(z)
¢ ( I(n,A)f (2) 7Ip(l’l +1,A) (2)’ L(n+2,A)f(2) ’Z) < h(z), (2.30)

L(n+ 1,A)f (z)
P2 <),
I(n, A)f (z)
DEFINITION 2.6. Let Q be a set in C. The class of admissible functions
®@;,[Q, M] consists of those functions ¢ : C* x U — C such that

k+ (A +p)(1 +Mei9)Mei9 14 k+ (A +p)(1+Me%)
(A +p)(1 + Mei?) ’ (A +p)(1 + Mei?)

(M + e ) [Le™ + [A +p+ 1]kM + (A + p)kM?€"®] — kK*M? o

M+M@4wme+Me”+(M+M+@M+M+MM%ﬂ)g

then

) (1 + M, 1+

(2.31)
z€U, 0 €R, R(Le ) > (k— 1)kM for all real 0 and k > 1.
COROLLARY 2.9. Let ¢ € ®1,[Q,M]. If f(2) € <, satisfies

L(n+ LA (z) L(n+2,A)f(z) L(n+3,A)f(z)
¢ ( L(n,A)f (z) " L(n+ 1L,A)f(2) L(n+2,1)f (z) ’Z) €,

then
L(n+1,A)f(2)
Ip(n, A)f (2)
When Q = {® : | w — 1] < M} = q(U), the class ®;,[Q,M] is denoted by
®;,[M]

COROLLARY 2.10. Let ¢ € ®p3[M]. If f (z) € 7, satisfies

o+ LAY @) bn+220(Q) hn+340@) Y
F( LAY @ Lt LA ] <+2xv<>) 1‘<M

<1+ Mz

then
L(n+1,A)f (2)

Ip(n, A)f (2)

1| <
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COROLLARY 2.11. If M > 0 and f (z) € <, satisfies
L(n+2,AM)f(z) L(n+1,A)f(z)

L(n+1,A)f(2) L,(n,A)f (2)

M
(A+p) (A +M)’

then
L(n+1,A)f (2)

Ip(n, A)f (2)
This follows from Corollary 2.9 by taking ¢(u,v,w;z) = v —u and Q = h(U)

Where h(Z) = #“‘HVI)Z.

—1‘<M.

3. Superordination of the Multiplier Transformation

The dual problem of differential subordination, that is, differential superordination
of the multiplier transformation is investigated in this section. For this purpose the class
of admissible functions is given in the following definition.

DEFINITION 3.1.  Let Q beasetin C and ¢g(z) € 5[0, p] with zq'(z) # 0. The
class of admissible functions ®}[Q, g] consists of those functions ¢ : C* x U — C
that satisfy the admissibility condition

O(u,v,w; §) € Q
whenever (eq'(@)/m) + 2q(2)
B (' (2)/m q(z
w=alo). v SO,
(A+p)Pw—2%u 1., [24"(2)
%{ ETIEyY “}gmﬁ{ /) “}’

zeU edUand m>=p

THEOREM 3.1. Let ¢ € ®j[Q.q|. If f(z) € <, I,(n,A)f (z) € 2y and

O (L,(n, A)f (2),L,(n+ 1,A)f (z), L,(n + 2,A)f (z);2)
is univalent in U, then
QC{oL,(n,A)f (2),L,(n+ 1,A)f (2),L,(n +2,A)f (z);2) : 2 € U} (3.1)
implies
q(z) < I(n, A)f (2).
Proof. From (2.8) and (3.1) , we have
Qc{v(p@).2'(2),2p"(2)iz) :z€ U}.

From (2.6), we see that the admissibility condition for ¢ € ®}[Q, g] is equivalent to
the admissibility condition for y as given in Definition 1.2. Hence y € ¥} [Q, g, and
by Theorem 1.2, ¢(z) < p(z) or

q(2) < I(n, A)f (2).
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O

If Q # C is a simply connected domain, then Q = h(U) for some conformal
mapping h(z) of U onto Q. In this case the class ®;[h(U), g| is written as ®j[h, q].
Proceeding similarly as in the previous section, the following result is an immediate
consequence of Theorem 3.1.

THEOREM 3.2. Let q(z) € J[0,p], h(z) is analyticon U and ¢ € ®j[h,q]. If
f) e, L(n,A)f (z) € Lo and ¢ (I,(n,A)f (2),L,(n+ 1,A)f (), L,(n +2,A)f (2);2)
is univalent in U, then

h(z) < ¢ (I,(n, A)f (2), 2 (n + 1, 2)f (2), Ip(n 4 2, A)f (2): 2) (3.2)
implies
q(z) < I(n, A)f (2).
Theorem 3.1 and 3.2 can only be used to obtain subordinants of differential super-

ordination of the form (3.1) or (3.2). The following theorem proves the existence of
the best subordinant of (3.2) for certain ¢ .

THEOREM 3.3. Let h(z) be analyticin U and ¢ : C* x U — C. Suppose that
the differential equation

/ 2 11 / 2
0 (q(Z% zq (Ziiiqw’ 2q"(2) + (2/1(;4:35)% (2) +4 q(Z);Z> ) (3.3)

has a solution q(z) € 2y. If ¢ € ®j[h,q], f(z) € &, L,(n,A)f (z) € Ly and
¢ (L(n, A)f (2),L,(n+ 1,A)f (z), [,(n+2,A)f (2); 2)

is univalent in U, then

h(z) < ¢ (I,(n, A)f (2),L,(n + 1,A)f (z), I,(n + 2,A)f (2); 2)

implies
q(z) < Ip(n, A)f (2)
and q(z) is the best subordinant.

Proof. The proof is similar to the proof of Theorem 2.4 and is therefore omitted.
O

Combining Theorems 2.2 and 3.2, we obtain the following sandwich theorem.

COROLLARY 3.1. Let hi(z) and q\(z) be analytic functions in U, hy(z) be uni-
valent function in U, q:(z) € 2y with q1(0) = ¢2(0) = 0 and ¢ € D[y, g2] N
Dlhn, i) 1 £(2) € ., Ipln, W) (2) € A10,p] N 2o and

¢ (L(n, A)f (2),L,(n+ 1,A)f (z), [,(n+2,A)f (2); 2)

is univalent in U, then
hi(z) < ¢ (Ip(n, A)f (2),I,(n + 1, A)f (2), I, (n + 2, A)f (2);2) < ha(2),

implies

q1(z) < L(n,A)f (z) < q2(2).
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DEFINITION 3.2. Let Q be asetin C and g(z) € 5 with z¢'(z) # 0. The class
of admissible functions @;,[Q, g consists of those functions ¢ : C3 x U — C that
satisfy the admissibility condition

¢(u, v, w; £) € Q

whenever

u = q(2), V_&4@M03g;p0ﬂ@

A+pPw—(A+p—1%u B 1. f24"(2)
%{<x+mvu+p1m 20+p ”}gm%{qw>+1}
zeU £€dUand m > 1.

Now we will give the dual result of Theorem 2.5 for differential superordination.

THEOREM 3.4. Let ¢ € @},[Q,q]. If f(2) € 9, etV ¢ 9y and

P 1

¢(1p(n,)t)f(z) Ln+1,A)f(2) L(n+2,A)f(2) >

ZP_I ’ ZP_I ’ ZP_I ’

is univalent in U, then

ac (o (MAVE) BOLAIG LOS2AN0, ) )

-1 ’ —1 ’ -1

implies
LAY (@)

q(z) < pran

Proof. From (2.19) and (3.4), we have

Qc {w (p(2),2'(2),2p"(2);2) 1 z € U}.

From (2.17), we see that the admissibility condition for ¢ € @7 ,[Q, g] is equivalent to
the admissibility condition for y as given in Definition 1.2. Hence v € ¥'[Q, ¢], and
by Theorem 1.2, ¢(z) < p(z) or
L](Z) =< IP(”;{){(Z). O
If Q # C is a simply connected domain, and Q = h(U) for some conformal map-
ping h(z) of U onto Q and the class ®; ,[h(U), q] is written as @}, [h, q] . Proceeding
similarly as in the previous section, the following result is an immediate consequence
of Theorem 3.4.

THEOREM 3.5.  Let q(z) € 4, h(z) is analytic on U and ¢ € @ [h,q].
U1G) €y LA () € D and ¢ (P, LDAE LD, o)

»—1 P—1 ) P—1 ’
univalent in U, then

M@<¢(5MJV&)hm+LAV&)bM+ZAV&%O

ZP*I ’ ZP*I ’ ZP*I

(3.5)
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implies
Ip(n> A’)f (Z) .

q(z) < prn

Combining Theorems 2.6 and 3.5, we obtain the following sandwich theorem.

COROLLARY 3.2. Let hy(z) and q(z) be analytic functions in U, hy(z) be uni-
valent function in U, g2(z) € 2o with ¢1(0) = q2(0) = 0 and ¢ € Py ;[ha, o] N
@) [, qi]. If f(2) € o, 2 E ¢ 540 9y and

=1

¢(1p(n,l)f(Z) Ln+ LA (2) L(n+2,2)f(2) )

Zp71 ) Zp71 ) Zp71 b Z

is univalent in U, then

) < o (lp(n;[ft)lf(Z)fp(n +Zplil7t)f(Z) Ip(n J;fvfl)f(Z);O = In(2),
implies
q1(2) < bmA)f) 92(2).

-1
Now we will give the dual result of Theorem 2.7 for the differential superordination.
DEFINITION 3.3. Let Q beasetin C, g(z) # 0, z¢'(z) # 0 and ¢(z) € A . The

class of admissible functions ®;,[Q, g] consists of those functions ¢ : C* x U — C
that satisfy the admissibility condition

O(u,v,w; £) € Q
whenever | /( )
_ 79’ (z
u=gq(z),v T+p (( +p)a(z) + ma(z )
A +pvw—v) "y 1. 124"(2)
%{—V_u (+p)2 >}<m§ﬁ{ . +1}7

zeU £€dUand m> 1.

L,(n+1,A)f (z
THEOREM 3.6. Let ¢ € ®),[Q.q]. If f (2) € ), % € 2, and

(Ip(n+1,/l)f(z) L(n+2,2)f (z) Ip(n+3,/l)f(z)_z)
L(n,A)f(z) "L(n+1,A)f(2) L(n+2,A)f (z)°
is univalent in U, then

L(n+1L,A)f(z) Ln+2,A)f(z) L(n+3,A)f(z) \
QC{¢< QMJVQ)’5@+LAV&YQ@+LAV&YQ'ZEU}(3®

implies
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Proof. From (2.29) and (3.6 ), we have

Qc{y (p().2'(2), 2" (2):2) 12 € U}

From (2.28), we see that the admissibility condition for ¢ € ®;,[Q, g] is equivalent to
the admissibility condition for y as given in Definition 1.2. Hence v € ¥'[Q, ¢], and
by Theorem 1.2, ¢(z) < p(z) or

L(n+ 1,A)f(2)
1 =T Ay @

O

If Q # C is a simply connected domain, then Q = hA(U) for some conformal
mapping /(z) of U onto Q. In this case the class @7,[1(U), q] is written as @7 ,[h, q] .
The following result is an immediate consequence of Theorem 3.6.

THEOREM 3.7.  Let h(z) be analytic in U and ¢ € ®p,lh,q]. If f(z) € 9,

Ly(n+1,A)f L(n+1A)f(2) I(n+2,A)f (2) IL(n+3.A)f(z). . . .
e € 21, and ¢ ( e BT Ii<n+u>f<z>’z) is univalent in U,

then

(3.7)

h(qu,(Ip(nHJt)f(Z) L(n+2,M)f (z) L(n+3, /l)f(z)’z>’

L(n,A)f (z) "L(n+1,A)f(2) L(n+2,A)f (2)
implies
L(n+ 1,A)f(2)
=@

Combining Theorems 2.8 and 3.7, we obtain the following sandwich theorem.

COROLLARY 3.3. Let hi(z) and q(z) be analytic functions in U, hy(z) be uni-
valent function in U, q»(z) € 21 with q1(0) = ¢2(0) = 1 and ¢ € Dyz[ha,q2] N

O[] I £ (2) € oy, BEEEE € 02, Ln, A)f (2) # 0 and

0 (Ip(n+ LA (2) L(n+2,A)f(z) Ip(n+3,/l)f(z).z)
L(n,A)f () " L(n+ LA (2) L(n+2,A)f (z)°

is univalent in U, then

L(n+ 1L,A)f(2) Ln+2,A)f(z) L(n+3,A)f(z)
L(n,A)f () " L(n+1L,A)f(2)" L(n+2,A)f (2)°

hi(z) < ¢ < z) < hy(z),

implies
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