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A STUDY ON ABSOLUTE SUMMABILITY
FACTORS FOR A TRIANGULAR MATRIX

EKREM SAVAS

(communicated by J. Marshal Ash)

Abstract. In this paper we obtain an absolute summability factor theorem for lower triangular
matrices.

Sulaiman [2] obtained sufficient conditions for >_ a,A, to be |N,p,|i summable,
k € N. Unfortunately he used an incorrect definition of absolute summability (see,
e.g., [1]). In this paper we obtain the corresponding summability factor theorem for a
lower triangular matrix, and obtain the correct form of [2] as a special case. Let A be a
lower triangular matrix, {s,} a sequence. Then we put

n
A, = E ApySy.
v=0

A series Y a, is said to be |A|x summable, k € N if
> A, = A, F < 0. (1)
n=1

We may associate with A two lower triangular matrices A and A defined as
follows:

n
apy = E Anr, n,ve N
r=v

and
Qpy = Gpy — 1y, n=1,23....
Also we shall define

n n i
Yn = 5 aniSi = 5 Apj 5 Avay
i=0 i=0 v=0
n n n
= E Arvav E api = E anvlvav
v=0 i=v v=0
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and
n n

Yn =Yn — Yn—1 = Z(Env - Enfl,v)ﬂfvav = Z&nv/lvav- (2)

v=0 v=0
Given any sequence {x,}, the notation x, =< O(1) means x, = O(1) and 1/x, =
O(1). For any matrix entry a,y, Ayayy 1= uy — Ayy1-

THEOREM 1. Let A be a lower triangular matrix with nonnegative entries such
that
(i) aw=1,n=0,1,...,
(i) an—1v = an, for n=zv+1,
(iii) na.,, < O(1), and

(IV) Zt;ll avv‘&n,vﬂ‘ = O(a,m) .
Let t! denote the nth (C, 1) mean of {na,}. If

) Z“vvu\/|k|tuk =0(1),
v=1
(vi) Z law|' ALl [F = 0(1),
v=1

then the ser;es > anh, is |Alx summable, k € N.

Proof. From (i) it follows that a,o = 0.
Using (2) we may write

% fapA
SC

v=1

_Z(anv v){zmr Z r}

r=1

—ZA\/(G”V V)Zrar+ann nzvg‘}

n—1
v+1, +1
= § Avanv v t + E Qpvt1 Al) %,
v=1 v=1
n—1
(n+ DagAnt)
E vl A —t - 7
+ Z 1“ VHIAVEL + 0

=T+ Tn2 + Tn3 + Tn47 say.

To prove the theorem it will be sufficient, by Minkowski’s inequality, to show that

an_l|an‘k<Oo7 for r=1,2,3,4.
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Using Holder’s inequality and (iii) and (v),

m m n—1 v+ 1 k
= Tl = 3 S A 1,
n=1 n=1 v=1
m+1 n—1 &
=0(1) 3w (3 Al
n=1 v=1
m+1 n—1 n—1 k—1
_ 0(1)an*(z|Avanv|uv\k\t5|’<) x <Z|AV&W|)
n=1 v=1 v=1
From (ii)
Av&nv = Z\lnv - é\ln,erl
= Env - 67n—l,v - 67n,erl + En—l,erl
= dupy — Ap—1,v <0.
Thus from(i)
n—1 n—1
Z |Av[1nv| = Z(anfl,v - anv) =1-1+ Appn = Apn-
v=0 v=0
Using (iii) and (v)
m m+1 n—1
I = an71|Tnl|k =0(1) Z(”ann)kil Z MV‘k‘tHka&nV‘
n=1 n=1 v=1
m m+1
=0(1) Z MVVCW‘]{ Z (”ann)k_l‘AV&nV‘
v=1 n=v+1
m m+1
— o) S ILE S 1A
v=1 n=v+1
m
=0(1) Z“vvu\/‘k‘tuk
v=1

= o(1).

Using Holder’s inequality, (iii) and (iv),

m+1 m+1 n—1
v+ 1 |k
. k—1 k k—1 ~ 1
L= n ol =3 "n ‘ D i (M) 1
n=2 n=2 v=1

m+1

— v+l ok
< Zznkl[z;&"’VHA/lv y ItM}
n= v=
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m+1

W)y nt I[Zm Wblannl]
n=2
m+1 n—1 n—1 k—1
1) Z ! [Z Ay [Flay a1 |} x [Z |ayyl|an,v1 |}
n=2 v=1 v=1
m+1 n—1
=0(1) Z(”ann)k_l Z lave "N AAy[F[2y [ a1 |-
n=2 v=1

Using (iii)

m m+1
1) Z e . Y Z (nan) vy
v=1 n=v+1
m+1
Z|avv|l k‘Al ‘ ‘tv|k Z Qi1
n=v+1
From the definition of A and using (i) and (ii);
&n,VJrl = En R an 1,v+1
- Z Api — Z Ap—1,i
i=v+1 i=v+1

v 1%

= 1- E apj — 1+ § Ap—1,i
i=0 i=0

1%

- Z (anfl,i - an,i) 2 0.

i=0
From (3)
m+1 \4 v m+l
Z (Z(an—l,i - ani)) = Z Z (an—l,i - ani)
n=v+1 i=0 i=0 n=v+1
v
= Z(av,i - Clm+1,i)
i=0

/A

\%4
Zawi =1.
i=0
Therefore, using (vi), I, = O(1).
Using Holder’s inequality, (iii), (iv) and (v)
m+1 m+1 3 A
an I‘TnS|k an 1‘2 n,v+1/4v+1 1

m+1 n—1

k
=0(1) anil {Z \ava/lerlH&n,vHHtu
n=2

v=1

k
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m+1 n—1 n—1 k—1
1) Z ! [Z vt [Flavwl [ty [*|anv1 q x [Z |ayyl|n,v1 q
n=2 v=1 v=1
m+1 n—1
=0(1) Y (nan)* ">~ [Aver Flawllty anv+1]
n=2 v=1
m m+1
=0(1) Z Avrflavy| [ty Z ny11
v=1 n=v+1
m
1) Z“vvuvﬂ‘k‘tuk
v=1

= o(1).

Finally using (iii) and (v)

m

Z T f = an 1‘ ath

n=1
1) Z ! |‘1nn|k|/ln|k|trll i
n=1

o) el
n=1
1) Z ann|ln|k|tr11‘k
n=1

= 0(1).

COROLLARY 1. Let {p,} be a positive sequence such that
P, :=Y"}_o Pk — o0, and satisfies

(i) np, < O(Py).
Let t! denote the nth (C, 1) mean of {na,}. If

(i) ZV‘IIM"\IH" =0(1),

(iii) Z VAL L F = O(1), then the series S anhy is |N,pali summable,
Ken.

Proof. Conditions (i), (ii) and (iv) of Theorem 1 are automatically satisfied for
any weighted mean method. Condition (iii) of Theorem 1 becomes condition (i) of
Corollary 1. Conditions (v) and (vi) of Theorem 1 become conditions (ii) and (iii) ) of
Corollary 1.
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