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NOTE ON A CONJECTURE OF R. A. SATNOIANU

SHANHE WU

(communicated by P. Bullen)

Abstract. In this paper, a conjecture posed in [R. A. Satnoianu, The proof of the conjectured
inequality from the Mathematical Olympiad, Washington DC 2001, Gazeta Matematica, 106
(2001), 390-393 ] is studied once again, a generalization of Satnoianu’s inequality is established.

1. Introduction

In [1], R. A. Satnoianu studied the inequality

a < 3
cvlie Va2 + Abc - V1+ A

and conjectured that the above inequality can be extended to a more general case.
Satnoianu then proposed the following inequality as a conjecture.

(a,b,c >0, A >8), (1)

CONJECTURE.

n

x,l,l,I n—1 .
S o) =rlEA)T (2)
; X{l 1+/1Hk7£ixk

foralln>2,x;>0,i=1,2,...,n andany A >n""' —1.

Inequality (2) has attracted interest of mathematicians. In [2], W. Janous proved
the validity of inequality (2) by means of Lagrange’s method of multipliers. Shortly
after the publication of Janous’s paper, by using the GA-convexity inequality, R. A.
Satnoianu [3] established a generalized version of inequality (2) as follows

n XZ
; ox! !+ B[ T

where n>2,x>0,i=1,2,....,n, ,>0and B> (n""' — 1.
Satnoianu’s inequality (3) prompts us to ask a natural question: Under what

condition is the inequality (3) still true if the exponent ﬁ is replaced by any real
number % ?

1
n—1 n—l1

> n(a + B) "7, (3)
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A satisfying answer to this question is given by the following theorem.

THEOREM 1. Let o, B, x;(i = 1,2,...,n) be positive real numbers, and let g
be a real numbers. Thenfor p <0, or p > 0 with > (nmax{p’l} —1)a, the following

inequality holds true

n I 1/p
Z( — ) > n(o+ )7,
i=1

oo + BT, <"

2. A Set of Lemmas

In order to prove Theorem 1, we first introduce the following lemmas.

LEMMA 1. (see Wu and Debnath [4]) Ler p; >0, a; >0 (i=1,2,...,n,

j=12,...,m). Then

m n 1\ P n m
p;
H E aijj > pmin{pi+p2+---+pm—1, 0} E Halj .

j=1 i=1 i=1 j=1

1,2

)

n P n \P"
(le) > Zx{’ + (7" —n) (Hxl) .
i=1 i=1 i=1

LEMMA 3. Let a; > 0,b; >0 (i=1,2,...,n)and rs > 0. Then

ib_z > mm{s r+1,0} (Z al> / (i bz) )
i=1

Proof. Case (I): When r > 0, s > 0. Using Lemma 1, we obtain

n s/r n . 1/r
B ) )

jl Z_§>nmin{s—r+1;0} (jzlal) /(ilbz> .

LEMMA 2. (see Wu [5]) Let x; >0 (i=1,2,...,n) and p > 2. Then

thus

4)

(8)

Case (IT): When r < 0, s < 0. It implies that —r > 0, —s > 0. By appealing the

result of Case (I), we have

iz_{ — i le_i > nmin{—r 5)+1,0} (Zb> / <Zal>
i=1 1 i=1

nmin{s—rJrl,O} (izl ai) / (i bz) .
i=1 i=1

Lemma 3 is proved. [
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3. Proof of the Main Result (Theorem 1)

In our proof of Theorem 1, we consider the following three cases.

Case (I): When p > 1 and B > (n™{»1} — [)o, which implies that p > 1 and
B=w —1)a

Applying Lemma 3 and Lemma 2 respectively, it follows that

n 1/
ox] + B Hk 1% q/n

( q/ p+l)) (p+1)/p
n xi

B i o\ /P
i=1 (axf-’ + B 1= XZ/ )

(p+1)/p
n /(p+1)
> min{%—’%lJrl.O} (Zi:lx? ’ )
n )
- 1/
(T (oot + BTIL "))
1
(E:Z:lx?/@+4))p+l 4

aZZ lx’ +nBH1 1 ‘1/”
S (T 1xf’/")] v
ad i xl+nBTlL le’/"
n /
w B0 D) (S - eIl E) h
(@B (s B) (@ of + BT ")
>n(O£—|—B)_l/p.

WV

The latter inequality follows from the hypothesis f — (n” — 1) > 0 and the
arithmetic-geometric means inequality > Lxl—n H X q/ ">0.

Case (II): When 0 < p < 1 and B > (™!} — 1), which implies that
O<p<land B> (n— 1o

Applying Lemma 3 and Lemma 2 respectively, we have

n q 1/p
Z -
(ax, !+ B q/n>
: gy
.

A\ /P
i=1 (ax?+BHZ:1xZ/ )
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n q/2 2/p
il 2 Zi:l Xi
mm{p -5+l 0}

(Zz 1 (Otx, +6Hk 1 q/n)> b

- 1/p

2
| (BN
ad i xi+nBIl x xim
1—1 -Z?:IX?—I-(nZ_n)(H? 1xl/n)‘| 1/p
OCZ:' | X 74+ np Hz lx;f/n
-1 n B-—(n—1a) (Z:’ (X7 *”H, 1 q/n)
+
4B (a4 B) (@S o + BT ")
n(a+ p)~'7.

=n

1/p

The latter inequality follows from the hypothesis f — (n — 1)ot > 0 and the
arithmetic-geometric means inequality 3" x/ — n [, x!" >0

Case (III): When p < 0 and «, 8 > 0. Using the arlthmetlc-geometric means
inequality gives

n N 1/p 1/p
1 21’1
Z(axt !+ BT, ‘”") H( ouxf +6Hk | ‘”")

ity

Li=1

1/n

©)

On the other hand, applying Holder inequality, one obtains

H (a+[3x qH q/,,)
> (al/n) (Bl/n) (H X q/n) (Hn xq/n) 1/n\"
~ =17 =17k

=a+p.

Note that —1/p > 0, combining inequality (9) and the above inequality leads to
the desired inequality:

n q 1/p
Z( - ) > n(a+B)~1r.

ox! + BIT, q/n

The proof of Theorem 1 is complete. [
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REMARK. Letting in particular p = n— 1 and ¢ = n (n > 2) in Theorem 1
yields the Satnoianu’s inequality (3). If we put in the Satnoianu’s inequality (3) o = 1
and 8 = A, we obtain the conjectured inequality (2). Further, the inequality (1) would
follow from inequality (2) with n = 3. It is worth mentioning that inequality (1)
appeared first as an Open problem 10944 in the American Mathematical Monthly [6].
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