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NEW REGULARITY CONDITIONS FOR LAGRANGE AND
FENCHEL-LAGRANGE DUALITY IN INFINITE DIMENSIONAL SPACES

RADU IOAN BOT, SORIN-MIHAT GRAD AND GERT WANKA
(communicated by J. Pecaric)

Abstract. We give new regularity conditions expressed via epigraphs that assure strong duality
between a given primal convex optimization problem and its Lagrange and Fenchel-Lagrange
dual problems, respectively, in infinite dimensional spaces. Moreover we completely character-
ize through equivalent statements the so-called stable strong duality between the initial problem
and the mentioned duals

1. Introduction

Duality is an important and powerful tool in optimization, where it is present sub-
ject to several approaches. Among the most used and known duality concepts there are
the ones named after J.L. Lagrange and, respectively, W. Fenchel. Finding weaker con-
ditions under which there is strong duality, i.e. the situation when the optimal objective
values of the primal and dual problem coincide and the dual has, moreover, an optimal
solution is one of the most interesting and challenging problems in optimization. Many
authors have dealt with this kind of problems improving and extending the previous
results both in finite and infinite dimensional spaces. We recall here some recent works
dealing with this subject, namely [3, 5, 6, 8, 9, 12]. Some of these conditions, usually
called regularity conditions or constraint qualifications, guarantee also strong duality
for all the optimization problems obtained by perturbing the objective function of the
original primal problem with linear continuous functionals, a situation called stable
strong duality.

In a recent paper ([2]) we have delivered new and weak conditions under which
some formulae for the subdifferential of composed convex functions in infinite dimen-
sional spaces are valid. Using them we have derived a new regularity condition that
guarantees strong duality between a convex optimization problem and its Fenchel dual
problem, rediscovering another recent result due to two of the authors in [5]. This new
regularity condition is, to the best of our knowledge, the weakest condition known so
far that guarantees strong duality for the Fenchel dual problem in infinite dimensional
spaces. Within the present paper we use some results from [2] in order to determine
weaker regularity conditions assuring strong duality between a convex optimization
problem and its Lagrange and Fenchel-Lagrange dual problems, respectively, in in-
finite dimensional spaces. Moreover we give equivalent statements for the so-called
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stable strong duality between the initial problem and the mentioned duals. We also
show that our regularity condition for the Lagrange duality is weaker than some others
recently given in the literature.

As the Lagrange and Fenchel dual problems are widely known and used we do not
write much about them here, but the same does not apply for the Fenchel-Lagrange dual
problem. It has been introduced by two of the present authors, Bot and Wanka, first in
finite dimensional spaces, then also for problems having their variables lying in infinite
dimensional spaces. As its name suggests, the Fenchel-Lagrange dual problem is a
“combination” of the well-known Fenchel and Lagrange dual problems. The interested
reader is referred to [3, 6] for more on the way the Fenchel-Lagrange dual problem is
constructed.

The paper is structured as follows. After this introduction follow some necessary
preliminaries where we introduce the context we work in and we recall the previous
results used within this paper. Section 3 contains the new results we give concerning
Lagrange duality, while the fourth part does the same for the ones regarding Fenchel-
Lagrange duality. Then come the conclusions, followed by a short appendix dedicated
to the same kind of results as in Sections 3 and 4, concerning this time Fenchel duality.

2. Preliminaries

Consider two nontrivial separated locally convex vector spaces X and Z and their
topological dual spaces X* and Z*, endowed with the weak* topologies w(X*,X) and,
respectively, w(Z*,Z). Let the non-empty closed convex cone K C Z and its dual cone
K*={z"€Z*:(z*,z) > 0Vz € K} be given, where we denote by (z*,z) = z"(z) the
value at z of the continuous linear functional z*. On Z we consider the partial order
induced by K, "<k”, defined by x <y y<y—x €K, x,y € Z. To Z we attach a
greatest element with respect to ” <k denoted by e which does not belong to Z and
let Z* = ZU{eo}. Then for any z € Z* one has z <g o> and we consider on Z* the
following operations: z-+oco =co+z=oo for all z € Z*, teo = o for any ¢ > 0 and
(A,00) = +oo whenever A € K*.

Given a subset U of X, by cl(U) we denote its closure in the corresponding
topology, while its indicator function is 8y : X — R = RU{+4eo}, defined by

0, ifxeU,
+oo, otherwise.

Sy (x) = {

DEFINITION 1. ([2]) A set U C X is said to be closed regarding the subspace
WCXif UNW=cl(U)NW.

Now we give some notions regarding functions used within our paper.
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For a function f: X — R we have

- the domain: dom(f) = {x € X : f(x) < 4o},
- the epigraph: epi(f) = {(x,r) e X xR: f(x) <r},
- the conjugate regarding the set U C X : f; : X* — R given by

fo&") = (f +6u)"(x") = sup{(x",x) = f(x) :x € U},

- [ is proper: f(x) > —oo Vx € X and dom(f) # 0,

- fis C-increasing: f(x) > f(y) Vx,y € X such that y <c x, with C a non-empty
convex cone in X,

- f is lower-semicontinuous regarding the subspace W C X :

epi(f) N (W x R) = cl(epi(f)) N (W x R),
i.e. epi(f) is closed regarding the subspace W x R.

When U = X the conjugate regarding the set U is the classical conjugate function
f*. Between a function and its conjugate regarding some set U C X there is Young’s
inequality
o)+ fx) > @ ) VxelUx e X"

Given two proper functions f,g : X — R, we have the infimal convolution of f and g
defined by

fog:X —R, (fl:lg)(a):inf{f(x)+g(a—x):xGX},

which is called exact at some a € X when there is an x € X such that ( fo g) (a) =
f(x)+g(a—x). Let us mention that for an attained infimum (supremum) instead of inf
(sup) we write min (max).

There are notions given for functions with extended real values that can be formu-
lated also for functions having their ranges in infinite dimensional spaces.

For a function 4 : X — Z* one has

- the domain: dom(h) = {x € X : h(x) € Z},

- h is proper: dom(h) # 0,

- his K-convex: h(tx+ (1 —1)y) <k th(x)+ (1 —1t)h(y) Vx,y € X Vr €]0,1],

- for o € K*, (ath) : X — R, (ath)(x) = (o, h(x)),

- h is star K -lower-semicontinuous at x € X : (oth) is lower-semicontinuous at x
Yo € K*,

- h is K -epi-closed if epig(h) = {(x,y) € X XY :y € h(x)+ K}, the K -epigraph
of h, is closed,

- forasubset W C Z: i '(W) ={x€X:3z€ W s.t. h(x) =2}.

Remark 1. (cf. [1, 10]) If A is star K-lower-semicontinuous at all x € X it is
said to be star K-lower-semicontinuous. In this case it can be proven that % is also
K -epi-closed. The reverse implication is not always valid, as [4, Example 1] and [11,
Example 1.2] show.
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Remark 2. There are also other extensions of the lower-semicontinuity to functions
taking values in infinite dimensional spaces, like the K -lower-semicontinuity, the level-
closedness or the K -sequentially lower-semicontinuity. We refer the interested reader
to [1, 7, 10] for more on the subject.

In the following we recall the results given in [2] used within this paper. Consider
the proper convex lower-semicontinuous function F : X — R, the K -increasing proper
convex lower-semicontinuous function G : Z — R and the proper K-convex K -epi-
closed function H : X — Z* such that H(dom(F)+ K) and dom(G) have at least a
point in common. Moreover, let us consider the following regularity conditions

(CQ) {0x+} x epi(G*¥) +agK*{(a, —a,r): (a,r) € epi(F + (aH))*} is closed
regarding the subspace X* x {0z} X R,
(@) {OX*} X epl(G*) + {([)702*77') : (p7r) € epl(F*)} + agK*{([Lia’r) :

(p,r) € epi(aH)*} is closed regarding the subspace X* x {0z} x R,
(CoD) the function (p,q) — iII(lf+ [G*(a)+ (F+ ((c—q)H))*(p)] is lower-
aeK*+q

semicontinuous regarding the subspace X* x {0z+} and the infimum at (Ox+,0z+) is

attained,

(CoD) the function (p,q) — iII(lf+ [G*(a)+ (F+ ((c—q)H))*(p)] is lower-
aeK*+q

semicontinuous regarding the subspace X* x {0z} and epi(A* 0 B*)N ({0x= } x {0z } x

R) = ({0x} x epi(G*) +{(p,0z:,7) : (p.7) € epi(F*)} + U {(p,—0u.1): (p.r) €

epi((aH)*)}) N ({0x+} x {0z:} xR),

where A,B: X x Z — R are the functions defined by A(x,z) = G(z) and B(x,z) =
F(x) + 8 (x2)exxz:H(x)—ze—k} (%,2) for (x,z) € X x Z. In [2] we have proven that the
functions A and B are proper, convex and lower-semicontinuous, and their domains
have at least a point in common. We have established there also the following state-
ments.

Remark 3. (CQ) yields (CQD) and (CQ) delivers (CQOD), but the reverse impli-
cations are not always true. See [2] for counter-examples.

THEOREM 1. (CQ) is fulfilled if and only if for any p € X* one has

(F+GoH) (p) = min [G"(a) + (F + (aH))" (p)].

THEOREM 2. (CQ) is fulfilled if and only if for any p € X* it holds

(F+GoH) (p) = min [G"(a) +F"(B) + (aH)"(p — B)]-
Bex*
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Remark 4. The fulfillment of (CQ) implies the validity of (CQ), while (CQ) does
not always hold when (CQ) is satisfied, see [2] for a counter-example.

THEOREM 3. Assume (CQOD) valid. Then

inf [F(x) + Go H(x)] = max{—G*(ct) — (F + (aH))* (0x+)}.

xeX oeK*

THEOREM 4. Assume (CQOD) valid. Then

inf[F(x)+GoH(x) = o?é%’i,{_G*(a) —F*(B)— (aH)"(=B)}.
Bex*

Remark 5. The fulfillment of (COD) guarantees the satisfaction of (CQD), while
(COD) does not always hold when (CQD) is valid (cf. [2]).

As announced, this paper deals with Lagrange and Fenchel-Lagrange duality for
convex optimization problems. Thus we consider the primal convex optimization prob-
lem

P inf x),
( ) xeU, f ( )
glx)e-C
where Y is a nontrivial separated locally convex vector space, U a non-empty closed
convex subset of X, C a non-empty closed convex conein Y, f: X — R a proper con-
vex lower-semicontinuous function and g : X — Y* a proper C-convex C-epi-closed
function. Moreover, we need to impose the condition

dom(f)Ng~1(-C)nU #0.

To this problem we attach both the Lagrange and Fenchel-Lagrange dual problems.
For each of these dual problems we completely characterize the so-called stable strong
duality and we give weak regularity conditions under which strong duality occurs.

For the convex optimization problem (P) we denote by v(P) its optimal objective
value and we use this notation also for the optimal objective values of the other prob-
lems that appear within our paper. Let us state also that by strong duality we understand
the situation when the optimal objective values of the primal and dual problem coincide
and the dual problem has an optimal solution, while stable strong duality (cf. [9]) takes
place when strong duality holds for any linear continuous perturbation of the objective
function f.

3. Lagrange duality

In this section we introduce a new regularity condition, derived from (CQD),
which guarantees strong duality between the given primal optimization problem (P)
and its Lagrange dual problem,
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(DY) sup inf[f(x)+ (A¢)(x)],
AeC* xeU
while using (CQ) we give an equivalent formulation (complete characterization) of the
stable strong duality for this primal-dual pair of problems.
In order to state the mentioned duality assertions by using the cited results from
[2], let us take the following choices for the functions and sets involved

K={0x} xC,Z=X XY,F(x) = f(x)Vx € X,G(x,y) = 6_c(y)V(x,y) € X X Y,

(OXag(x))7 X € Ua
oo otherwise.

and H(x) = { |

Note that F', G and H fulfill the hypotheses assumed for them in the previous
section. Thus K* = X* x C* and the conjugates of F' and G are in this case F* = f*

and, as 0% (y*) = sup,c_c(y*,v) = dc (y"),

k0 ok K\ 07 X*:OX*ay*GC*7
G (x",y") = { ~+oo, otherwise.
It is easy to notice that one gets immediately for any (x*,y*) € X* x C*, whenever
xeX, () )H)(x) = (v'g)(x) + duy(x) and

— f(x),xGU, g(X)E*C7
(F+GoH)(x) = { +oo, otherwise.
In order to obtain the stable strong duality statement regarding (P) and (DF) we
must perturb the objective function f of (P) with a linear continuous perturbation func-
tion. Thus, taking some p € X*, the perturbed primal problem is

(Pp) inf [f(x) = (p,x)].

xeU,
g(x)e—C

Using the functions F, G and H as chosen above, one gets

v(Pp) =— sup {{px)—fx)} = *)scgg{(p,@ —(F+GoH)(x)},
g(x)E;C

thus v(P,) = —(F+GoH)"*(p). As asserted in Theorem 1, the validity of (CQ) is
equivalent to

(F+GoH) (p) = min [G"(a) + (F + (aH))" (p)] Vp € X7,

thus moreover to

V() = = min [6° () + (F + (aH))" ()]
= max (=G A) =~ (F (A H)) ()} Vp e X
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Using the formula of the conjugate of G, we get that (CQ) is further equivalent to
v(Pp) = max{—(F + ((0x-,A)H))" (p)} = max{~(f + (A8))y (P)},
eC reC
forall p € X*. Since
(f+(e)u(p) = 825{<p,X> = f(x) = (Ag)(x)} = — inf[—(p,x) + f(x) + (Ag) (x)],

we get

(CQ) & v(Pp) = max inf[f(x) + (A8)(x) — (p,x)] Vp € X" (1)

In order to avoid any confusions the regularity conditions (CQ) and (CQD) will be-
come (CQF), respectively (CQD!), for the special choices of F, G and H announced
earlier, i.e. when written using f, g, U and C. As epi(G*) = {0x+} X C* X [0,4o0),
we get that (CQ") means that the set

M = {0x+} x {Ox+} x C* x [0, 4-c0)
+ X*GLJ}(*7{(G>_X*>_A7V) : (a7r) € epi((f"’_()tg) +6U)*)}
Aec*

is closed regarding the subspace S = X* x {Ox+} x {Oy+«} x R. Consequently, the set
M can be characterized as follows

(a,b,c,r)eM < beX*and (a,r) € U epi((f+(Ag)+d)"). (2
AeCH(C*—c)

_ The proof is quite elementary. If (a,b,c,r) € M then there are some x* € X*,
A € C* and s > 0 such that (a,b,c,r) = (Ox+,0x:, A +¢,s) + (a,—x*,—A,.r —s) and

(a,r—s) €epi((f+(Ag)+dy)*). Thus b= —x*, A+c€C*, whichmeans A € C*—c.
Moreover

(a,r) eepi((f+(Ag)+dv)" ) C U~ epi((f+(4g)+dv)"),
AEC*N(C*—c)
so the implication left to right in (2) is secured. On the other hand, taking (a,b,c,r) in
the set described in the right-hand side of (2), there is a A € C* N (C* — ¢) such that the
quadruple can be written as follows

(a,b,c,r) = (OX*,OX*,;—i—c,O)—l—(a,b,—/{,r),

and it is clear that the first member of this sum belongs to {Ox+} x {Ox+} x C* x
[0,+<0), while the second to

W Ala, = =2 r) s (a,r) € epi((f +(A8) +8v))},

ext
i.e. (a,b,c,r) € M. Let us see now how we can write equivalently that M is closed
regarding the subspace S.
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LEMMA 1. The regularity condition (CQ*) is equivalent to the fact that

U epi((f+ (Ag)+y)*) is closed. 3)
AeC*

Proof. First we recall that MNS C cl(MNS) Ccl(M)Ncl(S) =cl(M)N S. Now let
us prove that cl(MNS) =cl(M)NS. Take some (a,b,c,r) € cl(M)NS. Then b = Ox=
and ¢ = Oy- and let us consider the neighborhoods V' of @ in X*, U of Ox+ in X* and
W of Oy in Y* and some € > 0 such that V x U x W x (rfe r+£) is a neighborhood
of (a,0x+,0y+,r). This yields the existence of a quadruple (a,b,c,r) € V x U x W x
(r—e,r+e¢) suchthat (a,b,c,r) € M. This means actually, by (2), b € X* and (a,r) €
Usecrn(cr—e) epi((f + (/lg) +0u)*). The latter gives (a,r) € Uy ccepi((f + (Ag) +
du)*), thus (a,0x+,0y+«,r) EMNS. As (a,0x+,0y+,r) isalsoin VxUXW x (r—¢&,r+
€) and this neighborhood has been arbitrarily chosen, it follows (a,b,c,r) € cl(MNS).
Consequently cI(M NS) D cl(M)NS, therefore cl(MNS) =cl(M)NS. Thus the fact
that M is closed regarding the subspace S means in this case that M NS = cl(M NS),
ie. MNS is closed.

Consider the mapping 7 : X* x X* X Y* xR — X* X R x X* x Y* defined by
T(a,b,c,r) = (a,r,b,c). It is clear that T is a homeomorphism, so M NS is closed if
and only if T(MNS) is closed. As T(MNS) =Uj ccrepi((f+ (Ag)+8u)*) x {0x+} X
{Oy+}, one gets that M NS is closed if and only if U cc+epi((f+ (Ag) +dy)*) is
closed. O

As (3) is equivalent to (CQL) it will be used further under this name. Using the
discussion given in the beginning of the section, especially (1), we establish now the
stable strong duality statement concerning (P) and (DF).

THEOREM 5. The set U) cc«epi((f + (Ag) + 8u)*) is closed, i.e. (CQF) holds, if
and only if for any p € X* one has
inf [f(x) = {p,x)] = max inf [f(x) + (Ag)(x) - (p,x)]-

xeU, AeCcrxeU
g(x)e—C

Remark 6. One may notice that in the previous statement we have rediscovered [9,
Theorem 3.2]. The difference between our result and the cited one consists in the fact
that there g is taken star C-lower-semicontinuous and here we consider for it a more
general hypothesis, the C-epi-closedness.

Regarding (CODF), we know that it means that the function

,b,c) — inf G (x"\A)+(F+ (x* —b,A—c)H))"
(pbec) = G+ (P H)) (7))
is lower-semicontinuous regarding the subspace X* x {Ox+} x {Oy+} and when (p,b,c) =
(Ox+,0x+,0y+) the infimum therein is attained. Taking into account the formulae of F,
G* and H, (CQDF) turns out to mean that the function

QX" XX XY =R, ¢(p,byc) = inf  (f+((A-c)g)+ ) (p)
AECHN(CH+c)
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is lower-semicontinuous regarding the subspace X* x {Ox=} x {Oy~} and when (p,b,c) =
(Ox*, Ox+, Oy+) the infimum therein is attained. The following statement gives a sim-
pler formulation for (CQD) and it is followed by the strong duality assertion regarding
the primal problem (P) and its Lagrange dual problem (DF).

LEMMA 2. (CQD") turns out to mean that the function

n:X" =R, n(p)= inf (f+(%g)+u)"(p)

is lower-semicontinuous and when p = Ox» the infimum within is attained.

Proof. One may easily notice that at (Ox+, Ox+, Oy+) the_infimum within @
is attained if and only if there is some A € C* such that (f + (Ag)+ 6y)*(0x+) =
infycos (f + (Ag) + 6y)*(0x+), i.e. when p = Ox+ the infimum within 7 is attained.

On the other hand, the fact that ¢ is lower-semicontinuous regarding the subspace
X* x {0x+} x {Oy+} means actually that epi(¢) NS = cl(epi(¢@))NS. Let us prove that
cl(epi(p)NS) = cl(epi(p))NS. As the inclusion ”C” is known to be true, let us take
some quadruple (p,b,c,r) € cl(epi(¢))NS. By definition one gets immediately b =
Ox+ and ¢ = Oy«. As (p,0x+,0y+,r) € cl(epi(¢)), by considering the neighborhoods
V of p in X*, U of Ox+ in X* and W of Oy« in Y* and some € > 0, there follows
the existence of some quadruple (p,b,c,r) € (VxU xW x (r—g,r+¢)) Nepi(@).
Thus inf) ccenico1a)(f + (Ag) +0u)*(p) <r. Let r € (r,r+¢). There is at least
aAeC"N(C*+c) such that (f+ (Ag)+ dy)*(p) < r. This leads to inf; cc-(f +
(Ag) +6u)*(p) <r, so (p,0x+,0y+,7) € epi(@)NS. As (p,0x+,0p+,r) €V x U x
W x (r—¢€,r+¢€) it follows that (p,b,c,r) belongs to cl(epi(@)NS), too. Thus also
the inclusion "2 is valid, therefore cl(epi(¢)NS) = cl(epi(9)) NS, i.e. @ is lower-
semicontinuous regarding the subspace X* x {Ox=} x {Oy~} if and only if epi(@)NS
is closed.

Using the homeomorphism 7' introduced within the proof Lemma 1, one has
T(epi(¢) NS) =epi(n) x {Ox+} x {Oy+} as proven further. Taking (p,Ox+,0y+,r) €
epi(@) NS it follows n(p) < r, so (p,r) € epi(n). As T(p,0x+,0y+,r) = (p,r,0x~,
Oy+) the inclusion ”C” is secured. Viceversa, if (p,r,0x+,0p+) € epi(n) x {Ox+} x
{Oy+}, thereis (p,0x=,0y=,r) €epi(@)NS fulfilling T (p,0x=,0y+,r) = (p,r,0x+, Oy»),
so the reverse inclusion stands, too.

Therefore epi(¢) NS is closed if and only if epi(n) is closed, i.e. 1 is lower-
semicontinuous. Consequently (CQDF) is fulfilled if and only if 1 is a lower-semi-
continuous function having at Oyx+ the infimum in its definition attained. a

THEOREM 6. [f the function p — inf cc- (f + (Ag) + 8u)*(p) is lower-semicon-
tinuous and when p = Ox+ the infimum within is attained, i.e. (CQDL) is valid, then
there is strong duality between (P) and (DY), i.e.

inf £ = max inf[£(x) + (2g) ()
glx)e-C
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Proof. The assertion arises from Theorem 3 via the discussion in the beginning of
the section. m|

Remark 7. Usually in the literature (see [6, 8, 9]) the strong duality statement for
(P) and (D) is given under the assumption of continuity for f, while we give it for
f lower-semicontinuous. In the following we show that even assuming f continuous
our regularity condition (COD") is weaker than the condition (dCQ) introduced in [9]
which is implied by many other regularity conditions in the literature.

PROPOSITION 1. If X is a Fréchet space and f : X — R is moreover continuous,
the fulfillment of the so-called dual CQ (cf. [9])
(dcQ) AEJC* epi(Ody + (Ag))* is closed,
guarantees the validity of (CQD").
Proof. By [9, (3.3)], (dCQ) is valid if and only if
U epi(6u -+ (hg))" = epilng 1))
As f is continuous it follows (cf. [9])

(") +Pi(8) 1)) = P+ Syrgr-c))) = | U epil(f+(Ag)+8u)")

so the latter is a closed set, too.

Next we show that U, cc«epi((f + (Ag) + dy)*) is closed if and only if p —
Nn(p) = infy cc«(f + (Ag) + Ou)*(p) is lower-semicontinuous and the infimum therein
is always attained.

Take first some pair (p,r) € Uy ccrepi((f+ (Ag)+8y)*). This means that there is
some A € C* satisfying (f+ (Ag)+y)*(p) < r,so infycer (f+ (Ag) +0u)*(p) <r.
Thus (p,r) € epi(n), therefore Uy cc+epi((f+ (Ag) + 0uv)*) Cepi(n).

Consider now a pair (p,r) € epi(n). For any n € N there is at least a A, € C* such
that (p,r -+ (1/m)) € epi((f + (g) + 80)*) C Upcc- epi((f + (Ag) + 6y)"). Letting
n converge towards the positive infinity we obtain (p,r) € cl(Uyccxepi((f + (Ag) +
Ouv)*)), so epi(n) C cl(Uy cc+epi((f + (Ag) 4+ du)*)). Therefore we have obtained

U_epi((f +(Ag) +80)") Cepi(m) el (L U_epil(f+(Ag) +60))), @)
AECH AECH
which delivers, by taking the closures of the sets involved
el(epi(m) =el (U epi((f +(Ag) +8u)")).

If Ujecrepi((f+ (Ag)+ 0u)*) is closed it follows by (4) that epi(n) is closed,
so 1 is lower-semicontinuous.
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Fix arbitrarily some p € X*. Since dom(f)Ng~!(—C)NU # 0 one gets n(p) >
—oo. If N(p) = +oe itis clear that the infimum within 7 is attained at any A € C*. The
other possible situation is 1n(p) € R. If this occurs, one has (p,n(p)) € epi(n) =
Usec-epi((f + (Ag) + 0v)*). Thus there is some A € C* such that (f + (Ag) +
ouv)*(p) = n(p) = infce«(f + (Ag) + 8u)*(p), i.e. at p the infimum within 71 is
attained for A = A . Therefore the infimum within 7 is always attained.

On the other hand, let p — n(p) be lower-semicontinuous with the infimum
therein always attained. Observe that 1) is lower-semicontinuous if and only if its
epigraph is closed. Taking any (p,r) € cl(Uycc-epi((f + (Ag) + 8y)*)) it follows
N(p) < r and there is some A € C* where the infimum within the formula of 7 is at-
tained. Thus (p,r) € epi((f + (Ag)+0v)*) C Ujecrepi((f+ (Ag) + 6p)*). Therefore
the latter set is closed.

We have shown that if (dCQ) holds, 1 is lower-semicontinuous and the infimum
therein is always attained. By Lemma 2 it follows that (CQD") is fulfilled. a

An example showing that (CQDF) does not necessarily imply (dCQ) follows.

Example 1. Let X =U =Y =R, C=[0,4), f(x) =0 for any x € R and
g(x) = x* whenever x € R. We have C* = [0, +o0) and U, ¢+ epi((f + 8y + (Ag))*) =
Unzoepi((Ag)7).

For A =0 we have (1g)*(p) =0 if p=0 and (Ag)*(p) = +oo otherwise, so
epi((0g)*) = {0} x [0,+<0). When A >0 one gets (18)*(p) = sup,cp{px — Ax*} =
p*/(4L) for any p € R. Thus

2
U epi((28)") = {0} x [0,+92) U | {p} x [£5-,+e2) = {0} x [0, +20) UR x (0, +22).
- A>0,
peR

As this is clearly not a closed set, (dCQ) is violated.

On the other hand, the function 7 is now 1(p) =inf; >o(Ag)*(p), p € R and, as
the conjugate inside has already been calculated, we get (p) =0 Vp € R. Itis easy to
notice that this is a lower-semicontinuous function and the infimum regarding A > 0 is
attained at A =0 when p = 0. Therefore (CQD") is valid in this case, unlike (dCQ).O

Remark 8. Thus our regularity condition (CQDF) turns out to be weaker than all
the regularity conditions that assure strong duality for (P) and (D') mentioned in [9],
as there is proven that they imply (dCQ). Another regularity condition that guarantees
strong duality between (P) and (D) when f and g are continuous is (CCCQ) in [8]
(see also [6]), mentioned later within this paper, too. Since (CCCQ) = (dCQ) (cf.
[9]) it is clear that (CODF) is valid when (CCCQ) holds, too. Consequently, to the
best of our knowledge, (CQD") is the weakest regularity condition in the literature
guaranteeing strong duality between (P) and (DY).
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4. Fenchel-Lagrange duality

This part of the paper is dedicated to the introduction of a new regularity condition
(CQDFL) derived from (CQD) which guarantees strong duality between the given pri-
mal optimization problem (P) and its Fenchel-Lagrange dual problem

(D) Sup {=r*(B)—(Ag);(—=B)}.
Bexg

The Fenchel-Lagrange dual problem has been introduced and intensively studied
by Bot and Wanka. More on the way it is introduced and its relations to Fenchel and
Lagrange duals may be found in [6], while in [3] it is proven to swallow as special
case the still used geometric dual problem. Let us also mention that between the pri-
mal problem and its Lagrange and Fenchel-Lagrange duals one has the so-called weak
duality statement (cf. [6])

(D) <w(D') <v(P). )
Thus any condition that is sufficient to guarantee strong duality between (P) and (D'*)
yields strong duality for (P) and (DY), too.

First we give a stable strong duality type statement derived from Theorem 2. In
order to avoid any confusion, (CQ) will be called further (CQ%) and it means, after
replacing F, G, H and K with their formulations using f, g, U and C given in the
previous section, that the set

N = {0x-} x {Ox+} x C* x [0,+20) + {(a,0x+,0y+,7) : (a,r) € epi(f™)}
+ x*g(*’{(aﬁx*ﬁfl,r) : (a,r) € epi(((Ag) +6u)*)}
rect

is closed regarding the subspace S. By Theorem 2 we have, taking into account the way
F, G, H and K are written using f, g, U and C and the discussion in the beginning
of the previous section,

(CQ™) & v(Py) = max {~f"(B) — (Ag)u(p—B)} Vp € X" (6)

Let us notice moreover that N may be rewritten as

N = {(a,0x~,c,r) : (a,r) € epi(f*),c €C*}
+ x*g(* {(a,—x",—=A,r): (a,r) €epi(((Ag)+0v)")} 7)
AEC*7

and in the following we give an equivalent formulation of (CQL) which is simpler
than the one using N.

LEMMA 3. The regularity condition (CQ") is valid if and only if the set

epi(f")+ U epi((Ag)+8u)") ®)
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is closed.

Proof. 'We know that cI(NNS) C cl(N)NS. Let us show first that the reverse
inclusion holds, too. Take the quadruple (a,b,c,r) € cI(N)NS. Itis clear that b = Ox+
and ¢ = Oy~. Moreover, take some neighborhoods V, U and W as in the proof of
Lemma 1 and an € > 0. Then there is a quadruple (a,b,c,r) € NN(V xU x W x
(r—e€,r+¢€)). Further, taking into_consideration (7), b € X* and there are some p1
and Pz in X*, 77 and 77 in R and A_€ C* such that (p1,71) € epi(f*) and (pz,72) €
epi(((Ag) + &v)*), satisfying ¢ = —A, a = p; + p2 and r = | +7,. One may notice
immediately that (a,0x+,0y+,7) € N, but it belongs also to S and V x U x W x (r —
g,r+¢),s0 (a,b,c,d) € cI(NNS). Thus N is closed regarding S if and only if NNS
is closed.

Considering now the homeomorphism 7 defined in the proof of Lemma 1 we
have that the set T(N N.S) is closed if and only if NN S is closed. Let us prove that

T(VAS) = (i) +, U (((he) +80)7) ) x 1051} x 0r:).

We know that (a,0x+,0y+,r) € NNS if and only if there are some p; and p, in X*,
riy and rp in R and A € C* such that a = py + pa, r=r1 +r2, (p1,r1) € epi(f*)
and (p2,r2) € epi(((Ag) + 8y)*). This is equivalent to (a,r,0x+,0y+) € (epi(f*) +
Ujec epi((()tg) —|-6U)*)) X {Ox*} X {Oy*}. Noticing that T(G,OX*,Oy*,}’) = (a,r, Ox*,OY*) s
the mentioned equality is proved. These considerations above allow us to conclude that
(CQFE) holds if and only if the set in (8) is closed. O

The following statement follows from Theorem 2 via (6) by taking into account
Lemma 3. It may be seen as a stable strong duality assertion concerning (P) and its
Fenchel-Lagrange dual problem (D'L), as in the left-hand side we have actually v(P,).

THEOREM 7. The set epi(f*) + U, cc+epi(((Ag) + 8u)*) is closed, i.e. (CQFF)
is valid, if and only if for any p € X* one has
inf /() = {p.x)] = max {=f"(B) = (Ae)u(p — B)}-

xeU,
g(x)e-C rec*

In order to give the strong duality theorem for (P) and its Fenchel-Lagrange
dual problem (DFL) we will give a simpler formulation for (CQD'*). In the pre-
vious section we have proved that the function ¢ required in (CQD) to be lower-
semicontinuous with respect to X* x {Ox«} x {Oy+} enjoys this property if and only
if the function 71 is lower-semicontinuous. The second part in (CQD) means ac-
tually (cf. [2]) epi(A* 0 B*) N ({0x+} x {Ox+} x {Oy«} x R) C ({Ox+} x epi(G*) +
{(p,0z+,7) : (p,r) € epi(F*)} + Unex{(p,—t,r) : (p,r) € epi((aH)*)}) N ({Ox+} x
{Ox+} x {Oy«} x R), as the reverse inclusion is always fulfilled. Knowing that ¢ =
A* 0 B*, this turns out to be (see also the discussion before Lemma 3)

V(p,b,c,r) € epl((p) m({OX"} x {OX*} X {OY*} X R) = (p,b,c,r) EN. 9
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Thus we get that (CQDF L) means that 1 is lower-semicontinuous and (9) holds. The
next statement gives a simpler formulation to (CQD*).

LEMMA 4. The satisfaction of (CQD'L) means actually the concomitant validity
of the following two conditions

(i) the function 1 is lower-semicontinuous,

(ii) there is a pair (x* 7L) € X* x C* such that

F1O) + (A9) (=) < inf (f +(A.g) + )" (0x+)-

Proof. The relation (9) means actually that whenever r € R satisfies ¢(Oxx,
Ox+,0y«) < r one has also (Ox+,0x+,0yx,r) € N. This is equivalent to the existence
of some py, p» € X*, r;, € R and A € C* such that Ox+ = p; +pa, r=r|+r3,
(p1,r1) € epi(f*) and (p2,r2) € epi((Ag);). Denoting x*:= p1, we get that (9) is
equivalent to the existence of the mentioned x*, ry, r, and A such that f*(x*) < ry
and (Ag);;(—x*) < r, whenever r € R satisfies ¢(0Ox+,0x+,0y+) < r. Further we get
that (9) is equivalent to the fact that for any r € R satisfying ©(0x+,0x+,0y+) < r the
existence of some x* € X* and A € C* such that f*(x*) + (Ag);;(—x*) < r is granted.
Taking r = @(0x+,0x+,0y+) we get that (9) implies

IreX*andIA €C 1 (7)) + (Ag)j (—¥) < inf (f + (Ag) +80)" (Ox).

Meanwhile, when (if) holds, for any r € R satisfying ¢ (0x+,0x+,0y+) < r one obtains
that the pair (x*,A) satisfies also f*(x*) + (A1g);;(—x*) < r, i.e. (9) is valid. The con-
clusion arises immediately. O

Remark 9. The inequality in (i) in the previous lemma may be further rewritten
as

sup inf[f(x) + (Ag)(x)] < —f"(x*) — (Ag)y (—x7).

AEC* xeU

We also have

—f1 () = (Ag)y(—x) < sg;*{ [T &) = (Ag)y(=x")}
rec

< sup inf[f(x)+ (Ag)(x)],

=lod xeU

so (if) is equivalent to

I(F,A) €XF X CH 1 — 5 (7) — (Ag)y () = sg*{ FT &) = (Ag)y(—x")}
AreC*

= sup inf[f(x)+ (Ag)(x)].

AeC* xeU
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Further, by (COD') we understand the concomitant fulfilment of conditions (i)
and (i) in Lemma 4. Using Theorem 4 and the results above one can easily prove the
following strong duality statement for (P) and (DFF).

THEOREM 8. If (CODFY) is satisfied then there is strong duality between (P) and
its Fenchel-Lagrange dual problem (D), i.e.

Xienl; flx)= ;{2%)5,{_#@) —(Ae)u(—=B)}
glx)e—C pex*

Remark 10. According to Remark 5, (COD'!) implies (CODF), thus, as said
in the beginning of the section, (CQD*) guarantees strong duality between (P) and
(D*), too. The example in the end of this section gives a situation where (dCQ) fails,
while (CQD') is valid. Note also that (CQ'T) implies (CQ).

Remark 11. A result similar to the one in the last theorem has been proven in [6,
Theorem 4.5] under the additional hypotheses X Banach space and g: X — Y contin-
uous. There the strong duality was shown provided the concomitant fulfillment of the
following three conditions

(i) f*oé) is lower-semicontinuous,
(i) f* ooy is exact at Oxx,
(iii) epi(85) C U epi((Ag)f;),
Aec*
where D ={x€ U : g(x) € —C}. As in the original paper (iii) is called (CCCQ) we

will maintain this terminology, too. In the following we show that (CQD*) is indeed
weaker than the condition imposed in [6].

PROPOSITION 2. When X is a Banach space and g is continuous, if f* 0§},
is a lower-semicontinuous function, moreover exact at Ox=, and (CCCQ) holds, then
(CQDTLY is valid, too.

Proof. We know that there is some p € X* such that

(F+0p)"(0x+) = (/7 0 8p)(0x+) = min[f"(p) + 5p(—p)] = S (p) +8p(=p).

According to the formula of the conjugate we have

8p(—p) =sup{(—p,x) =p(x)} = sup (—p,x)=— inf (p,x).
xeX xeU, xel,
glx)e—C gre-C

As [6, Theorem 3.2] states

(CCCQ) & inf (p.x)=max inf[(p.x) +(Ag)(x)], (10)
glx)e—C
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we get
(F+60)"(0x-) = min[f* (p) = max inf[(p,x)+ (Ag) C]] = min [ (7) + ()" (5]

Therefore there is a pair (p,A) € X* x C* such that

inf f(x) = —(f+80)"(0x:) = —/"(p) — (A8)is(—p) = sup inf[f(x) +(A8)(x)],

(X>€€U c AeC+*€

and (i7) in Lemma 4 follows by Remark 9. _
On the other hand, taking (p,r) € Uy ccepi((f + 8y + (Ag))*) there is some A €
C* such that (f+ 6y + (Ag))*(p) < r. This delivers

—r < —(f+8u+(A8) (p )\Asug*{*(f+5v+(ig))*(p)}

= sup inf[f(x)+(Ag)(x) — (p,x))} < Inf [f(x) = (p,x)],

A « x€U X 3
=¢ glx)e—c

the last relation following because of the weak duality (5). This yields

rz— inf [f(x)—(px))= sup {—f(x)+(p,x)}

xeU, x€U,
glx)e=C g(x)e-C

= §g§{<p7x> — f(x) = 6p(x)} = (f + )" (p),

i.e. (p.r) € epi((f+8p)*). Therefore Uy e epi((f +8u + (Ag))*) C epi((f +p)"),
which leads to

el (,U_epi((f+ 3+ (A8))") ) € cl(epi((f +80)")) = epi((f + 60)").

As (cf. [2])
epi((f +8p)*) = cl(epi(f* 0 8p)) = epi(f* 0 dp),

the latter because of (i), we are allowed to write the following: for any
(por) €l U epi((F+8u+(Ag)")

we get (f*08})(p) <r,soforeach € >0 thereis an s € R such that f*(s¢) +8}5(p—
s¢) < r+e¢. By (10) follows the existence of some A, € C* such that (A¢g); (p —
5¢) < Op(p—se) <r+e, thus f*(se) + (Aeg)f;(p — se) < r+¢€, followed by (f +
(Aeg)){(p) < r+e€. This yields infy cc+ (f 4+ (Ag) +0v)*(p) < r,ie. (p,r) € epi(n),
which gives

el (U epi((f+8u+(ig))")) < epi(n).

As the reverse inclusion has been proven within the proof of Proposition 1, the relation
above and (8) imply that epi(n) is closed, i.e. 1 is lower-semicontinuous, so (i) in
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(CQDFL) holds, too. i

Remark 12. Example 1 is useful to show that (COD*) is indeed weaker than the
condition in [6], i.e. the concomitant fulfilment of (i) — (i) in Remark 11. We notice
that D = {0}, thus epi(5,) =R x [0,4-c0), which is not included in U, >gepi((Ag);;) =
{0} x [0,40) UR x (0,40), i.e. (iii) in Remark 11 fails. Regarding (COD'L) we
have (f*oép)(p) = (f+0p)*(p) =0 Vp € R, so f* 06}, is lower-semicontinuous
and sup;, - inficr[f(x) + (Ag)(x)] = 0= —f*(0) — (0g)*(0), which means, by Remark
9, that it is valid.

5. Conclusions

We have applied some recent regularity conditions for the formula for the subdif-
ferential of composed convex functions in infinite dimensional spaces to both Lagrange
and Fenchel-Lagrange dualities, delivering new regularity conditions that guarantee
strong duality in each case. Moreover we completely characterize the stable strong du-
ality in both situations. We prove that these sufficient conditions are weaker than some
other recent ones given in the literature as the weakest so far for both kinds of dualities
studied, providing an example where they fail, unlike ours.

6. Appendix: Fenchel duality

For the sake of completeness we give here without proofs some statements con-
cerning Fenchel duality following the scheme used within Sections 3 and 4 for La-
grange duality and Fenchel-Lagrange duality, respectively. These assertions were stated
and proven in [5] and then rediscovered in [2] where they are seen as arising from The-
orems 1 —4, too.

Take the proper convex lower-semicontinuous functions f: X — R and h:Y — R
and the linear continuous mapping A : X — Y such that dom(f) NA(dom(k)) # 0. We
need to recall first some notions. The identity function on X is defined by idy : X — X,
idx (x) = x Vx € X. Asin [5] we introduce also the product function

(f xh): X XY = RXR, (f x h)(x,y) = (f(x),h(y)) Y(x,y) €X xY.
The adjoint of A is A* givenby (x,A*y*) = (Ax,y*) forany (x,y*) € X x Y*. We have

also the marginal function of f through A as Af:Y — R, Af(y) =inf{f(x) :x €
X,Ax = y} , ¥y € Y. Consider the following regularity conditions

(coF) epi(f*) +A* x idg (epi(h*)) is closed,
and
(cQD") fFOA*h* is lower-semicontinuous and

epi(f* 0 AR )N ({0x+} x R) = (epi(f*) + A" x idr (epi(h*))) N ({Ox+} x R).
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Remark 13. The satisfaction of (CQ’) guarantees the validity of (CQD’), while
the reverse implication does not always hold, as proved in [2, Example 5.11].

The pair of problems we are dealing with here consists of

(P) inf[£(x) + (o 4)(x)
and its Fenchel dual

(DF) sup {—f*(=A"y") = h"(y")}.
y*ery*

We give first the stable strong duality type statement for (PF') and (D), followed
by the strong duality assertion.

THEOREM 9. The condition (CQF) is fulfilled if and only if for any p € X*

Inf[f(x) +h(Ax) = (p,x)] = = (f +hoA)(p) ZQgﬁ{—f*(p—A*y*) —H ()}

THEOREM 10. If (CODF) is valid, then

inf[f(x) +h(Ax)] = )géa%{— FH(=AY) —n*(y")}.

Remark 14. As underlined in [2, 5], (CQDF ) is the weakest sufficient condition
known to us in the literature that guarantees strong duality between (PF) and (DF) in
the given circumstances.

Remark 15. The results within this Appendix may be further particularized by
taking ¥ = X and A =idy, as shown in [2, 5].
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