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A NEW REFINED JORDAN’S INEQUALITY AND ITS APPLICATION
RAVI P. AGARWAL, YOUNG-HO KiM AND S. K. SEN

(Communicated by R. Verma)

Abstract. New refined lower and upper bound forms of Jordan’s inequality are proved. As an
application, the lower bound form is shown to improve L. Yang’s inequality that plays a pivotal
role in the theory of distribution of values of functions. Some numerical results are included.

1. Introduction

The celebrated Jordan’s inequality [2] states that if x € (0, /2], then

5
S M oy (1.1)
T ox

where the left-hand side inequality becomes equality if and only if x = 7/2.

Jordan’s inequality and its subsequent refinements are useful in several mathemat-
ical areas such as calculus and trigonometry, where specifically the applications of the
theory of limits [5] are involved. These are important tools in approximating Riemann
zeta function {(x) [2], in improving Yang Le’s inequality [6] and its generalization
which play an important role in the theory of distribution of values of functions [6, 9,
10].

During the past few years many authors [1, 4, 5, 7, 8] established several refined
forms of Jordan’s inequality. One of these forms was due to Ozban in 2006 [4]. He
obtained a new lower bound for the function “Aﬂ . He showed that

1, ., s A(m—=3) m\2 _ sinx T
S+ (- =2 J(x-Z2) 2= - .
n+n3(ﬂ W)+ 3 (x 2) Sox xe(O,Z} (12)
where the equality holds if and only if x = /2.

Almost at the same time, a new interesting refined form of Jordan’s inequality was
established by Zhu [7]. He proved the following theorem (Theorem 1.1).

THEOREM 1.1. If 0 < x < 7/2, then

X o 3 3

g+n2—4x2+4(n—3)< _5)2 _osinx _ g+7r2—4x2+12—712 (X_E)Z (13)
s s 2/) = 2/

where both the inequalities become equalities if and only if x = ©/2 Furthermore,

4(n—3 127712
% and s

are the best constants in (1.3).
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The main aim of the present paper is to establish one more new refined lower
bound form as well as one more new upper bound form of Jordan’s inequality. These
forms are illustrated to demonstrate their usefulness in the background of most recent
contributions.

2. Main results

Our main result, viz., the new refined inequality, follows from Theorem 2.1 below.

THEOREM 2.1. If 0 < x < /2, then
1 — Bix — Byx* — B3x® < %, (2.1)
X
where the equality holds if and only if x = m/2, where

4 2
B, = ﬁ(—66+437r— 77°),

4
B, = — (124 — 8371 + 1477),
T
4

Proof. Define a function f : (0,7/2] — R by

fla) == imx — By — Box — Bsx’. (2.2)
X

Then, we have
1

FW(x) = = (24x + 96xcosx + 3627 sinx — 8x° cosx — x* sinx — 120sinx). (2.3)
X

Now consider the function g : [0,7/2] — R defined by g(x) = x° “)(x). Then, we
get
g’ (x) = x*sinx.

Clearly, g"”(x) > 0 for all x € (0,7/2], this implies that g’(x) is strictly increasing on
(0, /2] . Using the equality g’(0) =0, we find g’(x) > 0 for all x € (0,7/2]. Thus,
g(x) is strictly increasing with g(0) = 0, it follows that g(x) > 0 for all x € (0, 7z/2].
Now combining the function g and the equality (2.3), we obtain f*(x) > 0 for all
x € (0,7/2]. Hence f"(x) is strictly increasing and f"”(x) < 0 on x € (0,7/2]. On
the other hand, using the Taylor’s formula, we have for £ € (x, m/4),

i = ()7 () e D+ G e )

" lim (&)
(5 (o550

e )
3! 4
(D)L e

120

<

f
f

A1 &I
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where x € (0,7/4). Now define an auxiliary function p; : [0, /4] — R by

n n n "(m/4 m\2  (x—m/4)}
P =1 (§) +r (=3 + 52 (-3 - S
Itis obvious that f (x) < pi(x) and p;(x) is continuous with p}’(x) = —1/20 < 0,x €
[0,7/4]. This implies that p{(x) is strictly decreasing on [0, 7r/4]. Hence pf(x) > 0
for all x € [0,7/4] with p{(m/4) > 0. Therefore, p|(x) is strictly increasing with
pi(m/4) > 0 and pj(0) < 0. Now consider the fixed point x; € [0,7/4] such that
pi(x1) = 0. Notice that pj(x) > 0 for all x € (x1, /4], this implies that p(x) is
strictly increasing on (x;,7/4]. Since pi(n/4) = f(n/4) < 0, we have p;(x) < 0
for all x € (x1,7/4]. Notice that pj(x) < 0 for all x € [0,x;). This implies that
pi1(x) is strictly decreasing on x € [0,x;). Since p;(0) < 0, we have p;(x) < 0 for
all x € [0,x;). Therefore, p;(x) < 0 for all x € [0,77/4]. Thus from the inequality
(2.4) and the function p;(x), we get f(x) < 0 forall x € [0, r/4].
Now we consider the case x € [7/4,7/2] below. Using once again the Taylor’s
formula for & € (x,/2), we obtain

1@ =1 (5) e (B) (- 2) + O (2 L) (7Y

2 2 2 3! 2
<r(G) (G 5) SRS RS e

where x € [/4, /2] . Define an auxiliary function p; : [n/4,7/2] — R by

TN (T my  f(7/2) m\2 L fM(/4) N3

=1 (3) 4+ (3) (- 3) + =5l 3) - 5)

It is obvious that f (x) < p>(x) and p»(x) is continuous with p4’(x) = f""(n/4) < 0.

This implies that p4(x) is strictly decreasing on [n/4,7/2] with p5(m/4) > 0 and
py(m/2) < 0. Let the fixed point x, € [7/4, /2] be such that p4(x2) = 0.

Notice that p4(x) > 0 for all x € [m/4,x;). This implies that p/(x) is strictly

increasing and p)(x) > p5(m/4) > 0 for all x € [7/4,x,). Therefore p(x) is strictly

increasing on the semi-open interval - [ /4, x,) . From the value

i) = 1) 5 3o Do - o 2 (3)

-G

< 0,

where

3
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n)  8(1536v2 — 96(2 + 3v2)m — 24V27? + 213

m’t
f (4 o

we have p,(x) < 0 forall x € [m/4,x,). Observe that p/ (x) < 0 forall x € (x2, w/2].
This implies that pj(x) is strictly decreasing and p5(x) > p5(n/2) > 0 forall x €
(x2,7/2). Thus pa(x) is strictly increasing with p,(x) < pa(7/2) = 0. Consequently
p2(x) <0 forall x € [m/4, 7/2]. Now combining the inequality (2.5) and the function
p2(x), we get f(x) <O forall x € [n/4,7/2].

Hence, we obtain f (x) < 0 forall x € (0,7/2]. Now, multiplying f (x) by x we
get the desired result. (]

REMARK 2.1. A graph of the distance function y(x) = hi(x) — h(x), where
h(x) = (sinx)/x,

hi(x) = [1 — Bix — Bax* — B3x', (2.6)

is given in Fig. 1.
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Fig. 1
A graph of the error represented by the function e(x) = h;(x) — hy(x), where
hy(x) =2/m+ (n* — 4x%) /7 +4(n — 3)(x — m/2)?*/n° (2.7)

is given in Fig .2. These imply that &y(x) < hy(x) < (sinx)/x, where the equalities
hold if and only if x = /2. Thus, the inequality (2.1) is a new refined form of Jordan’s
inequality for all x € (0, 7/2].
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THEOREM 2.2. If x € (0,7/2], then
MY 1= Cx+ O — By (2.8)
X

where the equality holds if and only if x = 7/2, where
4(—75 + 497 — 872)

Cl = ) )
T
4(—142+ 957 — 167?)
CZ = 3 )

and B3 is as defined in Theorem 2.1.

Proof. Define a function f : (0,7/2] — R by

X —sinx

f) ==——- cl)_lc + G — Bs(n)x. (2.9)

Then, we have
@ 24x[300x — 1967x + 7*(5 + 32x)] — 127%x(—20 + x?) cos x
) = 2,7
m2x
72(360 — 72x% + x*) sinx
a m2x7 '

(2.10)

Now consider a function g : [0, /2] — R defined by g(x) = x’f ¥ (x). Then, we get

g" (x) = x* cos x.

Clearly, g"’(x) > 0 forall x € (0, 7/2], this implies that g’’(x) is strictly increasing on
(0, /2] . Using the equality g”(0) = w ,we find g”(0) > 0. This implies
that g”(x) > 0 forall x € (0, 7/2]. Hence g’(x) is strictly increasing with g’(0) =0,
implying g’(x) > 0 for all x € (0,7/2]. Therefore, g(x) is strictly increasing with
g(0) =0. Thus g(x) > 0 forall x € (0,7/2].

Now combining the function g and equality (2.10), we obtain f*(x) > 0 for all
x € (0,7/2]. Hence f'(x) is strictly increasing and f"”/(x) < 0 on x € (0,7/2]. On
the other hand, using the Taylor’s formula for & € (x, m/4), we have

10 =1 (3)+r (365 5 e 5) P (8

1) (D) CE D) ) e

where x € (0, 7/4). Now define an auxiliary function &; : [0, 7/4] — R by

(TN (AN @A) N T wfA)  mg

ki®) _f(4) +f (4)(" 4) 2 (x 4) R (x 4) '
It is obvious that f(x) < k;(x) and the function k;(x) is continuous with k{’(x) =
f"(m/4) <0, x € (0,7/4], this implies that &} (x) is strictly decreasing on (0, 7w/4].
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Clearly k{(n/4) = f"(n/4) > 0 for all x € (0,7m/4]. Hence k{(x) > O for all
x € (0,7m/4]. Thatis, kj(x) is strictly increasing with kj(mw/4) < 0. So, we have
ki(x) < 0, x € (0,7/4]. This implies that p(x) is strictly decreasing on (0, 7/4].
Since ki(m/4) = f(m/4) > 0, ki(x) > O for all x € (0, 7/4]. Now combining the
inequality (2.11) and the function & (x), we get f (x) > 0 for all x € (0, w/4].

Consider the case x € [n/4, /2] below. Using once again the Taylor’s formula
for & € (x,7/2), we obtain

£ = (Z) 4 (E) (- B) + LB 2y L L0y
21 (5)+r(5)-3) P 5) D) e

where x € [r/4, /2] . Define an auxiliary function k; : /4, /2] — R by

=1 (5) 7 (B~ D+ L2 - G2

Evidently, f (x) < k2(x) and k,(x) is continuous with k%’(x) = f"/(n/4) < 0. This

2
implies that k7 (x) is strictly decreasingon [rr/4, /2] with &Y (}) = ‘ww <
0. Thus we have &5 (x) < 0,x € [n/4,7/2]. Consequently, k}(x) is strictly decreasing
and we get

i (E _ _6168—421671?4—7177‘1:2 >0

2\4) — 27 ’
n 16(75 — 497 + 872)

K, (—) S 0.

2\2 m* <

Now let the fixed point x3 € /4, /2] be such that £}(x3) = 0.

Notice that k,(x) > 0 for all x € [n/4,x3), which implies that k»(x) is
strictly increasing and we obtain ky(x) > ka(m/4),x € [n/4,x3) where ky(n/4) =
W > 0. Therefore k>(x) > 0 on [7/4,x;).

Observe that k5(x) < 0 for all x € (x3,7/2]. This implies that k»(x) is strictly
decreasing and we obtain k»(x) > k»(7/2),x € (x3, /2], where ka(7/2) = f (n/2) =
0. Therefore k;(x) > 0 on x € (x3,7/2].

Consequently, ky(x) > 0,x € [n/4,7/2]. Combining the inequality (2.12) and
the function ky(x), we get f(x) > 0 forall x € [z/4,7/2].

Hence, we obtain f(x) > 0 forall x € (0,7/2]. Now, multiplying f (x) by x*
we get the desired result. ]
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REMARK 2.2. A graph of the distance function y(x) = h3(x) — h(x), where
h(x) = (sinx)/x,

hi(x) = 1 — Ci(m)x + Co(7)x* — Bs(m)x°, (2.13)

is given in Fig. 3.
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A graph of the error represented by the function e(x) = h3(x) — ha(x), where

2 1., 5 12—7? T2
ha() = =+ (= 4) + —— (xfi) , (2.14)
is given in Fig. 4. This implies (sinx)/x < h3(x) < ha(x),x € (0,1.2739) and
(sinx)/x < ha(x) < h3(x),x € (1.2739, 1/2) where the equalities hold if and only if
x = m/2. Thus, the inequality (2.8) is one refined form of Jordan’s inequality for all
x€ (0,m/2].
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3. Application

Yang’s inequality [6] and its generalization play an important role in the theory of
distribution of values of functions [6,9]. In this section, using the inequality (2.1), we
show that our result can be used to improve Yang’s inequality.
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THEOREM 3.1. Let n > 2 be a natural number, A; > 0(i = 1,2,...,n) with
Yo Ai<mand 0 <A < 1. Then

U < Y sinfAan< Y Hy< Y. AR (3.1)
1<i<j<n 1<i<j<n 1<i<j<n
where Hjj = cos? AA; + cos? AAj — 2cosAA;cos AAjcos A, and

n(n — 1)

U(A) = B2 B(A:m)? cos (/;n)

with B(A; 1) = 1t + 2(66 — 431 + 722)A — (124 — 837 + 147*)A2 + 2(m — 3)A3.

Proof. Substituting x = A7/2 in (2.1), the inequality can be written as sin ’%n >
%[B(/l;n)} Hence —[ (A;m)] < sm’ln < An or

A? A A,
B(A; n Zn< 2
B < s Sr< o (32)
On the other hand, using the inequality [9]
A
sin A < Hy < 4sin’ P (3.3)

and noting sin® A7 = 4 sin’ in cos’ & A7 and the inequality (3.2), we get

A*[B(A; 7)) cos? %n <sin? A < Hy < A*n (3.4)

Let 1 < i <j < n. Introducing the summation in the inequality (3.4), we obtain

U< Y sinfan< Y Hy< Y. AR (3.5)
1<i<j<n 1<i<j<n 1<i<j<n
where
UA) = A7 (A;n)}zcosz( n)
1<i<j<n
Hence the theorem. O

REMARK 3.1. It has been shown [4] that S(4) < 371, i<, sin? A7, where

nn—1)
2

On the other hand, for 0 < A < 1 we have

S(A) = A7+ (6 — 2m)A + (1 — 4)A22 cos? (%n)

(6 —2m)A + (m —4)A* < B(A; 7). (3.6)
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From (3.6), it can be readily seen that

SA)SUMR) < Y sinfan< Y Hy (3.7)
1<i<j<n 1<i<j<n

which shows that the inequality (2.1) is a strengthened version of the inequality given

by Ozban in [4] for A € [0,1]. In conclusion, we present Table 1, which enables

us to compare the numerical values of lower bounds S(A) and U(A) and those of

2 1<ici<n sin? A7 for some values of n and A .

L2
A S(2) U) (o S Am

0.25 7.28441 7.47568 7.5
0.5 14.54708 14.9125 15.00000

n==6 0.624 12.5343 12.7678 12.8365
0.8 5.13029 5.16792 5.182372
0.95 0.3667546 0.366948 0.3670761
0.25 92.2692 94.6919 95.000
0.5 184.2630 188.892 190.0000

n=20 0.624 158.768 161.726 162.596
0.8 64.98368 65.4604 65.64338
0.95 4.645558 4.64801 4.649630

Table 1. Comparison S(A), U(A) and Y. sin’Axw

1<i<j<n
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