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ON INEQUALITIES FOR POLYNOMIALS IN TWO VARIABLES
O. R. GABRIELYAN, H. G. GHAZARYAN AND V. N. MARGARYAN

(Communicated by V. Burenkov)

Abstract. Necessary and sufficient conditions are established for the comparison of the powers
of polynomials in two variables with real coefficients.

0. Introduction, auxiliary results

In this paper for a given polynomial P(£) = P(&;, &) in two variables (£, &) €
R?, with real coefficients we describe all homogeneous polynomials Q(&) = Q(&;, &)
which are of less power than P (briefly O < P), i.e. for some C > 0

Q&) < CIPE)+1] VEeR, (0.1)

Such inequalities often are used in the general theory of linear partial differential oper-
ators (see [1]-[3]). Many problems in this theory are reduced to the comparison of the
characteristic polynomials (symbols) of differential operators. While one can add any
lower order terms to an elliptic (or semi-elliptic) operator without violating its ellipticity
(or semi-ellipticity), addition of lower order terms may violate the hypoellipticity (by
L. Hérmander) or hyperbolicity (by I. Petrovski or by L. Gérding) of operators.

Therefore naturally arises the problem of the description of lower order terms such
that their addition to the given operator (polynomial) does not change its strength (by
L. Hérmander) or power and consequently does not violate its type.

In [4] S. M. Nikolskii proved the uniqueness of the solution of the first boundary
value problem for linear equations, for which all the monomials entering the character-
istic polynomial are estimated via it.

In [5]-[6] V. I. Burenkov established connection between the behaviour of solutions
of linear partial differential equations at infinity and their differential properties.

In [7] V. P. Mikhailov introduced the class of non-degenerate complete polynomials
to which one can add any lower order terms without changing their powers. This class
is a proper subset of hypoelliptic polynomials and all semi-elliptic polynomials.

Similar results, but in different terms, have been obtained by many authors (see
for example [8]-[12]).
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In [13] the following result has been obtained. Let P be a hypoelliptic polynomial
and let O be a homogeneous polynomial such that O < P. Then there exists a number
A > 0 such that the polynomial P + aQ is hypoelliptic for all a satisfying |a| < A
and, in general, P 4+ aQ is not hypoelliptic for a satisfying |a| > A.

In the present paper for a given polynomial P(&) = P(&;,&;) in two variables
(&1, &) € R* with real coefficients we describe all homogeneous polynomials Q(&) =
0(&1, &) for which Q < P. Our method does not work in the case n > 2.

In [14] we have obtained necessary and sufficient conditions for |P(&;, &)| — oo
as || = /&2 + & — oo. We denote the set of all such polynomials by I .

Methods and results of the works [13]—[16] are used here.

Let P be represented as the sum of homogeneous polynomials:

M M
PE=SPE) =33 1t (0.2)
i=0

i=0 |a|=d;

where o = (ay, ) are multi-indices, |a| = oy + 0, E* = E* - £y, are real
numbers and d; are the orders of the homogeneous polynomials P; (i = 0,1,...M),
dy >dy >--->dy >0.

Let O(&) = Q(&1, &) be ahomogeneous polynomial of order d > 0 and 2(Q) =
{E€ R & =1,0() =0}. For n € R?* with || =1 we denote by I(n) = I(n, Q)
the order of zero n if n € £(Q) and assume that I(n) =0 if n ¢ X(Q). Since n =2
2(Q) consists of finite number of points and /(1) < d.

For polynomials P represented in form (0.2) we define Xy = %y (P) = Z(Py),%; =
S(P)={eX,Pi() =0} (j=1,2,---,M). For n € %; by [;(n) we denote
the order of zero n of the polynomial P; (0 <j < M) and set

x(n75)::x(n,57P):zoggg&{diflmn)5h d € (0,00). (0.3)

Let n € Xy. Denote by A(n) = A(n, P) the set of all numbers § > 0 for which
there exist integer numbers 0 < i,j < M, such that i # j and

di—1li(n)-6 =di—1;(n)-6 = x(n,9).

Itis easily verified that 1) for n € % the set A(n) is finite, 2) if 0 # n € R?,Q(n) # 0
and n € Xy ,or n € Xy and dyy =0, then Q £ P.
Finally for n € 3y, 6 € A(n) we set

J(n,8) = J(0,8,P) = {i: 0 < i < M, di—1,(n)-8 = 2(n. 8), ¢(n, 8) = cardJ (1, 3)}.

Let J(T),6) = {io,il,...,ic-},o <ip<ip < ... <i. <M, where ¢ = C(T],(S),
then it follows immediately that ;,(n) > I;,(n) > ... > [;.(n).

LEMMA 0.1. ([14], Lemma 1.2) Let Q be a homogeneous polynomial of order
d > 0,%(Q) # 0. Then, for each N € Z(Q) there exists € = (N, Q) > 0 such that

%-\lﬁ(n)\W(é,n)V_Z~K€>TNZs£\Q(é)l< %LDﬁQ(nN-I(é,n)V_l~K€,Tﬂl
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forall & € Ge(n) = {z€ R, |(z,7)| < €|(z,n)|}. Here | =1(n,Q) is the order of
zero n € X(Q), t=1(n) €R*, |7 =1, (z.n) =0,

pom = 3 220 ey (0.4

In the sequel all unimportant positive constants will be denoted by C.

DEFINITION 0.1. We say that a polynomial P is more powerful than a polynomial
Q relative to a point 7 € R*> and write Q <" P if there exist C, & > 0 such that

() < C-[IP(E)] + 1] VS € Ge(n). (0.5)

Since n = 2, it is easy to verify that Q < P if and only if d < dy and Q <" P for all
ne 20 .

LEMMA 0.2. Let Q be a homogeneous polynomial of order d > 0, P be a
polynomial represented in form (0.2),n € Xy and Q <" P. Then

1) d<dy

2)d—1(n)6 < x(P,n,8) forall § € [0,0(n))

3)if A(n,P,Q) =A(n,P)N[0,0(n)) =0 then n € X(Q) and o(n) < 6o(n)

4)if n ¢ 2(Q) then A(n, P) #0.

Here o(n) = d/i(n) if n € £(0) and o(n) = oo if 1 ¢ (Q), oo(n) =
do/lo(n) if n € Zo and op(n) = oo if N ¢ .

Proof. Statement 1) is obvious. To prove statement 2) suppose,to the contrary,
that there exists § € (0, o(n)) such that

—1(n)d > x(n,d,P). (0.6)

Let s € N,& = sn° = s(n +s%1). Then (&%,1) = s, (E%,1) = 5179,
&S € Ge(n) forany € > 0 and for sufficiently large s. By Taylor’s formula (see
(0.4)) and Lemma 0.1 we obtain that for some &€ = &(n,Q,Py,---,Py) and for
sufficiently large s

1 1
0(&] = SDzo(m)]- (&, m* - [(&" ) = §\DQQ(n)\Sd”S“"S>" > st

Similarly for the polynomial P

M

M
Y 3 »
<D IPAENN <D SIDEP(m)Is" ™ < Cs1o),
i=0

i=0

These inequalities together with (0.6) contradict the condition Q <™ P and hence
statement 2) follows.

To prove the first part of statement 3) we assume, to the contrary, that A(n, P, Q) =
¢ and Q(n) # 0. Then by simple geometric considerations it is easy to see that
Pi(n) =0 (i=0,1,...M) and Q(sn)| = s?|Q(n)| — o0 as s — oo, P(sn) =0
(s € N), which contradicts (0.5).
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To prove the second part of statement 3), we assume that n € 2(Q), A(n,P,Q) =0
and o(n) > op(n). Then A(n,P) N [0,d/I(n)) = (@ and it follows that in this case
Pi(n) =0, x(n,0 P) = dy and x(n,6,P) = do — lo(n)d0 > d; — I;(n)d for all

0 €0,00(n)], i=1,- M As in the proof of statement 2) we have |P(&%)| < C
(s € N), |Q(&%)| > Cs?MM% _ o0 as s — oo, which contradicts the condition
0 <"P.

To prove statement 4) it is sufficient to note that d — I(n)d =d > x(P,n,0) =
dy — lo(m)d for & > (dy — d)/lp(n) when n € 2o\Z(Q) and A(n,P) # (). Lemma
0.2 is proved. O

LEMMA 0.3. Letr P and Q be as in Lemma 0.2 and A(n, P,Q) = 0 forall n € .
Then Q < P ifandonlyif1) d < dp, 2) n € Z(Q) and o(n) < op(n) forall n € X.

Proof. The necessity follows from Lemma 0.2. To prove the sufficiency first we
note that conditions 1)-2) and condition A(n, P, Q) = () for all n € X imply that for
almeyand i=1,2,--- M

do — l()(T))(S > d— l(n)6, d() — l()(T))(S > di — ll(n)6, 0 < o< G(n) (07)
Let, to the contrary, there exist a sequence {&*} such that

s—o0: [&'] =00, [Q(EN/[IP(S")]+1] — oo (0.8)

Denote n* = &*/|E°| (s € N). By choosing a subsequence (we denote this
subsequence and all the subsequences coming henceforth again by {n*}) one may
assume that n° — 1 as s— oo, for some n € R?,|n| = 1. Itis easy to verify that
N € . Then by condition 2) n € £(Q). Let us expand the vectors {£°} via the
orthonormal basis {n, 7} :

€S2¢s'n+Ws'T:(€s>n)'n+(és7r)'r (SEN)'

Without loss of generality one can assume that @, > 1, y; > 0 (s € N) (see
[14]). Since n* — n we have y,/@;, — 0 as s — oo and & € G.(n) for any
€ > 0 and sufficiently large s. Let € = min{e(n, Q),&(n, Po), ..., (N, Py)} where
e(n, Q),e(n, Po), ..., €(n, Py) are defined in lemma 0.1.

Denote p;, =1 —Iny,/In@; < v, = o (s €N).

If p; > o(n) forall s € N, then by Lemma 0.1

3 3
(&1 < FID-e()] - of vy = 3 \D’TQ(n)|~ < SIDRo ()],

which contradicts (0.8). Similarly we arrive at a contradiction if the inequality p; >
o(n) holds for infinitely many s € N .

Let now py < 0 = o(n) (s € N). Without loss of generality we assume that
ps — 8 as s — oo where § < o. Consider the following cases a) § < ¢ and b)
0 = 0. In the case a) we get by Lemma 0.1 that forall s€ N and i=1,---, M

1 . 3 .
SIDEP()| - g P(E)| < SIDEPi ()] - gt

P& >
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From these inequalities we get by (0.7)
1
[P(E)] = [Po(S I—Z\P | = ZIDEPo(m)gf" =" (s EN).

For the polynomial Q we have by Lemma 0.1 [Q(£)| < (3/2)|DLO(n)|@ "™ (s €
N). The last two inequalities together with (0.7) contradict (0.8).

In case b) we write x;, = Vs - @5 (1=0) _ @) " (s € N) and consider the
following possible subcases: b.1) {x,} isbounded: 0 < x;, < C (s € N), b.2) {x,} is
unbounded: without loss of generality x; — oo as s — co. In the case b.1) we obtain
by Lemma 0.1 for all s € N

3 B 3
(&M < 5IDo(m)] - ¢ "yy = SIDLO(M)] - ¢ 717X = \D’TQ(n)\xi <G,

which contradicts (0.8).
Case b.2) in its turn we split into the following subcases : b.2.1) ¢ ¢ A(n,P),
b.2.2) 0 € A(n,P). In case b.2.1) we get by Lemma 0.1

Q&) < Do) (s EN), 09)

, 1 ; 3, 4 1o .
[P(E)] = FID2Po(m)l @ "7xs  [Pi(EN] < SIDEPi(m) @~ "7x], (1 <i < M).
Since x}'.@; ¢ = (p;"(ofm — 0 as s — oo forany m > 0, the last two inequalities
together with (0.7) imply that for sufficiently large s

[P(EY)] = |Po(8)] — ZIP DZ"P e (0.10)

If o(n) < op(n) then do—lpo(n) > do—Ilyop(n) = 0 and arguing as above we see
that inequalities (0.9)-(0.10) contradict (0.8). If o(n) = op(n), i.e. do—Iloo(n) =0,
then it is obvious that Iy(n) > (1) and again we arrive at a contradiction.

Incaseb.2.2) x(n,0,P) =dy—lpoc =d;— 1,0, ly > I; forall 0 £ i € J(P,n,0)
and x(n,o0,P) > d; — ;o for i ¢ J(n,0,P). Then by Lemma 0.1 we have that for
sufficiently large s (J = J(n, o, P))

P& = [Po(&) = D P& = Y P&’ DZ"P ()]s ="
0#ie] icJ
3 z Z, i le' li 1 d()—lUO' Z() Z() li li—l()
5 Z |D |(pv Xy = E(pv Xy HD‘L'PO(T,)‘ -3 Z ‘DTPi(n”xs ]
i=0 0icT
+ o)

\D’°P (M) @ 0xL[1 + o(1))].
(0.11)
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If 0 < oy thendy — lpo > d — lo and (0.9), (0.11) contradict (0.8). If o0 = 0y
then it is obvious that /p > [ and again we arrive at a contradiction. Lemma 0.3 is
proved. [

EXAMPLEO.1. Let P(§) = Po(§) +P1(§) = (&~ &) (§ +&)* + &1, 0(8) =
(G &P (E+&). Here dog =7,di =1, d =4, % = {n"={(£5,+7)},
I(nT) =3, I(n*) =2, o(nt) = 2. Since dy > d, do/lo(n*) > d/I(n*) and
A(n*,P)N[0,5(n*)) =0, by Lemma0.3 Q < P. Itis interesting to note that P; & P
and P ¢ I, (see [14]).

Our further efforts will be devoted to obtaining conditions ensuring that Q < P
when A(n,P,Q) # 0 for some 1 € Zy. We denote by X = Z°(Py) the set of points
N € Zo for which A(n,P,Q) # 0. Let =' = Z,\Z° and let B(P, Q) be the set of all
pairs (n,8) such that n € 20, § € A(n, P, Q).

Let r(x) = X" + a,—1x" ' + - - + @;x* be a polynomial with real coefficients,
0<k<n, ay-ax#0, X(r) ={x:0#x € R, r(x) =0}, ko(r) = min{|x| : x €
X(r)}, ki(r) =2max{x:x € X(r)}. Let ¢(r) be the number of nonzero coefficients
f

Q
<

We shall need the following elementary statement.

LEMMA 0.4. 1) There exists C > 0 such that | r(x)| > Clx|* for |x| < Ko(r)
and |r(x)| = Clx|" for |x| = ki (r); 2) c(r) >3 when r(x) > 0 forall x € R' and
X(r) # 0.

Let P be a polynomial represented in form (0.2), (n,d) € B(P,Q) and

rO(x) = r()(xa n, 57P) = Z D{;(n)Pl(n) ’ xli(n>7 RS Rl' (012)
i€J(n,6,P)

We define the numbers k;(ro,11,6) (j =0,1) as above and set

Ko :min{KO(rOanaS) : (naS) GB(Pa Q)} (013)
Ki ZmaX{Kl(Vo7n75) : (77>6) EB(P> Q)}7 (014)
E(t,x) = E(1,x,m,8) =t(n+1%x-1), xeR', te(0,00).

The following result was proved in [14] by applying Lemmas 0.1-0.4 (We gave
here the proofs of Lemmas 0.2-0.3 because they were stated in [14] without proofs.)

THEOREM 0.1. Q < P if and only if conditions 1)-2) of Lemma 0.3 for all n € X°
and the condition
3) for some C > 0 and for all (n,8) € B(P,0Q)

A3 < C min [IPE(r] +1 Vi€ (0,00) (0.15)

Ko < x| <,
are satisfied.

Thus the problem of the comparison of the powers of a homogenous polynomial
O and a polynomial P when B(P,Q) # 0, is reduced to establishing estimate (0.15)
for the finite set of pairs (n,8) € B(P, Q).
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Denote f (t,x) = f (t,x,1,8) = |P[E(t,x,1,0)]|. In [14] it is proved that f can
be represented in the form

fex) =F(txn,8 Zr"”‘”"é-n(x» (0.16)

where My = My(n,8) € N, x(n, d, P) is defined by (0.3), g = g(n, d) is the smallest
natural number for which g8 € N (it is easy to see that the number & € A(n,P) is
rational), {r;} are polynomials in one variable x € R!, which are uniquely defined by
(P,n,98), namely

r](x) = rj(‘x’ n, 5) = Z Dlrl+jPz(n) ' xli+j (] = Oa 17 e 7M0)' (017)
i€eJ(n,0,P)

Note that the polynomial ry was already defined by formula (0.12).

1. Investigation of functions generated by a given polynomial
Let
Mo ,
x):Ztm_ﬁ ri(x) t€(0,00) xR (1.1)

be a function of type (0.16), Xo = Xo(f) = {0 # x € R', ro(x) = 0}. For 0 # x € R!
let /i(xo) be the order of the zero xo of the polynomial r; if xo € Xo and ;(xo) = 0 if
X0 ¢ Xo, (0 <J <M0) We set

i
= —— > 0.
x(f X0, A) 02}2)[(% {m p ll(xo)A} , A>0
We denote by A(xo,f) the set of all numbers A > 0 for which there are indices
i#£j: 0<i,j< My suchthat m — é —Li(x0) A=m— é — Li(xo)A = x(f,x0,A).
For a pair (x,A¢) : xo € Xo,A0 € A(xo,f) we denote by J(xo,Ao,f) the set of
all integers 0 < k < M, for which

k
m — 5 — lk(X())A() = X(f,X(),A()) (12)

and set c(f, xo,Ag) = cardJ(xq, Ao, f ).
We have introduced the notations {l;, x, A, J, ¢} both for polynomials in two vari-
ables and for functions of one variable. We hope it will not cause any misunderstanding.
Thus every pair (n,8) € B(P,Q) generates the unique function f (¢,x,1,9) of
type (1.1). Let (1, 0) be such a pair and

folt,x,n,8) = |Plt(n + 1% x.7)] |—Ztm° w - x,m, 8), (1.3)
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where My = My(n,96), mo = x(n,8,P), qo = qo(J) is the smallest natural number
for which gy € N, the polynomials {r} are defined by (0.17), t € (0,00), k) <
x| < k7, the numbers k7 (j = 0, 1) are defined by (0.13)—(0.14).

If Xo(fo,n,0) = O for all pairs (n,8) € B(P,Q) then fo(t,x,n,0) > Ct"™ :
t > 0 and by Theorem 0.1 Q < P when (necessary) conditions 1)-2) of Lemma 0.2 and
condition 2) of Lemma 0.3 are satisfied. If Xo(fo,n, ) # 0 forapair (n,8) € B(P,Q)
then first we will assume that there is a unique such pair (1, d) and for simplification
of notations we sometimes omit symbols 1 or . If for some xy € Xo = Xo(fo, 1, 0)
r(x) = 0 forall j = 0,1,..,My and § € [0,0(Q)) i.e. d—I(n)d > O then
Q &£ P by Theorem 0.1. Assume therefore that for each xy € X, there exists a number
Jo :jo(X()) such that 0 < jo < My and er(Xo) =0,=0,1,---,jo — 1,7‘]%()(0) # 0.
By Theorem 0.1 Q < P implies that

Jo(xo)

d—1(n)d <mp—
q0

Vxo € Xp. (1.4)

Denote by X the set of all points xo € Xo for which A(xo,fo,1n,8) = 0,
X} = Xo\XJ.

Applying Theorem 0.1 one can easily see that inequality (1.4) together with (nec-
essary) conditions 1)-2) of Lemma 0.3 are sufficient for Q < P if X} = 0.

Thus the problem of the comparison of polynomials P and Q is solved when
X} = 0. We have therefore to consider only the case when X} # 0, i.e. when
By = Bo(f(), n, 5) = {()C7 A) X e X()(f()7 n, 5), Ae A()C,f()7 n, 5)} 7£ 0.

For simplification of notations in the remainder of this section we will assume that
the set By consists of a unique pair (xo,Ao) and sometimes omit symbols xy or Ay .

In [14] it is proved that

C(P7 7775) -1= cardJ(P, 7775) -1 = l(())(XO) > C(f(),)C(),AQ) - L (15)

Next we write

1 d
k0O . 0 . o
D'ri(xo) = H-ﬁri(xo) (1 <i<My,k=0,1,---),
He) = S D) IO (G=0,1,0). (L6)
i€J(fo,%0,A0)

In [14] it is proved (see Theorem 2.1) that 1) the problem of the behaviour of the
function f at infinity reduces to the study of its behaviour on the set {(z, xo+¢~2y),y €
R'} as t — o0, 2) f1(t,y) = f1(t,y,%0,M0) = fo(t,xo + t~2.y) can be represented in
the form

M1 X
filey) =Y " w T (), (1.7)
i=0

where M| = M(fo, X0, Ao), m1 = x(fo,%0,A0) < mo,q1 = qi1(fo,Xo, o) is the small-
est natural number for which (gog;)Ao € N.
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We introduce also the following notations: X; = X;(f1,x0,A0) = {0 # y €

, ro(y) = 0},

Rl

1

Ko = Ko (%0, ) = 5 " minly], K| = K| (x0,40) =2 max [y]. (1.8)

If X; =0 (X1(f1,x0,A0) = 0 forall (xo,A9) € By, when the set By consists of
more than one pair) then fi(¢,y) > C-¢™ forall > 0, y € R'. Hence by Theorem
0.1 Q < P if and only if conditions 1)-2) of Lemma 0.3, condition (1.4) and condition
d —1(n)d < my (conditions d — I(n) - & < my(xo,Ap) forall (x9,A¢) € By when By
consists of more than one pair) hold. If X; # 0, r{(y;) = 0 forall j =0, 1,---,M; and
for some y; € X; then by Theorem 0.1 Q £ P when d —1(1)d > 0. Assume therefore
that for each y; € X there exists a number j; = j;(y;) such that 0 < j; < M; and

rjl(yl) =0,j=0,1,---,j1 — 1, ",1()’1) # 0. By Theorem 0.1 Q < P implies that

d— l(T))5 <mp — Vyl € Xj. (19)

qo0-q1

Denote by X{ = X (f1,x0,A¢) the setof all points y; € X; for which A(y1,f1, xo,
Ao) = [Z) and X% = XI\X?

Applying Theorem 0.1 one can easily see that inequality (1.9) together with (nec-
essary) conditions 1)-2) of Lemma 0.3 and condition (1.4) are sufficient for O < P if
X; =0.

Thus we have to consider only the case X| # 0 (X1(f1,x0,A¢) # 0 for all pairs
(x0,Ao) € By when By consists of more than one pair), i.e. when By = By (f1, X0, Ag) =
{(y1,A1) : y1 € X1,A1 € A(y,f1,%0,00)} # (. For simplification of notations in the
remainder of this section we will assume that the set B; consists of a unique pair
(yl Ay ) .

In [14] it is proved that 1) the problem of the behaiour of the function f; at infinity
reduces to the study of its behaviour on the set {(z,y; +t7%1z),z € R'} as t — oo,
2) fa(t,z) = fa(t,z,y1,A1) = f1(t,y1 +1721z) can be represented in the form

M,

falt) =3 w2 (), (1.10)

i=0

where M2 = Mz(fl,yl,Al),MQ = X(fl,yl,Al) <mp,qy = qz(fl7y1,A]) is the small-
est natural number for which (gogi1g2)A1 € N. If X, = Xo(f2,y1,A1) = {0 # z €
R', r3(z) = 0} = 0 then the problem can be solved as above. If X, # () then the
function f, generates the function f3 and so on.

Let the pair (n,8) € B(P,Q) generate the function fo(r,x,7n,8) by formula
(1.3) and the set By(n,6) = {(x,A) : x € Xo(n,8), A € A(xp,n,5)}. Each pair
(x0,A0) € Bo(n,0) generates the function f(¢,x,x0, Ao, 1, 8) by formula (1.7) and
the set Bl()C(),A()7 1’],5) = {(xl,Al) X € Xl()C(),A()7 1’],5), A € A(xl,xo,Ao, n, 5)}
and so on.

We denote by Fy the set of functions {fo(#,x,7n,6); (n,8) € B(P,Q)}, by F,
the set of functions {f(¢,x,x0,A0,1m,6); (n,8) € B(P,Q), (x0,A0) € Bo(n,98)},
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by F, the set of functions {f>(t,x,x1,A,x0,A0,1,0); (n,8) € B(P,Q), (x0,A0) €
Bo(n, ), (x1,A1) € Bi(x0,A0)} and so on. Finally we write for (n,8) € B(P, Q)

t,n,6) =1+ min t ,0), )= min tL,n,0).
go(t,m, 6) <|x|<;<f0( X, M,8),  go(?) (M)eB(P’Q)go( n,98)

For (n,8) € B(P,Q) and (xo,A0) € Bo(n,0) we write

Gl(ta-x()aAO7n75) =1+ min fl(t X -anAOa na5)7

Ky < Jx <K

Hy(t 8) = in _ G(t,x0,A,n,8),H|(t,n,8) = H(t,n,§
1(7-x07n7 ) AG/?(}CE,]T],& 1(,)((), > M, )7 1(7”7 ) XOGIE)I(I;I75) 1( n, )7

)= min H(t,n,95),
1) = gy 1 (6 9)
or, what is the same

t) = min min t,x
g1(7) fleml<|x|<,<1f1( ).

Similarly for j > 2

gi(t) = m1n min  fj(t,x). (1.11)
Ji€F) il < x| <k

Thus each pair (n,8) € B(P,Q) generates the unique chain {fo,f1,---} when
card B(P,Q) = card By = card B; = --- = 1 and the tree with branches {f;,f; € F;}
when card B; > 1 for some k € Nj. o

Let j € No, F; # 0, we say that F; € I = Ik, kj] if gj(t) — 0o as t — oco. If
F; € I and f; € F; then we say that f; € I. We will prove that f; € I implies f;; € ]
for every j € Ny . First we prove following simple lemma.

LEMMA 1.1. Let P and Q be as in Lemma 0.2, Q < P, and {f;} be the chain,
generated by (n,6) € B(P,Q). Then d —1(n)8 < x(fj,x;,A) for all x; € X;
G=0,1,---) and A > 0.

Proof. We give the proof only for the case j = 0, the other cases being similar.
Let, to the contrary, d — I(n)0 > x(fo,x0,A) for some pair (xp,Aq) : xo €
Xo,A0 > 0 and x(t) = xo + ¢, t > 0. By Taylor’s formula we obtain for

P[E(1,x(1))] = Plt(n + 1~ %x(r)7)]

[PE(,x(1))]| = Ifolr,x(1 Zt’"" W - r)(xo +17%) (1.12)
= Ztmo———l Z ‘Djr?()Coﬂ U= (30))A < Cxforodo)
JZ10 (x0)

Since D'MQ(n) # 0, xo # 0 and k) < |x(¢)| < ) for sufficiently large ¢, by
Taylor’s formula we obtain

QL& (1,x(1)]| = =" D3| DVQ(m)] - x| (1 + 0(1)) (1.13)
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for  — co. Then (1 12)—(1.13) together with the condition Q < P imply
10 < ClRIE (L x(0))]] < Cllfolt,x(1))] + 1] < Crorod)

for sufficiently large ¢, which contradicts our assumption and proves the lemma. [

THEOREM 1.1. Let P and Q be as in Lemma 0.2 and X}(n,8) = 0 for all
(n,6) € B(P,Q). Then Q < P if and only if conditions 1)-2) of Lemma 0.3 for all
n € 20 and condition 3) d —1(n)8 < 0 forall (n,8) € B(P,Q) hold.

Proof. We only need to prove the necessity of condition 3). Simple geometric
considerations show that condition X§ (1, §) = @ implies x(fo,x, Ao) = mo—13(x)A¢ =
0 for x € X}(n,Ao) and Ay = mo /I (x), which together with Lemma 1.1 proves the
necessity of condition 3).

The sufficiency follows by Theorem 0.1. [J

Our further efforts therefore will be devoted to obtaining conditions ensuring that
Q < P (conditions ensuring the validity of inequality (0.18)) when d —(1)d > 0 and

X(%(TLAO) 7é (Z) forapair (77> 6) € B(P> Q)

Itis obvious (see Theorem 0.1) that Q < P implies F; € I (j=0,1,---). Onthe
other hand it is clear that if F; € I then for each pair (fj,xj) fi € Fjxj € X = X(f;)
there is a number k; = k; (x],fj) such that 0 < k; < M, —ki/(qo-q1---g;) >0 and

Rg) == ) =0, @) #0 (=01-)  (L14)
In addition we prove following simple proposition.

LEMMA 1.2. Assume that j € Ny.
1) The inequality
gj(t) = Cr" 1€ 0,00) (1.15)

holds if and only if X;(f;) = 0 for all f; € F;.
2) Let X;(f;) # 0 for f; € Fj, then the inequality
gi() = Cr'"ivt 1€ [0,00) (1.16)
holds if and only if Xj1(fj41) = 0 forall fi11 € Fjy1.
3) Let Fj € I and cardJ(f;) = 2 for all f; € F; then Xj(fjz1) = 0 for all
fi1 € Fip.

Proof. First two statements immediately follow by the definition of the set Fj.
Statement 3) in turn follows by Lemma 2.3 of [14]. O

Let j € Ny, Fj €1, fj € F; and the number k; = k;(x;,f;) be defined by (1.14),
then x(fj,xj,Z]) =m; —kij/(q0 - q1 - - - q;) for a number A’ > 0. Let us write
—j k
A = A%(x)) _inf{x(f‘,x‘,AJ) =m;— 71} (1.17)
J J A\ S I J q0-q1- " qj

By continuity of y we have x(fj,xj,Ajo) =m —ki/(qo-q1---qj), ie. ki €
J(fj,Xj,AjQ).
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LEMMA 1.3. Let j € No, xj € X; and F; € 1. Then for each f; € F;
1) A € A(x;.f)),
2) (A),00) NA(x;,f;) =0, A) = max{A: A € A(x;,f;)}

J
k
3) 25 %, 8) = mj — b = x(fj, %, A) + A € [0, 00).

Proof. For simplification of notations we can assume that j = 0 and write A® =
Ag, l,' = liO(X()) (0 g I g M()), J = J(f(),X(),AO) .

Since ko € J then to prove statement 1) it is sufficient to prove the existence of a
number i # ko (0 < i < M) such that i € J. Suppose, to the contrary, that

j k
mofifliA0<m()*_0:1<i<MOa l#k()
q0 q0

Then there exists a number ¢ € (0, A%) such that
i 0 kO . .
my—— —L(A"—¢€) <mpg— — :1<i< My, i%#ko.
q0 q0

Since I, = 0 we have

_ bl ko
x(fo,x0,A° — ) = 0513’1‘%{'"0 - li(A 8)}—m0 ;

which contradicts the definition of the number A° (see (1.17)) and proves statement
1).

To prove statement 2), notice that for any A > A° and i < ko

. . L
my — - — LA <mg — - — LA < x(fo, x0,A%) = mg — y
q0 q0 q0

For i > ky we have my — q— LA <mo— - < mg— 2. This means that J = {ko}

i.e. A ¢ A(xo,fo), which proves the first part of 2). The second part of 2) is obvious.
To prove statement 3), notice that by the definition of the numbers k and A°

ko ko
X(fo,x0,A) = myg — — — l,A= m07——%(fo7xo, %)
q0 q0

for any A > 0, which completes the proof of Lemma 1.3. [

In Lemmas 1.4-1.6 below one can take f; instead of f, and f;; instead of f; for
any j € No.

Let U(x,€) be an € -neighbourhood of x € R' and a number € > 0 be chosen in
such a way that U(x, €) N U(x2, €) = ) for any pair (x;,x2) :x € Xo (j =1,2). We
set

Uelfo) = [k, 00 U, Ule).
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LEMMA 1.4. Let {f;} be the chain generated by the pair (n,8) € B(P,Q),
Fo ={fo} €I and € > 0 be chosen as above. Then

max f(z, y)/ min fo(t x) =0, t— o0. (1.18)
K <yI<K €Ue(fo)

Proof. By the definitions of set U, (fo) and the function f;

min fo(1,x) > C1"™, max fi(f,y) < C[f™ + 1] : 1 € (0,0),

x€Ue(fo) K <yl<K]
where m; < mgy, which proves Lemma 1.4. [
Let xp € Xo, |x5] € Ue(fo), s = 0 (s € N) and
ps = —In|x; — xo|/ Inty. (1.19)

LEMMA 1.5. Let the assumptions of Lemma 1.4 hold, x; — xo, t; — 0o and
ps — p € A(xo,fo) as s — oco. Then

Hl(l‘s,X()) < C[fo(l‘s,xs) + 1] Vs € N. (120)

Proof. Without loss of generality we can assume that p; > 0 for all s € N.
Consider the two possibilities: p =0, p > 0.
In the first case we have for sufficiently large s

L
fO(ths) > t?m . |78(xs)‘ - Cll‘mU @, Cl > 0.
0

By the definition of the number Iy = [ (xo) it follows that 7] (x) = (x—x0)" -7 (x),
where 7 (xo) # 0. Therefore (see. (1.19))

mo— %

1
my— a- _
f()(ts,xs) > CthO \xs — X()‘IO —City, "= Czt;m] lops _ City , Gy >0.

Since in the first case p,lp < 1/(2qq) for sufficiently large s, we have

my— -
fO(ts>xs) 2 C3ts0 qo7 C3 >0 (121)

for sufficiently large s.
On the other hand by the definition of H, ko and A = AJ we have

k
mo— qg

mo— L
Hi(ty,%0) < Gi (1,50, A%) < Curfood) O™ < Cuty" ™, €4 > 0.

Combining these inequalities with (1.21) we get (1.20).
In the second case p € A(xg,fo), which means that there is a unique number j,
such that 0 < jo < My and

X(fo, %0, p) = mo — 2—00 — Liy(x0)p > mg — 2—00 —Li(x0)p : jo #j € [0, Mo].
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Then there exists € > 0 such that the inequality
Jo Jo L
my — — — Lj,(x0)ps > mo — = — U(x0)ps : jo # j € [0, Mo]
q0 q0

holds for s : |p; — p| < €, |x5] € Ue(fo).
Arguing as in the first case we get forall s € N

Jo _Jo

=G5 1,0 I mo— g% —Lig (X0)-ps

f (%) = Csty ©xy — xpl0™) = Csty Q , Cs>0,
m 7—-7lj(x0)py

mo— L J , . .
ty P (x)] < Coty "  Jo#JE[0,Mo], Co>0.

Let numbers € > 0 and so € N be chosen in such a way that |p, — p| < € and
|xs| € Ue(fo) for s > so. Then combining the last three inequalities we obtain for a
constant C7 > 0 that

Ji )
folt ) > £ R0 () = S04 P
AR R4S 5 5
J#jo
— (jﬂ%(fo,-‘anpx)7 s> so.

For the function H; similarly
HI(IS,X()) < Gl(ts,xo,AO) < Cth(fO’xo’AU), Cg > 0.

Combining the last two inequalities with statement 3) of Lemma 1.3 we get (1.20).
Lemma 1.5 is proved. [J

LEMMA 1.6. Let (n,8) € B(P,Q), k € Ny, Fi = Fr(n,8) € 1. Then there exists
C > 0 such that
Clgult) < g1 (1) < Celt), 130, (1.22)

Proof. We give the proof only for the case k = 0, the cases k > 1 being similar.
Let a number 7, be chosen in such a way that

Ko < |+ <k YxeXo, A€A(xfo), |y€lxy,Kil, =1t

Then for any pair (xp,A) € By

go(t) <1+ min fo(txn,é) 1+ min fo(tx0+t 4y)
K0 < Jx] <k K< x| <D
=14+ min fo([ y,)C(),A) = Gl(l,Xo,A),
Ky < x| <K

ie. go(t) < gi1(r) for t > t9. Since g1(f) > 1 for all + > 0, this proves the
left-hand-side inequality of (1.22).

To prove the right-hand-side inequality of (1.22) suppose, to the contrary, that for
asequence {f} :

ty — 00, gi(ts)/8o(ts) — 00, s — oo. (1.23)



ON INEQUALITIES FOR POLYNOMIALS IN TWO VARIABLES 325

By the compactness of the set [k, k7] and by the continuity of f, it follows that
for each s € N there is a number x; : |x;| € [k, k7] such that go(t;) = fo(ts, x5) + 1.
Without loss of generality one may assume that the sequence {x;} is convergent. Let
Xy — X as s — oo then [x| € [, k?]. By assumption (1.23) and by Lemma 1.4
X € Xo. If for infinite number of s € N x, = X then by choosing a subsequence one
can assume that x, = X forall s € N. Since Fy = {fo} € I, we get for the number
ko = ko(X) = 1 defined by (1.14)

fO(ts7xs) :f()(tsy)_c) 2 tzm qo|rko( )| 72 . qo‘j( )‘

7>k (1.24)
1 mo—
> L i
for sufficiently large s. On the other hand for s € N
e -
g1(ty) < Hy(t,,%) < Gi(t,, %, AV(%)) < CAUTA®) — ¢ (1.25)

where the number A%(X) = A)(X) is defined by (1.17). This together with (1.24)
contradict (1.23).

The case when x, # X for sufficiently large s is still to be considered. Let x; # X
for all s € N and the numbers {p,} be defined by formula (1.19) for xo = x. If for
infinite number of s € N p; > 2A°(X) then by choosing a subsequence one can assume
that p; > 2A%(x) for all s € N. In this case

foltom) > £ B0 (x) S %\r () =Y %\r X)) (1.26)

J<ko 7>ko

Since rf, (X) # 0, we have

1 —
78, (5)] = 3178, @) (127)

for sufficiently large s.
On the other hand by the definition of the numbers ky = ko(x) and A°(X) and by
Taylor’s formula we obtain for j < kg as s — oo

o o - X o 4 }
to e =0 T Y (xl.i!x)D’r})(f) <on 0 (x —5)10
i>0(x
250 (1.28)

—ct mo— 5 =20 (A" 3) < Ct{(fo’fw@))t;‘l? (®4°®

= o(tic(wa)_(vAo()_o))_
For j > ko relation (1.28) is obvious. Combining (1.26)—(1.28) we get (1.24).
Similarly we get relation (1.25) which contradicts (1.23).

Thus without loss of generality we can assume that p; € [0,2A°(X)] forall s € N
and that p; — p € [0,2A°(X)] as s — oco. If p ¢ A(X,fo) then we arrive at a
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contradiction immediately by Lemma 1.5. Therefore we only need to consider the case
X € Xo, p €A, fo)-

Denote y, = (x, — X)t; or, which is the same, x;, = X+ #; "y, (s € N). Then for
any € >0and [ >0
‘l

lys| 16 — 00 |yl £,F =0, s — oo (1.29)

Since for each i ¢ J = J(fo,%,p) mo — &= —[?(®)p < x(fo.%.p), by Taylor’s
formula and by the definition of the polynomial r} we get

mo— L —10(% = ¥
PIARIOT RS SO
ieJ i¢J

= (o) b"o vl = Do DD @)y [ ] , (sEN),
i¢J
where & = x(fo,X,p) — [mg - i - lio()_c)p} > 0. Hence by (1.29)

Foltxy) t%(fo X,0)

Foltsxs)| = 2295 g (v5)] + o(1)], s — oc. (1.30)

Let us consider the following two possibilities: 1) p < A°(x), 2) p = A%(%).
The first case in turn we divide into the following three subcases (for a subsequence of
the sequence {y,}, which we alsodenote by {y;} ):

L1yl >l 12) vl <Kp, 13) k5 <[|ps| <k (s€N), (1.31)
where the numbers &' = «/!(¥, p) (j =0,1) are defined by formula (1.8).
Applying Lemma 0.4 we get in subcases 1.1) and 1.2)
()] > € -min|y, 5, [y, [} (sen), >0,

where iy and i, are the smallest, the largest respectively, numbers of J(fo,X, p).
Combining this together with (1.30) we obtain

X . 0 (% 0 _
[fo(tx)| = AT min{ly [, [y % @)} (s € N).

Since in case 1) p < A°(X) we have x(fo,X,p) > x(fo,%,A°(X)). Let a number
€ > 0 be chosen in such a way that x(fo,X, p) — € > x(fo,%,A’(X) ). Then applying
the last inequality together with (1.29) we obtain

[foltux)| > Cer0TP = - min{ [y, [0 @ [y,[5e®} 1

(1.32)
> cploxp)=¢ > cphX'®) (5 ¢ N,

In the same manner as in the case p; > 2.A%(¥) (s € N) we get inequality (1.25)
in cases 1.1) and 1.2). Then (1.25) together with (1.32) contradict (1.23). In case 1.3)
we have for any s € N

fO(tsxs) :fO(thx + tipyf) :fl (fw)’sﬁ_ﬁ p)

2 min fl(tmysx P) Gl(tnip)_l)gl(ts)_L
Kog‘)klg
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which contradicts (1.23).

We also divide case 2) into three subcases (see (1.31)). Proceeding as in case l),
we get contradiction in subcases 2.1) and 2.2). Consider subcase 2.3) ki < |y < k|
(s € N). Itis obvious that in this case ko = ko(¥) € J(fo,X,p). Then r}(0) # 0 and
|rd(x)| = C > 0 for |x| < K}. Applying this, we obtain by (1.30) for sufficiently large

S
ko

foltex,)| = CHTP) = cplfomd@) — ¢f*" % ¢ > 0.

)

This together with (1.25) contradict (1.23). Lemma 1.6 is proved. [
From Lemma 1.6 immediately follows

COROLLARY 1.1. Let P and Q be as in Lemma 0.2, (n,8) € B(P,Q). Then
Fy (n,0) €I ifand only if Fry1 (n,0) €1 (k € Ny).

2. Comparison of polynomials. The main result

Let polynomials P and Q be as above, fo(t,x,7,0) be the function, generated
by a pair (1,8) € B(P,Q) (see (1.3)), the polynomial r) and the numbers «;(P)
(j=0,1) be defined by (0.12)~(0.14).

It is easy to verify that Fy (n,0) = {fo} € I when Q < P and d —I(n)d > 0.
On the other hand (see Lemmas 1.1, 2.1 of [14]) Xo(fo,n,8) = 0 if Fo(n,8) € I and
c(rd,n,8) < 2.

We will show below that the general case of the comparison of the polynomials P
and Q, when Xo(fo, 1, 8) # 0 is reduced to the special case ¢(rJ, 1, 8) < 3. Therefore
we will first concentrate our attention on the case ¢(r), 1, 8) = 3.

LEMMA 2.1. Let a pair (n,8) € B(P,Q) generate the set {F; = Fi(n,0)},
fi€Fi (i=0,1,---), Fo €1, c(r)) = c(r},n, 8) = 3 for some j € No, (x;,A}) € B;
and Xji1(fj1,%j, ;) # 0. Then

1) c(fj) = cardJ; = card J (fj, x;,A;) = 3, 0 € J;, kj = kj(x;) € J;

2) gj1 = ‘IJ+1(XJ7A) =1

3) mjy <mj—2/(qo-q1---q))

4) cardA;(x;,f;) = 1.

Proof. By Corollary 1.1 f;11 € I hence r{)“(y) > 0 for all y € R'. Since
(ﬂ“) = ¢(f;) by the definition of the polynomial r’+1 ,and X;1 # 0 by ourassumption
hence ¢(f;) > 3 by Lemma 0.4. On the other hand since f; € I and c(ro) =3 we
have I} = IJ(x;) = 2 by Lemma 4.1 of [14] (see also formula (2.6) of [17]). By the
same lemma c(f;) = c(A™) <+ 1< c(r)) =3,ie. c(fj) =3.
Let J; = {io, 1,02}, 0 <ip < iy <ip <Mj, thenfor k=0,1,2
ik ;
mi— —— U=y A) > my— PA = m— 2. (2.1)
0 q g R j y

This means that 2 = IJ > I}, > I} > 1}, > 0,ie. io =0, i, =2, I =1,
I}, = 0. thus 0 = iy € J;. On the other hand, since i, € J; and I}, = 0 we have i > k;
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and m; — i/(qO “qrc qJ') — llej < myp — kj/(é]o qrc qJ') for all i > kj hence i, < kj,
i.e. k;j =iy € J;, which proves the first statement.

Let us prove the second statement. Since i, = k; and Il =1 then mj —
ir/(qo-q1---q;)) —Aj =mj—k;/(qo-qi---q;) by (2.1), which means that the number
Ai(qo - q1 - - - g;) is natural, i.e. gj; = 1, which proves the second statement.

Since i2 = kj 2 2 we have mjip = x(fj,xj,Aj) =m;j — kj/(é]o . ql-“qj') <
m; —2/(qo - q1 - - - q;), which proves the third statement.

To prove statement 4) we introduce notation (1.17) and write Aj = max{A :

A>0, mj—2A =mj— IJA = x(f;,x,A)}. Then
0,A1NA; =0, A €4;, (A),+00)NA;=0, A)€A;. (2.2)

It is therefore sufficient to show that AO = Al By the definition of the number Al

0 € J; and by the definition of the set A; there is a number n € J(f}, x;, A; ", n> 0
ie.

n ,
mi— 20 =mi — ————— — A = y(fi,x;, AD). 2.3
j i P q0qq MY x5, A7) (2.3)
On the other hand since A/ € A;, k; € J; (see statement 1)) we have
X523, 87) = mp = ki/(qo - q1 -+~ g5) = 2(fj, %3, 47). (2.4)

Since A/ € Aj, A} € A; hence by (2.2) A/ < A) and x(f}, 57, A;) > m; — ki/ (qo
qi---q;) for A <A} wehave A/ > A? by (2.4),ie. A/ =A).

By the definition of the number A} A/ < A?, ie. A? = Al. It remains to prove
that A? > Al Let, to the contrary, AY < A] then by (2.3)- (2 4) we obtain

mj — 20 = x(f;, %, A)) = mj — ki/ (qo - q1 - - - 4;) = x(Fo, %}, })

(2.5)
=mi—n/(qo-q1-q;) — YA <m;j—n/(qo-q1+q5) — UA].

This means that either l£ =0 or l£ = 1. Inthe first case n > k; by the definition of
the number k;. On the other hand since n € J(fo,x;,A}) and i ¢ J(fj, x;,A}) for i > k;
then n < k;, i.e. n = k;. This together with statement 1) of our lemma immediately
imply A! = A; = A?. In the case I] = 1 by (2.3) we have Al =n/(qo- g1+ ¢;) and
by (2.5) A) > n/(qo-q1---q;), i.e. A > A}, which contradicts our assumption and
proves statement 4). Lemma 2.1 is proved. D

For simplification of notations, first we assume that each set F;(n, 8), generated
by a pair (n,8) € B(P,Q), consists of a unique function f; (i = 0,1,---), i.e. we
assume that the pair (1), 8) generates the unique chain {f;}. By Corollary 1.1 f; € I
(j=1,2,---) if fo € I and by the definition of the functions {f;}

ordfo = x(P,n,8) > ordfi = x(fo,%0,Ao) = ordfr = x(f1,x1,A1) >

If for some j € Noordf; < d —1I(n)d then Q £ P by Theorem 0.1. It is natural
therefore to introduce the following definition.
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DEFINITION 2.1. Let y € Ny. We call the chain {f;} y -finite if either ordf, <
d—1(n)d or X, = X(fy) =0 or B, = B(fy) = 0.

LEMMA 2.2. Let {f;} be the chain, generated by a pair (n,98) € B(P,Q), fo €1
and c(ry)) < 3 for jo € No. Then the chain {f;} is y -finite for any vy, satisfying the
inequality ¥ < ¥, = [3mo - qo - q1 -+ - qj,], where [a] denotes the integer part of a.

Proof. Without loss of generality we can assume that jo = 0. If either ordfy <
d —1(n)d or Xo = 0 then the chain {f;} is O-finite. Let ordfy > d — I(n)d and
Xo = 0 then the chain {f;} is O-finite. Let ordfy > d —I(n)6 and X, # 0. If
c(ry) <2 then X; = () by Lemma 1.2 and the chain {f;} is 1-finite.

Let now c¢(r)) = 3. To prove our lemma it is sufficient to prove that ordf, <
d—1(n)d or X, = 0 for a number y < y = [4mo - qo]. Let, to the contrary,
ordfo >d—1(n).6 and X, # 0 forall y =0,1,---, %.

Since f, € I forall y = 0,1,--- (see. Corollary 1.1) then 7(x) > 0 for all
y=0,1,--- and c(r}) >3 forall y = 0,1,---,% by Lemma 1.2

On the other hand by Lemma 4.1 of [14] 3 < ¢(r{’) < c¢(rl’™") < --- < ¢(r}) = 3,
ie. c(ry) =3 (y=0,1,--- ,y).

Now letus note that by Lemma 2.1 and by the definition of the number yord fy, 1 =

2 2 _ 2 2(p+1) .
X(ros Xy By) Sy — = Smyy— oo — o5 <o Somy — 20— <0, e iy € 1,

which contradicts the assumption f, € I and proves Lemma 2.2. [
In [14] it is proved that for the chain {f;}, fo € I there exists a number y; € Ny
for which either By, = () or ¢(r}') < 3. This, together with Lemma 2.2, imply

COROLLARY 2.1. Let {f;} be the chain generated by a pair (1,8) € B(P,Q) and
fo € I, then the chain {f;} is finite.

Let now card B(P,Q) > 1 and (n,8) € B(P, Q). Then the pair (1, ) generates
the function fo = fo s of type (1.3). If ordfo = x(P,n,8) < d —1(n)d for
such a pair then Q £ P. Let us assume therefore that ordfy > d — I(n)d for all
(n,8) € B(P,Q). If either Xo(fo,n,0) = 0 or Bo(fo,n,0) = (0 then we write
mo(N, ) = ordfo,ns):

If Xo(fo,n,8) # 0 and Bo(fo,n,0) # () then the function f (5 5) generates the
finite set of pairs (x,A) € Bo(fo,n,0) and the set F; = Fi(n,0) of functions of
types(1.6)—(1.7).

If ordf; = x(fo,x,A) < d—1(n)d forsome f; € Fy then Q £ P by Lemma 1.1.
Let us assume therefore that ordf, > d —I(n)$ forall (n,6) € B(P,Q) and for all
f1 € F1(n, ) and denote

mi(n,6) = min ordf;, (n,6) € B(P,Q),
F1EFY(n,8)

where F{(n,8) is the set of functions f, € F»(n, ) for which either X;(f1) = 0 or
Bi(f1) = 0.

If Fi(n,8) = Fi(n,8)\FY(n,8) = 0 for all (n,8) € B(P,Q) then the process
terminates. If F}(n,8) # 0 for apair (n,8) € B(P,Q) then each function f; €
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Fl(n,8) generates the finite set F»(f1) = {f2} of functions of type (1.10). Let us
denote

F,(n,8)= U Fa(fi), my= min ordfs,
f1EF(n,6) f2€F)(n,8)

where F9(n,8) is the set of functions f, € F»(n, ) for which either X>(f2) = 0 or
Bi(f2) = 0.

If Fi(n,8) = F2(n,8)\F3(n,8) = 0 forall (n,8) € B(P,Q) then the process
terminates. If Fi(n,8) # 0 for a pair (1,8) € B(P,Q) then each function f, €
Fi(n,8) generates the finite set Fa(f1) = {f2} etc.

To sum up, the pair (P, Q) generates a tree. The branches of this tree are a finite
number of the chains {fo,f1,---}. We have proved above that each such chain is
y -finite. Finally for (n,6) € B(P, Q) we denote

m(n, §) zogklgymk(n,S) = Oglklg X(Fr—1, Xk—1, Me—1). (2.6)

By the definition of the number y = y (1,08) for any a € (0,1) there exists a
constant ¢ = ¢(a) > 0 such that for all f, € F)(n,8) (k=0,1,---,7)

YR ] < frltyx) 1< ™+ 1], >0, a<l|x|<al.  (2.7)

THEOREM 2.1. Let P and Q be as in Lemma 0.2, (n,8) € B(P,Q), &(t,x) =
E(t,x,1,8) = t(n+ 1 %x - 7). Then there exists C > 0 such that the inequality

0[E(.x)]| < CIPIE(r N +1], 1>0, K < | <« (2.8)

holds ifand onlyif1) fo = fo,m.s) (t,x) = |P[E(2,x)]| € I and2) d—1(n)6 < m(n, §).

Proof. Necessity. Let (2.8) hold. Since &(f,x) € Dg(n) for any € > 0 and for
sufficiently large #+ by Lemma 0.1 we have

SIDA ()] #7108 < Q1 2)] < CIPIE 0]+ 1]

forall |x| € [ k3, k] and for sufficiently large ¢, where Dl ( ) #0, ie.
(713 < €. go(1). (2.9)

Since d —1(n)6 > 0, this means that fo € I, which proves the necessity of
statement 1).

Let {fo,f1,--- ,fy} beachain for which ordf, = m(n,§). Applying Lemma 1.6
and inequalities (2.7) and (2.9) we have

(IO < Cgot) < Crogi(1) < - < Cy - gy(1) < Crpn - ") 1]

for sufficiently large ¢, which proves the necessity of statement 2).
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Sufficiency. Let {f;} be the chain generated by (7,0). This chain is y -finite.
Then by Lemma 1.6 and inequality (2.7) we have forsome C; >0 (j = 1,2,---,y+1)

g(t) = Clgi(t) =+ >C)-gy(t) > Cly - "M V1> 0. (2.10)

On the other hand by Lemma 0.1

max [Q[E(,x)]| < %|D¥”>Q(n)‘td*l(n)6

K<l <!

for sufficiently large 7. This together with (2.10) and condition 2) prove inequality
(2.8). Theorem 2.1 is proved. O

The complete solution of the problem we have set at the beginning of the paper is
given by the following main theorem.

THEOREM 2.2. Let P and Q be as in Lemma 0.2, d < dy,Zo # 0. Then Q < P
if and only if n € 2(Q) and o(n) < 6o(n) for such n € Xy that A(n, P,Q) = 0 and
conditions 1)-2) of Theorem 2.1 hold for such (n,08) € B(P,Q) that A(n, P, Q) # 0.

Proof. The necessity is proved above (see Theorem 2.1 and Lemma 0.3).

Sufficiency. Let € € (0,1) be arbitrary when cardXy = 1 and € € (0,1) be
chosen in such a way that Ug(n') N Ug(n?) = O for any pair (n',n?) : n/ € Iy
(j = 1,2) when card=(Py) > 1. Here U.(n) is an &-neighbourhood of 1 € R?.
Since the points 1 € %y of the homogeneous polynomial Py are isolated, the existence
of such € € (0, 1) is obvious.

Let for n € %y and € € (0,1) the set G¢(n) is defined as in Introduction then
G:(n") N G(n?) = 0 for any pair (n',n?) : n/ € =, (j=1,2),n' # n>. Letus
denote

Ge(0) = U Geln), GAZ0) = R\Ge (o).

It is easy to verify that O < P if and only if O <™ P for all n € Z(Py) (see
Definition 0.1).

Let 2° = {n € %, A(n,P,Q) # 0}, ! = Z\Z° then G.(Zo) = G.(£°) U
G:(2").

By Theorem 0.1 Q <" P for all n € X0 if inequality (2.8) holds for all § €
A(n, P, Q). By Theorem 2.1 inequality (2.8) holds if the conditions 1)-2) of Theorem
2.1 are satisfied. By Lemma 0.2 and Lemma 0.3 Q <" P for all n € X! if condition
3) of our theorem is satisfied. Theorem 2.2 is proved. O

For illustration of results consider following examples

EXAMPLE 2.1. Let P(£) = P(£1,&) = Po(E) + Pi(E) + Po(E) = EN(E) +
E) — EXE + ES. Then ord P = 10, 3y = X(Py) = {£n} = {(0,£1)}, 7= (0,1),
A, P) ={2/3}, x(£n,2/3,P) =6, qo = 3, E(t,x,+n,2/3) = t(En+t"3x-1) =
(1'3x, +1) and

folt,x,£m) = P('3x, 41) = Cr)(x) + 78510 (x) = 0(x® — x* + 1) + 195310,
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Akx) = - = Ak = 0. Since Y(x) = x®* —x* +1 # 0 for all x € R,
m(£n,2/3,P) = 6.

Let Q(&1,&) = &85 + &/&) = £} &} (&1 + &) be ahomogeneous polynomial of
order 8. Since +1 € X(Q), [ =1(£n,Q0) =3, and ordQ — (2/3)I =8 — (2/3)3 =
6 < 6 =m(xn,2/3,P), by Theorem2.1. Q < P.

On the other hand for homogeneous polynomial R(&;, &) = &£ &) also £1 €
2(R). Since I = I(+n,R) = 1 and ordR — (2/3)l = 7 -2/3 = 19/3 > 6 =
m(+n,2/3, P), by Theorem 2.1. R &£ P.

EXAMPLE 2.2. Let P(E) = P(&,&) = Po(E) + -+ Ps(&) = EF(EP + &D) +
88 — 288 - &8 +§° + & Then ordP = 16, 3y = {£n} = {(0,£1)},
T = (1,0), A(£n,P) = {3/4}, qo = 4, E(t,x,£n,3/4) = t(zn + 1734 - 1) =
(t/4x, 1) and fo(t,x, £n) = P(t'/*x, 1) = 1195 (x) + 11073/413 (x) +t10716/4r(1)6(x) +
107240 (x) = S F ot + D)+ A FH) O+ ) = =) =
rg(x) = =ris(x) =1y (x) = - =r5(x) =0.

Since XJ(fo) = {£1},A(£1,fo) = {2},x = £1 + 2y, one can easily see that
Filtsy, En, 1) = fo(t, £1+ 172y, £0) = (16y° + 4y +1) + 0(1°) = 5 (y) + 0(¢°)
as t — o0o. Since r}(y) # 0 forall y € R', m(£n,3/4) = 6 = (ordf)).

Let Q(&,&) = EX(&} + &F). Then £n € 2(Q), (£n) = 8. Since ord Q —
(3/4)l = 12 — (3/4)8 = 6 = m(n,3/4), by Theorem 2.2. Q < P.

On the other hand for homogeneous polynomial R(&;, &) = £}EN0 also +n €
2(R). Here [ = I(£n,R) = 10. Since ordR — (3/4)l = 14 — (3/4)10 = = 13/2 >
6 = m(£n,3/4), by Theorem2.2. R<£P.
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