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GENERALIZED SYSTEMS FOR RELAXED
COCOERCIVE VARIATIONAL INEQUALITIES AND
PROJECTION METHODS IN HILBERT SPACES

YEOL JE CHO AND XIAOLONG QIN

(Communicated by R. Verma)

Abstract. In this paper, we introduce a new algorithm for a generalized system for a relaxed
cocoercive nonlinear inequality and an asymptotically nonexpansive mapping in Hilbert spaces
by the convergence of projection methods. Our results include the previous results as special
cases extend and improve the main results of [R.U. Verma, General convergence analysis for
two-step projection methods and application to variational problems. Appl. Math. Lett. 18
(11) (2005), 1286-1292], [R.U. Verma, Generalized system for relaxed cocoercive variational
inequalities and its projection methods, J. Optim. Theory Appl. 121 (1) (2004), 203-210], [R.U.
Verma, Generalized class of partial relaxed monotonicity and its connections, Adv. Nonlinear
Var. Inequal. 7 (2) (2004), 155-164], [N.H. Xiu, J.Z. Zhang, Local convergence analysis of
projection type algorithms: Unified approach, J. Optim. Theory Appl. 115 (2002) 211-230],
[N.H. Nie, Z. Liu, K.H. Kim, S.M. Kang, A system of nonlinear variational inequalities involving
strong monotone and pseudocontractive mappings, Adv. Nonlinear Var. Inequal. 6 (2) (2003),
91-99], [S.S. Chang, H.W. Joseph Lee, C.K. Chan, Generalized system for relaxed cocoercive
variational inequalities in Hilbert spaces, Appl. Math. Lett. 20 (3) (2007), 329-334] and many
others.

1. Introduction and Preliminaries

Variational inequalities introduced by Stampacchia [6] in the early sixties have
had a great impact and influence in the development of almost all branches of pure
and applied sciences and have witnessed an explosive growth in theoretical advances,
algorithmic development, see [1-11] and references therein. It combines novel theo-
retical and algorithmic advances with new domain of applications. Analysis of these
problems requires a blend of technics from convex analysis, functional analysis and nu-
merical analysis. As a result of interaction between different branches of mathematical
and engineering sciences, we now have a variety of techniques to suggest and analyze
various algorithms for solving variational inequalities and related optimization. It is
well known that the variational inequalities are equivalent to the fixed point problems.
This alternative equivalent formulation is very important from the numerical analysis
point of view and has played a significant part in several numerical methods for solving
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variational inequalities and complementarity; see [1,3]. In particular, the solution of the
variational inequalities can be computed using the iterative projection methods. It is
well known that the convergence of the projection method requires the operator T to be
strongly monotone and Lipschitz continuous. Gabay [4] has shown that the convergence
of a projection method can be proved for cocoercive operators. Note that cocoercivity
is a weaker condition than strong monotonicity. Recently, Verma [7] introduced a new
system of nonlinear strongly monotone variational inequalities and studied the approx-
imate solvability of this system based on a system of projection methods. Projection
methods have been applied widely to problems arising especially from complementar-
ity, convex quadratic programming, and variational problems. Additional research on
the approximate solvability of a system of nonlinear variational inequalities is due to
Nie et al. [5], Verma [10] and others.

In this paper, we consider, based on the projection method, the approximate solv-
ability of a system of nonlinear relaxed cocoercive variational inequalities in the frame-
work of Hilbert spaces. Solutions of the system of nonlinear relaxed cocoercive vari-
ational inequalities are also fixed points of an asymptotically nonexpansisve mapping.
Our results obtained in this paper generalize the results of Chang et al. [2], Nie et al.
[5], Verma [7-9], Xiu et al. [11] and some others.

Let H be areal Hilbert space, whose inner product and norm are denoted by (-, -)
and || - || respectively. Let C be a closed convex subset of H andlet A: C — H be
a nonlinear mapping. Let Pc be the projection of H onto the convex subset C. The
classical variational inequality which denoted by VI(C,A) is to find u € C such that

(Au,v—uy 20, WweC (L.1)
We now recall some well-known concepts and results:

LEMMA 1.1. Forany z € H, u € C satisfies the inequality:
(u—z,v—u) 20, WweCd(,
if and only if u = Pcz.

It is known that the projection operator Pc is nonexpansive and P¢ satisfies the
following:
(x—y,Pex — Pey) 2 ||Pex — Poy|?,  Va,y € H. (12)

Moreover, Pcx is characterized by the properties:
Pcx € C, (x—Pcx,Pc—y) 20, VYyecC.

Using Lemma 1.1, one can show that the variational inequality (1.1) is equivalent
to a fixed point problem.

LEMMA 1.2. The point u € C is a solution of the variational inequality (1.1) if
and only if u € C satisfies the relation u = Pc(u — AAu), where A > 0 is a constant.

It is clear from Lemma 1.2 that the variational inequalities and the fixed point
problems are equivalent. This alternative equivalent formulation has played a significant
role in the study of the variational inequalities and related optimization problems.
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Recall the following definitions:
(1) A mapping A of C into H is called monotone if

(Au—Av,u—v) >0, Vu,veC.
(2) A is called v-strongly monotone if there exists a constant v > 0 such that
(Ax — Ay, x —y) >v|[x—y|>, VrxyeC
This implies that
[Ax = Ayl| = vllx —yll, Vx,y€C,

that is, A is v-expansive and, when v = 1, it is expansive.
(3) A is said to be u -cocoercive [12,14] if there exists a constant 4 > 0 such that

<AX*Ay7X7y> >HHAX7A_))||2, VX,yGC.

Clearly, every u -cocoercive mapping A is ﬁ -Lipschitz continuous.
(4) A is called relaxed u-cocoerceive if there exists a constant u# > 0 such that

(Ax—Ay,x—y) > (-u)|Ax - Ay|P’, Vx,yeC.

(5) A is said to be relaxed (u,v)-cocoercive if there exist two constants u,v > 0
such that

(Ax—Ay,x—y) > (—u)|Ax — Ay|P* +v]x =], VxyeC.

For u = 0, A is v-strongly monotone. This class of mappings is more general that
the class of strongly monotone mappings. It is easy to see that we have the following
implication:

v-strongly monotonicity = relaxed (u, v)-cocoercivity.

(6) S: C — C is said to be nonexpansive if
ITx =Tyl < [lx=yll, Vx,yeC

(7) S: C — C is said to be asymptotically nonexpansive if there exists a sequence
{k.} € [0,00) with lim, . k, = 1 such that

187 = S| < kallx =yl Vx,y € G, n > 0.

Next, we denote the fixed point of S by F(S). We can characterize the problem.
If x* € F(S)NVI(C,A), then it follows from Lemma 2.2 that

X" = 8"x" = Pc[x* — pTx*] = §"Pc[x* — pTx™],

where p > 0 is a constant.

This formulation is used to suggest the following iterative methods for finding
a common element of two different sets of the fixed points of the asymptotically
nonexpansive mappings and solutions of the variational inequalities.
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Let T: C x C x C — H be a mapping. Consider a system (SNVI) of nonlinear
variational inequality problems as follows:
Find x*,y*,z* € C such that

(sT(y*, 2", x" )+ x* —y*,x—x*) 20, VxeC, s>0, (1.3)
(1T(Z",x",y")+y" =", x—x") 20, VxeC(C t>0, (1.4)
(rT(x*,y*,2)+ 7" —x*,x—x") 20, VxeC,r>0. (L.5)
One can easily see the SNVI problems (1.3), (1.4) and (1.5) are equivalent to the

following projection formulas:
X*:Pc[y**ST(y*7Z*,X*)], S>07

Y =Pclz" —1T(Z",x",y")], >0,
z*:PC[x*—rT(x*,y*,z*)}, r>0,
respectively, where Pc is the projection of H onto C.
Next, we consider some special classes of the SNVI problems (1.3), (1.4) and
(1.5) as follows:
(I) If r = 0, then the SNVI problems (1.3), (1.4) and (1.5) collapse to the
following SNVI:
Find x*,y* € C such that

(sT(y*,x*, x*)+x* =y, x—x") 20, VxeC, s>0, (1.6)

(T(x", X",y ) +y " —x",x—x") 20, VxeC r>0. (1.7)

(IN) If t = r = 0, then the SNVI problems (1.3), (1.4) and (1.5) reduce to the
following nonlinear variational inequality problem (NVI):
Find an x* € C such that

(T(x*,x*,x*),x—x*) 20, VxeC. (1.8)

(II) If C is a closed convex cone of H, then the SNVI problems (1.3), (1.4)
and (1.5) are equivalent to the following system (SNC) of nonlinear complementarity
problems:

Find x*,y*, z* € C such that

( ’y Z* c C* (y*,z*,x*) c C*, T(Z*,x*,y*) c C*,

)
(sT(y*, 7%, x*) +x* —y*,x*) =0, 5>0, (1.9)
(T (5, x5,y ) +y" = 7,x") =0, >0, (1.10)
(rT(x*,y*, ") + 25 —x*,x*) =0, r>0, (1.11)
where C* is the polar cone to C defined by

C*={feH:(f,x) 20, VxeC}.



GENERALIZED SYSTEMS FOR VARIATIONAL INEQUALITIES 369

(IV)If T : C — H is a univariate mapping, then the SVNI problems (1.3), (1.4)
and (1.5) are reduced to the following SNVI problems:
Find x*,y* € C such that

(sT(Y")+x* —y",x—x*) 20, VxeC,s>0, (1.12)
(T +y " —z"x—x*) >0, VxeC >0, (1.13)
(rT(x*)+ 2" —x",x—x%) 20, VxeC,r>0. (1.14)
One can easily get the SNVI problems (1.12), (1.13) and (1.14) are equivalent to

the following projection formulas:

X" =Pcly* —sT(y")], s>0, (1.15)
vy = Pclz" —tT(z%)], t>0, (1.16)
= Pclx* —rT(x*)], r>0. (1.17)

2. Algorithms

In this section, we consider an introduction of the general three-step models for
the projection methods and its special form can be applied to the convergence analysis
for the projection methods in the context of the approximation solvability of the SNVI
problems (1.3)—(1.5) and (1.12)-(1.14).

Algorithm 2.1. For any xo, yo,z0 € C, compute the sequences {x,}, {v,} and
{z,} by the iterative processes:
in = (1 - yn)xn + YnSnPC[xn - rnT(xmym Zn)L
Vo = (1 = B)xu + BuS"Pc(zn — taT (2ny Xy Yu)], (2.1)
Xnt1 = (1 - a")xn + anSnPC[yn - SnT(ymmen)L

where {0y}, {Bn}, {1} are sequencesin [0, 1] forall n > 0 and S is an asymptoti-
cally nonexpansive mapping.

() If T : C — H is a univariate mapping, then the Algorithm 2.1 is reduced to the
following:

Algorithm 2.2. For any xo,y0,20 € C, compute the sequences {x,}, {y,} and
{z.} by the iterative processes:

Zn = (1 = Ya)%u + YaS"Pclxa — 1T (x)],
Yn = (1 - ﬁn)xn + BnSnPC[Zn - tnT(Zn)]a (22)
Xnt+1 = (1 - an)xn + anSnPC[_Yn - SnT(yn)]a

where {0y}, {B.}, {1} are sequencesin [0, 1] forall n > 0 and S is an asymptoti-
cally nonexpansive mapping.

() If , = 1 in Algorithm 2.1, then we have the following:
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Algorithm 2.3. For any xo,yo,20 € C, compute the sequences {x,}, {y,} and
{z,} by the iterative processes:

Zn = S”Pc[xn — rnT(xmymZn)L
yn = (1 — ﬁn)xn + ﬂnSnPC[Zn - tnT(Znyxmyn)}? (23)
Xnt+1 = (1 - OC,,)X,, + anSnPC[ n S"T(y"’z’“x”)}’

where {a,},{B,} are sequences in [0,1] for all » > 0 and S is an asymptotically
nonexpansive mapping.

(III) If B, = y» = 1 in Algorithm 2.1, then we have the following:

Algorithm 2.4. For any xo,y0,z0 € C, compute the sequences {x,}, {y,} and
{z.} by the iterative processes:

2 = S"Pelxy — 1T (X, Y 7)),
Yn = S"Pclzn — taT (20, Xny Yu)], (2.4)
Xnt1 = (1 = a4)xn + 06S"Pc[yn — $nST (Vs Zny Xn)]s
where {a,} is a sequence in [0,1] forall n > 0 and S is an asymptotically nonex-
pansive mapping.
(IV) If r, = t, = 0 in Algorithm 2.1, then we have the following:

Algorithm 2.5. For any xo € C, compute the sequence {x,} by the iterative
process:

Xn+l = (1 - an)xn + OCnSnPC[xn - SnT(xmxmxn)]a (25)
where {a,} is a sequence in [0,1] forall » > 0 and S is an asymptotically nonex-
pansive mapping.

In order to prove our main results, we need the following lemmas and definitions.
LEMMA 2.1.. Assume that {a,} is a sequence of nonnegative real numbers such

that
ap+1 < (1 - A'n)an + bn + Cn, Vn 2 no,

where nq is some nonnegative integer, {A,} is a sequencein (0, 1) with Zsil Hn = 00,
bn = O(An) and Z;ZO cp < 00, then hm”"‘x’ an = 0.

DEFINITION 2.1. A mapping T : C x C x C — H is said to be relaxed (u,v)-
cocoercive if there exist constants u, v > 0 such that, for all x,x’ € C,

<T(x7y72) - T(x/7y/72/)7x —)C/>
> (—u)lIT(x,y,2) = T Y, )P+ vl =27, Wy 2 €C
DEFINITION 2.2. A mapping T : C x C x C — H is said to be u-Lipschitz

continuous in the first variable if there exists a constant ¢ > 0 such that, for all
/
x,x' € C,

|T(x,y,2) = T(x',y', )| <wllx =¥, ¥y, y,z7 eC
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3. Main results

THEOREM 3.1. Let C be a closed convex subset of a real Hilbert space H. Let
T:CxCxC — H be a relaxed (u,v)-cocoerceive and W -Lipschitz continuous
mapping in the first variable and S : C — C be an asymptotically nonexpansive
mapping. Suppose that x*,y*,z* € C are solutions of the SNVI problems (1.3)—(1.5),
x*,y*, 2 € F(S) and {x,}, {yn}, {z:} are the sequences generated by Algorithm
2.1. If {0}, {B.} and {y.} are three sequences in [0,1] satisfying the following
conditions:

(1) Zrozio Oy = 005
(i) 320(1 = Bu) < o0 and 37.70(1 = 1) < o0

2y—uu?
(iil) 0 < sp,ty, 1 < —<Vu§‘“ );

(iv) v > uu?,
then the sequences {x,}, {y.} and {z,} converges strongly to x*, y* and 7*, respec-
tively.
Proof. Since x*, y* and z* are the common elements in the set of solutions of
the SNVI problems (1.3)—(1.5) and the set of fixed points of S, we have
.X'* :SnPC[y*7SﬂT(y*aZ*ax*)]7 S>0a
v =8"Pclz* — ,T(z*,x*,y*)], t>0,
= S"Pclx* — r, T(x*,y*,2%)], r>0.
Observing (2.1), we obtain

241 ="
= ||(1 - a")xn + anSnPC[yn - SnT(ymmenH - X*” (31)
< (l_an)Hxn_x*‘|+ankn‘|yn_y*_sn[T(yn7Znaxn)_T(y*7z*7X*)}H-

By the assumption that T is relaxed (u,v)-cocoercive and u -Lipschitz continuous in
the first variable, we obtain

92 =" =$u[T (Vn, 20, Xn) — T(y*vz*’x*)ﬂlz

= [lyn =Yl = 282(yn — ¥*, T(Vns 20y ) — T(y*, 2%, X%))
+ o 1T s 2ns Xa) — T, 25, 27) 1P

< lyn = ¥l = 250 [l Ty 20y %0) = TOGH 2512+ vllvn — ¥ 117] (3.2)
+ st lyn — 7

<y = v+ 2sautt?l[yn = y* 17 = 2500y = ¥* 117 + 5ot [l — ¥*I1?

=67, lyn — Y%,

where 07, = 1 + s2u® — 2s,v + 2s,up” . From the conditions (iii) and (iv), we know
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01, < 1. Substituting (3.2) into (3.1) yields that
[n1 = x| < (1 = o) [lxn = X*[| + k@O [l yn — y*|- (3.3)
Now, we estimate

[[yn=y"
= ||(1 - Bn)xn + BnSnPC[Zn - tnT(memyn)] - y*H

g (17Bn)‘|xn*y*” +knﬁn”anz**tn[T(Zmxmyn)iT(Zﬂxﬁy*)]||' ( )
34

By the assumption that T is relaxed (u,v)-cocoercive and u -Lipschitz continuous in
the first variable, we obtain

120 = 2 = 1a[T (zny Xas yu) = T %, ¥)]|1?
= llza = 2* 1> = 2ta( 20 — 2 (20, %, ) — T(2*, %%, 5"))
+ 01T (@ Xn, ya) = T(2", 2", 5% |2
< lz = 2717 = 26a[ =2l Tz Xy y) = T 2%, 3% + vlizn — 2]
+ tﬁMZHZn — |
llzn — Z*”2 + 2tn”.“2||zn - Z*H2 = 2tyv||zy — Z*H2 + tﬁuznzn - Z*H2

<
< 922n||Z" _Z*H27 (35)

where 922n = 1+ 2u® — 2t,v + 2t,up® . From the conditions (iii) and (iv), we know
02, < 1. Substituting (3.5) into (3.4) yields that

||yn *y*” < (1 - ﬁn)”xn *x*H + (1 - ﬁn)HX* *y*H +kan92nHZn -7

|  (3.6)
Similarly, Substituting (3.6) into (3.3), we have

[[xn+1 — x|
< (1= o) [lxn — x|
+ k0 O1a[(1 = Bu)llxn — X[ + (1 = Bu) Ix™ = ¥ || + knfBuO2nllzn — 27]
= (1 — o + kn 0,01, (1 — By)) [0 — x|
+ kn 0 O1[(1 — Bo) [IX* — ¥* || + knfBuOon |20 — 27 ]]- (3.7)

Next, we show that
||Zn - Z*H = H(l - '}/n)-xn + YnSnPC[xn - rnT(-xmynyZn)] - Z*H

< (L=¥) [len—2" ([ H-hn¥a 10 =x" =1 [T (X5 Yy, 20) =T (x*, ¥, 2°)] |- ( )
3.8
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By the assumption that T is relaxed (u,v)-cocoercive and u -Lipschitz continuous in
the first variable, we obtain

||xn —x* - rn[T(xmymZn) - T(X*ay*az*)]nz

= [Joen — X*|| = 2r(xn — X%, T(Xn, Y, 20) — T(x", ¥",2%))
+ r,%HT(xn,y,,,z,,) - T(x*,y*,z*)Hz
< P = x| = 2ra[=ul| T (s vy 20) = T,y 2°) |2+ vl — x||7)
+ 1t — 212
< o = (] + 2702w — (|2 = 27l — 5|1 + e e — x|
= 03, o, — x|, (3.9)

where 02, = 1+ r2u* — 2r,v + 2r,uu’ . From the conditions (iii) and (iv), we know
05, < 1. Substituting (3.9) into (3.8), we obtain

llzn = 27|l
< (1= Y)llxn — 2°[| + kYO0 — x|
< (0= p)llxn = x| + (1= 1) " = 2" + ku¥ O3 lxa — x7
< ey — X7+ (1= ) [Ix™ — 27 (3.10)

Similarly, substituting (3.10) into (3.7) yields that

1=
< (1= 04k 0 01 (1= B) ) 1 =X || - 0, 01, (1= B, ) [ | x* =" |
+ k0 B 601 O [0 — ™| + (1 — 1) [I¥" — "]
< (1= (1 = kO (1 — B) — knfBu01052)) |10 — x* |
+M(1 = B)llx" = y*[| + M(1 = y)llx* — 7,
(3.11)

where M is an appropriate constant such that M > sup{k,},>o0. Applying Lemma 2.1
into (3.11), we can get the desired conclusion easily. This completes the proof. [

From Theorem 3.1, we can get the following results immediately:

THEOREM 3.2. Let C be a closed convex subset of a real Hilbert space H. Let

T : C — H be arelaxed (u,v)-cocoerceive and U -Lipschitz continuous mapping and
S : C — C be an asymptotically nonexpansive mapping. Suppose that x*,y*,7* € C
are solutions of the SNVI problems (1.12)—(1.14), x*,y*,z* € F(S) and {x,}, {yn},
{z.} are the sequences generated by Algorithm 2.2. If {ct,}, {B.} and {y,} are three
sequences in [0, 1] satisfying the following conditions:

(i) Do O = oo
(i) Y (1=By) <ocoand Y 2 (1—7v,) < oo;
(iil) 0 < sp,ty, 1 < ),

)

MZ ’
(iv) v > uu?,
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then the sequences {x,}, {y.} and {z,} converge strongly to x*, y* and 7*, respec-
tively.

REMARK 1. Theorem 3.1 and Theorem 3.2 extends and improves the main results
in Chang et al. [2] and Verma [7-9].

THEOREM 3.3. Let C be a closed convex subset of a real Hilbert space H. Let
T :C — H be arelaxed (u,v)-cocoerceive and U -Lipschitz continuous mapping and
S : C — C be an asymptotically nonexpansive mapping. Suppose that x*,y*,z"* € C
are solutions of the SNVI problems (1.3)—(1.5), x*,y*,z* € F(S) and {x,}, {yn},
{zn} are the sequences generated by Algorithm 2.3. If {a,,}, {B.} and {y.} are three
sequences in [0, 1] satisfying the following conditions:

(i) 3,20 0 = 00

(i) 320(1 = Bu) < o0

2
(iii) 0<sn,t,,,rn<%;
(iv) v > uu?,

then the sequences {x,}, {yn} and {z,} converge strongly to x*, y* and 7*, respec-
tively.

THEOREM 3.4. Let C be a closed convex subset of a real Hilbert space H. Let
T:CxCxC — H be a relaxed (u,v)-cocoerceive and U -Lipschitz continuous
mapping in the first variable and S : C — C be an asymptotically nonexpansive
mapping. Suppose that x*,y*,z* € C are solutions of the SNVI problems (1.3)—(1.5),
x*,y*,7° € F(S) and {x,}, {yu}, {z:} are the sequences generated by Algorithm
24. If {ow}, {B.} and {y.} are three sequences in [0,1] satisfying the following
conditions:

(i) 2220 o = 003

(i) 0 < sty < 207

(iii) v > up?,
then the sequences {x,}, {y.} and {z,} converge strongly to x*, y* and 7*, respec-
tively.

THEOREM 3.5. Let C be a closed convex subset of a real Hilbert space H. Let
T : C — H be a relaxed (u,v)-cocoerceive and W -Lipschitz continuous mapping in
the first variable and S : C — C be an asymptotically nonexpansive mapping. Suppose
that x* € C is a solution of the NVI problem (1.8), x* € F(S) and {x,} is a sequence
generated by Algorithm 2.5. If {a,} is a sequence in [0, 1] satisfying the following
conditions:

(1) 22050 0 = 003
2
() 0 < Sy by < 2L
(iii) v > up?,
then the sequence {x,} converges strongly to x*.
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