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REVERSE INEQUALITIES OF ERDOS-MORDELL TYPE

MEA BOMBARDELLI AND SHANHE WU

(Communicated by V. Volenec)

Abstract. This paper deals with the reverse inequalities of Erdos-Mordell type. Our result con-
tains as special case the following reverse Erdos-Mordell inequality:

Ri+Ry+R3 <V2(p1+p2+p3),

where R; and p; (i=1, 2, 3) denote respectively the distances from an interior point Q of AAAA3
to the vertexes Ay, A, Az and to the circumcenters of AAQA3, NA3QA, NA1QA;. Some
other closely related inequalities are also considered.

1. Introduction

For a given triangle A1A>A3, let A; and a; (i=1, 2, 3) denote respectively the ver-
tices and its opposite sides. Let R; and r; (i=1, 2, 3) represent respectively the distances
from an interior point Q of AA}A,A3 to the vertex A; and to the side opposite to A; .

In 1935, P. Erdos proposed [1] the following conjectured inequality as an Open
Problem:

Ri+Ry+R3 =22(r1+r2+13). (1)

Inequality (1) was first proved by Mordell and Barrow in 1937 [2], and since then,
this inequality is known as the Erdés—Mordell’s inequality. Over the past years, the
Erdos—Mordell’s inequality has received considerable attention from researchers in the
fields of geometry, and has drawn a large number of research papers involving its new
proofs, various generalizations, variations and applications etc. Some related results
with historical comments on the Erdés—Mordell’s inequality can be found in [3] to
[28]. We recall here some improved forms of the Erd6s—Mordell’s inequality involving
weights and exponents.

In 2001, Dar and Gueron [29] gave us for positive numbers A1, 4,43 the following
weighted Erdos—Mordell’s inequality:

MR+ ARy + A3R3 = 24/ A A3 (\/}"% + \;i,— + \/ri_> . 2)
1 2 3
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In 2004, Janous [30] generalized Dar-Gueron’s inequality (2) by introducing an
exponential parameter, as follows

,l
MR+ AR, + A3RE > 2mm{f1}\/x1/12/13( I j_ \/*_> 3)

where A1,42,43 and ¢ are positive numbers.
In a recent paper [31], the second author sharpened Janous’s inequality (3) in the
following form:

MR + MR, + MRS = 2™ /3 2o s (\;Vl_ + \‘/4}_ + \/_> “4)

where A;,42,43 and ¢ are positive numbers, wy, wy, ws denote respectively the
lengths of the bisectors of LA;QA3, LA30A1, £A10QA; from Q to its intersection
with the sides of AA;A>Az.

The purpose of this paper is to establish a new class of inequalities of Erdos—
Mordell type, we show that several interesting inequalities including the reverse Erdos—
Mordell’s inequality and reverse Oppenheim’s inequality can be obtained as direct con-
sequences of our result.

Our main result is stated in the following theorem:

THEOREM 1. Suppose Q is an interior point of NA1AA3, the bisectors of
ZAr0A3, LA30A, ZAQA, intersect respectively the circumcircles of NA;QA3,
AA3QA1, AAlQAz in thepoints All, A/z, Ag. Let QA1 =Ry, QA =R,, QA3 =Rj3,
QA =1y, QA = {,, QA =l3. Then for A; >0 (i =1,2,3) and t > 0, we have the

inequality

Crrt o
MR, + JoRb + ARG < 27 M3 1=} (2 4, 45) ( 2 + p + ﬁ) : (5)

For 4; >0 (i=1,2,3) and t <0, we have the inequality

gt 12
/11Rt1 Jr)Lthz +A3Rt > omin{-©.1} VA A A3 <\/_ T + \/3_) (6)

When t = —1, equality holds in (6) if and only if a1 :ar 1 a3 = /A1 : VA2 : VA3
and Q is the circumcenter of ANA1AA3; when —1 <t <0, equality holds in (6) if and
only if NA1A>A5 is equilateral, Q is its center and Ay = Ay = A3; when t < —1, (6) is
a strict inequality.

2. Lemmas

In order to prove Theorem 1, we need the following lemmas.



REVERSE INEQUALITIES OF ERDOS-MORDELL TYPE 405

LEMMA 1. Let Q be an interior point of NAA2A3, and let Z/A,QA3 = 2qy,
ZA30A1 =200, LA1QA; =203. Then, under the definitions of R; and ¢; (i=1,2,3)
in Theorem 1, we have the following identities

Ry +R3 Rz + Ry Ri+Ry
1= 9 62 = ) 63 = .
2cos o 2cos o 2cos o

)

A,

Al

Figure 1: Lemma 1.

Proof. Using Ptolemy’s equality for cyclic quadrangle QA»A’ A3 (see Figure 1) :

ArAz- QA| = QA - A3A| + QA3 - ALAT,

we obtain LAl oAl
Al =40 (5L ) 1450 (S22L ). 8
QA 20 <A2A3 +A30 oA (®)
On the other hand, by the law of sine, we have
A3A/1 sin ZA3A2A/1 sin (04] 1

Ar)As  sin ZAAlAs  sin(m—2ay) ~ 2cosay’

A2A/1 sin ZAQAgA/l sin o 1

AAs  sin ZAAlA;  sin(m—2ay)  2cosoy
applying the above identities to (8) yields

Ry +R3
lh=——7.
2cos o

Similarly, the second and third identities in (7) can be proved. The proof of
Lemma 1 is complete. [J
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LEMMA 2. (Power means inequality [311,[32]). If a; >0 (i=1,2,...,n) and

A >0, then
n A . n
Zai > nmm{)tfl?()} Eal/l , 9)
i=1 i=1
with equality holding if and only if A =1, or ay = ay = -+ = ay, for the case of 0 <
A <1

Ifa; >0, u; >0,(i=1,2,....n)and 0 < A < 1, then

n n 1-A n A
PNTARS (2 Mi) (2 Miai> ; (10)
i=1 i=1 i=1

with equality holding if and only if A =1, or aj = ay = --- = a, for the case of 0 <
A<l

LEMMA 3. Let x; >0, 0< ¢; < 5 (i=1,2,3) and @1+ @2+ @3 = 7. Then for
A > 0 the following inequality holds true

x2x3 COS™ Q1 + x3x1 cos? @ +x1x2 cos? < p—min{A.1} (x% +x% +x§) . 11

Equality holds in (11) if and only if xpx3sin @) = x3x1 Sin ¢y = x1xp sin @3 for the
case of A =1, or x; =x3 =x3 and @ = @ = Q3 forthe case of 0 < A < 1.

Proof. Case (I): When 0 < A < 1. It follows from Lemma 2 and the arithmetic-
geometric means inequality that

X2X3 cos’1 @1 + x3x1 cos}“ O +x1x2 cos)“ O3

< (xax3 + X331 +x1202) A

< XpX3 COS (0] + X3X| COS )y + X1X3 COS (pg)’l
< (x% +x% +x§)1*’l (2203 cOS @1 + Xx3X1 COS (P2 + X1xp COS (pg)’1
<272+ 5+,

The latter inequality follows from the well-known Wolstenholme’s inequality (see
[4, p. 421])

x% +x% + x% > 2xpx3 €08 Q1 + 2x3X1 COS @2 + 2x1x5 COS 3, (12)

where x; >0,0<¢; <% (i=1,2,3) and @1 + @2+ @3 = 7. Furthermore, the equality
holds in (12) if and only if xpx3sin ¢ = x3x] sin @ = XX, Sin Q3.
Case (II): When A > 1. we have

X2X3 cos’1 @1 +x3x1 cos}“ O +Xx1X2 cos)“ @3 < X2X3COS (P +X3X1 COS Py +X1X2COSP3,
Now, using the Wolstenholme’s inequality (12) leads us to
X2X3 cos’ @1+ x3x1 cos’ @2 +x1x2 cos? 03 < 271 (x% —&—x% —&-x%).

The Lemma 3 is proved. [
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3. Proof the main result (Theorem 1)

In our proof of Theorem 1, we consider the following two cases.
Case (I): When ¢ > 0. By applying Lemma 1 and Lemma 2, we obtain

06 6 1 (R+R\ | 1 (Rs+R\ 1 (Ri+R)\
VRV VIREY] T2 T2
A A5 Af Ay \2cosoy Ay \2cos o As; \2cosos

oy (RER | BB  RER)
- /llzcos’al /122005’ o0 /132005’ o3

C A2 272
:2m1n{ t,—1} [( 2[ + 3[ Rt1
cos‘oy  cosl o3
A2 A2 A2 A2
| =2t | Ryt [ L+ 22— | R,
cos' oz cos! o cost ¢  cost o

On the other hand, it follows from the arithmetic-geometric means inequality that

. (13)

A2 N A2 - 227 25!

t f = L
cos'o - cos'@2 T (cosay coson)?

(14)

From oy +op+o3=m,0<a; <%,0< 0 <% and 0 < a3 < %, we conclude
that

T
§<O!1+O!2<7T,

we thus have

1
cos 0 COS 0 = 5 [cos (o — o) +cos (o + )]
15)

N —

1
< 5 [L+cos(on + )] <
Combining inequalities (14) and (15) gives

- - 24t
A2 A2 272

1 2
costoyp  costor T AlA

Similarly to the above, we can obtain

_ _ 2+t
A2 A 27
2 3 o
cos'op  costaz T A3’

and
_ _ 2+t
Y L2z
cos'oz  costay T A3A;C




408 MEA BOMBARDELLI AND SHANHE WU

Applying the above inequalities to (13) gives

' A4 i1 1 1 1
e S min{5,1-5} ¢ ¢ t
2 272 R R R
PR R </12/13 WIS 3) !
which leads to the desired inequality (5).
Case (II): When ¢ < 0. It follows from Lemma 1 that
14 It 148
ViAol ( L+t — )
VM VA VA3 (16)
2cosoy \ (2005052)’ <2cosoc3)t
=/ 2h +v/A3A +v A .
s (R2+R3 > P\ Ry HR, 2\ Ri+R,

Since —t > 0, by using the arithmetic-geometric means inequality and the inequal-
ity given by Lemma 3, we obtain

-t —t -t
m(Zcosal) +\/m<2COSO€2> +\/AE(ZCOSO@)

Ry +R3 R3+ R R +Ry
</ MARLRY (cosfl Ocl) +1/ A3 M RER (cos*’ oc2) +1/AMAR| R, (cos” Oc3)
<27 M0 (4R + R, + A3RE) (17)

Combining inequalities (16) and (17) yields the inequality (6). The condition
of equality in (6) can be deduced from the condition of equality in the arithmetic-
geometric means inequality and inequality (11). This completes the proof of Theo-
rem1. O

4. Applications of Theorem 1

In this section, we show some consequences of Theorem 1. Putting A} = A; =
A3 =1 in (5), we obtain

COROLLARY 1. For real numbers t > 0, the following inequality holds true
R4+ Ry + Ry < 27 min{3 =2} (¢ gt 4 4f) (18)
For real numbers t <0, the following inequality holds true
R 4 Ry + Ry > 2min{=tlh (¢4 4y 4 11). (19)

Choosing in particular # = 1 in (18) yields the following reverse Erdos-Mordell’s
inequality:

COROLLARY 2.

1
Ri+Ry+Ry3 < — U1+ 0+ 43). 20
1+Ry+R3 \/z(l 2+ 43) (20)
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REMARK. Itis worth noticing that the coefficient % in (20) is best possible in the

sense that it cannot be replaced by a smaller constant. In order to prove this statement
we consider the inequality (20) in a general form as

Ri+Ry+ Ry < u(ly+ 0+ 103),

i.e.,

ey

Ry+R R3;+R Ri+R
R1+R2+R3<H< 2 3 3 ! ! 2>.

2cosoy  2cosop  2cosop

A,

A; A,

D
Figure 2: Remark

We construct an isosceles triangle AjA>A3 (see Figure 2): let A D be the altitude
from the vertex A to the side AyAsz,andlet AjA, =A1A3=1, LDA{Ay, = ZDA1A3 =
B, ZDAQ = /DA3Q = /B (0 < <Z). Then we have

_cos(B+ \/E) sin 8 sin 8

Ri=0A, = R, = 0A, = R;=0A; = ——
1= 0A4 COS\/E,zQz cos\/373Q3 cos\/ﬁ’

051:%_\/3, O!zzz—‘,—\/g —E_FE.

1T BT

Now, substituting the above identities into (21) with a simple calculation yields that

sinf8 N sin B +cos(B ++/B)
siny/B cos(%—k@)

In (22), passing the limit as 3 — 0, we find that u > \/LE Thus the best possi-

ble values for u in (21) is that u = -, which implies that % is the best possible

\/E )
coefficient in (20).
Putting in the inequality (19) + = —1, we obtain the following result

cos(B++/B) +2sinf < p (22)

COROLLARY 3.

1 1 1 1 1 1
— et —>2(—4+—+—). 23
R1+R2+R3 (€1+€2+f3) ( )
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It provides a reverse version of the following inequality of Oppenheim [6]:

11 1 1/1 1 1
—+—+ <—<—+—+—). (24)

Ri R Ry ~2\rn 'n n

In addition, let p;, pz, p3 denote the distances from Q to the circumcenters of
NAQA3, NA3QA |, NA1QA; respectively. Then, from inequalities (20) and (23), the
following reverse inequalities of Erdés-Mordell and Oppenheim type are derived:

COROLLARY 4.

Ri+Ry+R3 <V2(p1+p2+p3), (25)
11 1 11 1
> +

Ri Ry Rz~ p1 p2 p3
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