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A NOTE ON SINGULAR INTEGRALS ASSOCIATED
WITH A VARIABLE SURFACE OF REVOLUTION

DASHAN FAN AND SHUICHI SATO

(Communicated by J. Pecaric)

Abstract. We prove LP boundedness of certain singular integral operators associated with a
variable surface of revolution assuming a boundedness of related lower dimensional maximal
operators. The singular integrals are defined by rough kernels satisfying certain size and cancel-
lation conditions.

1. Introduction

Let Q € L'(S"1), where $"~! is the unit sphere in R” (n > 2) with the Lebesgue
surface measure do. We assume that

[, Q(0)do(0)=0. (1.1)

Define a singular integral
S£(0) =pv. [ QO lx=y)dy

for f € .7(R") (the Schwartz space), where y' = y/|y| for y € R"\ {0}. Let f(§) =
Jin f(x)e27%€) dx be the Fourier transform of f, where (-,-) denotes the inner prod-
uct in R”. Then it is known that (Sf) (&) =m(&")f (&), where

&)=~ [ 9(0) [iZsen((&",0)) +log|(€',0)]] do(6).
JSn

By using this expression of the Fourier transform of Sf, we can show that S extends to
a bounded operator on L*(R") if

sup [ 196)[1og ((€.6)[ ") do(6) < (1.2)
é/esn—l- sn—1

By Young’s inequality, (1.2) follows from the condition Q € LlogL(S"~!), where
Llog L(S"~!) is the Zygmund class of all those functions Q on §"~! which satisfy

/SH |Q(0)[log(2+|Q(0)|)do(0) < eo.
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Furthermore, if Q € LlogL(S"~!), by the method of rotations of Calderén-Zygmund
(see [1]) we can show that S extends to a bounded operator on L (R") forall p € (1,2°)
(see also [18] for the best possibility of the class Llog L(S" 1) ).

In the article [10], Grafakos-Stefanov considered the following condition:

sup /71 12(0)] (log (1(6. &)™)’ do(6) <eo for p>1,  (13)
éesn—l Sn

which is stronger than (1.2), and proved the LP boundedness of S defined by Q satis-
fying (1.3) for a certain range of p depending on 3. It has been improved by Fan-Guo-
Pan [4] as follows:

THEOREM A. Suppose that Q satisfies (1.3) for B > 1. Then S is bounded on
LP(R") for p€ (2B/(2B —1),2p).

For s > 1, let A denote the collection of measurable functions /(z) on Ry = {r €

R :7 > 0} satisfying
U 1/s
s, =sp (u* [“oyar) <
u>0 J0

For b € A; and Q € L'(S"~!) satisfying (1.1), we define a singular integral of R. Fef-
ferman type (see [9]):

$u () = pv. [ BDRO "S5 —y) .

In this note, we study singular integrals associated with a variable surface of revolution.
We shall prove the LP boundedness of the singular integrals under certain conditions
and as an application we shall extend Theorem A to the case of Sj, on R?.

We write f(x,z), x € R", z€ R™ for functions on R"™, n>2, m > 1. Define a
singular integral with a rough kernel by

Tfz) =pv. [ DRI -zl dy (14
initially for f € . (R""™), where b € A; and

V(I7Z) = (Yl (I,Z),)/z(l,z),...7Ym(l,Z))

is a suitable continuous mapping from R, x R” to R™ such that the singular integral
(1.4) exists for all (x,z).

To study the mapping property of T, we consider two lower dimensional maximal
functions associated with the function y:

Uy (g)(z) =supu~ /\g z—v(t,2))|dt, (1.5)
u>0

My (h)(s,z) =supu~ / |h(s—t,z—y(t,2))|dt. (1.6)
u>0
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It is known that the L" boundedness of M, implies that of u, (see [13]).
Let H'(S"~!) denote the Hardy space on S"~!. The space LlogL(S""!) is a
proper subspace of H'(S"~!). The following result has been shown by [7]:

THEOREM B. Suppose that Q € H'(S"™!) satisfies (1.1), b is bounded and M,
is bounded on L"(R™) for all r > 1. Then T is bounded on LP(R™™™) for all
€ (1,2].

See [13], [8], [6], [12], [14] for the case where Y(¢,z) is independent of the z vari-
able. We consider the singular integral 7 in (1.4) defined by Q satisfying a condition
similar to (1.3) and prove L” boundedness of it for a certain range of p contained in
(1,00). Let @ be a positive, continuous function on (0,0) such that

(1) ¢ is increasing,

(2) ¢(s)/s is decreasing,
() o(s1) <clo(s) + o)),
@ @(2s) <co(s).

A prime example of ¢(¢) is the function (log(a+1))?, where B >0, a >2 and a may
depend on 3. Define a function y by

—w min(1,st) _ 1
YOS T ew et

where the last equality follows from (1) and (2) of the properties of ¢ . We consider the
following two conditions on Q:

(1.7)

u Q6 0,871 do(0) < o, 1.8
é:snpl/snll (©)10(1(6.8)|) do(0) < (1.8
sup // ) (10— ,8)| ") do(0)do(w) <w.  (1.9)
sest .19" Iy gn—1

For Q € L' (5", the condition (1.3) is equivalent to (1.8) with () = (log(a+1))P
(a = 2). In Section 2, we shall see that the condition (1.8) implies (1.9) when n = 2.
In this note, we shall prove the following:

THEOREM 1. Let 0 < o < }, 132 <s. Suppose that b € As, 35, ¢(27)™“

< oo, Q satisfies (1.9) and My is bounded on L' (R™) for all r > 1. Then T is
bounded on LP(R™™) for s/(s(1—a)—1) < p < 2.

We shall see that the proof of the L? boundedness of Theorem 1 only uses the L”
boundedness of (i, . Thus we have the following:

COROLLARY 1. Let the numbers o, s and the functions @, b, Q be as in Theo-
rem 1. If wy is bounded on L' (R™) for all r > 1, then T is bounded on L*(R"™™).
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For examples of functions y(z,z) for which the maximal operator u, is bounded
on L"(R™), see [2]. When the function 7y is independent of z, we have the following
result:

THEOREM 2. Let s € (1,2], 0 < a < 1/s', where s' =s/(s—1). Let v be inde-
pendent of the z variable. Suppose that ¥~ @(27)~% < oo, b € Ay, Q satisfies (1.9)
and My is bounded on L' (R™ 1) forall r > 1. Then T is bounded on LP(R"*™) for
2s/(B3-20)s—2)<p<2s/(2a—1)s+2).

When y(z) = (), where Z(¢) is a polynomial mapping from R, to R™, the bound-
edness of My can be found in [16, pp. 476-478]. Taking f(x,z) = g(x)h(z) and y =0
in Theorem 2, we have the following:

COROLLARY 2. Let the numbers o, s and the functions @, b, Q be as in Theo-
rem 2. Then Sy, is bounded on LP(R") for the same range of p as in Theorem 2.

By Lemma 1 in Section 2, the condition (1.9) follows from (1.8) when n = 2. There-
fore, by taking ¢(r) = (log(a+1))P in Theorems 1 and 2, we have the following two
results.

THEOREM 3. Let n=2. Let 2< 3, 2B/(B —2) < s. Suppose that b € A, Q
satisfies (1.3) and My is bounded on L"(R™Y) for all r > 1. Then T is bounded on

LP(R™") for sB/(s(B— 1)~ B) < p < 2.

THEOREM 4. Let n = 2. Suppose that s € (1,2], s <, b€ A;. Let y be

independent of the z variable. Suppose that Q satisfies (1.3) and M, is bounded on
L' (R™1) forall r > 1. Then T is bounded on LP(R™™) for 2sB/((38 —2)s—2B) <

p<2sB/((2—B)s+2p).

Also, Theorem 4 implies the following:

COROLLARY 3. Let n=2. Let the numbers B, s and the functions b, Q be as

in Theorem 4. Then Sy, is bounded on LP(R") for the same range of p as in Theorem
4.

In [10], it was shown that there exists a function Q which satisfies the condition
(1.3) for all B > 0 but does not belong to H'(S"~!) and there exists an f € H!(S"!)
which does not satisfy (1.3) forany > 1.

If we combine the proof of Theorem 1 with that of Theorem B in [7], we have the
following:

THEOREM 5. Suppose that Q € H'(S"1) satisfies (1.1), b € Ay for some s > 2
and My is bounded on L"(R™ 1) forall r > 1. Then T is bounded on LP(R"*™) for
s <p<2.
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In this note, C is used to denote non-negative constants which may be different in
different occurrences. In section 2 we shall give several results which will be used to
prove Theorems 1-4. We shall prove Theorems 1 and 2 in Section 3. Finally, in Section
4, we shall give a related result for the Marcinkiewicz integrals.

2. Results for the proofs of Theorems 1-4

The following lemma is for the case n = 2, which is the reason we confine our-
selves to the case n =2 in Theorems 3, 4 and Corollary 3.

LEMMA 1. Let n=2. Let ¢ be as in Section 1 and let ¥ € L! (S”’l), ¥ > 0.
Suppose that

sup [ (0)0 (0,6) 1) do(6) <.

Eesnl

Then

o //S"*lxsnfl W (6)¥(w)o (|6 — 0,8 ") do(8)do(w) < .

gesnl

Proof. Put ¥(1) =P(cost,sint). Then the condition assumed for P is equivalent

to
2T
sup P(t)g (Jcostcosu+sintsinu| ') dt (2.1)
ueR /0
B 2n B )
= sup ¥(t)o (|cos(t—u)| ") ar
ucRJ0
_ ~27r\il ) B )
= sup ) (|sin(r —u)| ") dr < .
ueR /0

Also, the conclusion of the lemma is equivalent to

2 21
sup P(1)¥(s)o (|cos(t —u) fcos(sfu)rl) dtds
ucRJ0 0
= sup 02” Ozﬂ‘i’(t)q’(s)(p (125in((¢ +5 — 200)/2) sin((t — )/2)| ") deds < o

Thus by (3) of the properties of ¢, it suffices to show that

27

sup P(t)e (sin(t/2 —u)| ") dt <o,
ucRJ0
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This can be shown by applying (1), (4) of the properties of ¢ and (2.1) as follows:

21
sup ‘i’(t)(p(\sin(t/2fu)|*1) dt
ueR /0

21

< Csup A P(t)o (|2sin((t —u)/2)cos((t —u)/2)| ") dt
ueR

=Csup .M‘i’(t)(p (Isin(t —u)| ") dr < .
ucR J0

This completes the proof.
For k € Z, let I, = [2¥,2K*1), where Z denotes the set of all integers. Then

T(f)(xaz): 2 ka(X,Z),

where

Tef (x,2) = /R 2 (DB(yD IV ™" QO)f (x = v,z = v(Iyl,2)) dy
Let .# be the Fourier transform acting on the x variable. Then it is easy to see that

FIS)ED) = [ 2 BIBDIR0)F (F)(E 2= vy, 2)e >0 dy

By applying the boundedness of the maximal operator iy as in [7], we have Lemmas
2 and 3 below for the estimates of .% (T f).

LEMMA 2. Let b € A, for some s > 2. Suppose that W, is bounded on L"(R™)
forall r > 1. Then

1 (Tf) (&) 2@y < CIRYENF (NE )2 @ms

where C is a constant independent of k € Z and & € R".
Proof. Note that
F(Tf)(E / bt —v(,2)) /SH Q(0)e "0 4o (0)dr/t.  (2.2)
We define F¢(z) =.% f(&,z). Then by (1.1) and Holder’s inequality we have
FONED < [ p0)F 1002 [ 2(6) (e 3E0 1) do(o)] arf

<cllel /1 |b(e)Fe (z— 1(t,2))| |€| e

, 1/s
<cl@lilbls, [2€| (m(F)@)
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By the L*/*" boundedness of Uy, we have

/

1/2
(/Rnﬂg“(ka)(é,z)lzdz) <ClRA[Bla,

2] | (wr) "

L2(Rm)

< Q1B

2"5‘ I Fell 2 my
which completes the proof of Lemma 2.

LEMMA 3. Let b € A, for some s > 2 and let Q satisfy (1.9). Suppose that i,
is bounded on L"(R™) forall r > 1. Let 1 < g <2s/(s+2). Then

~1/q
|7 (T E 2y < Co (12€1) 7 1Z (A E 2y
where C is a constant independent of k € Z and & € R".

Proof. For g satisfying 1 < g < 2s/(s+2), by using Holder’s inequality in (2.2),
we have

|7 (T f)(& (/ |b(t)F:(z—v(t,2))|? dt/t> L
s /(s— (s—q)/(sq)
<Clblla, (pl1Fe /=) () i
where Fg is as in the proof of Lemma 2 and
) r 1/r
.,zﬂnk_( / 1sz(e)ﬁ’m@v@do(e) dt/t> .
I J S

Note that -2 )
k<1l qu,kq'

A direct computation shows

2= [, . 208w

s C//S:nflxs,,,l 2(0)2(@)|min (1,124(0 - @,£)| ") do(6) do(w)

/;kﬂ exp(—2mit(6 — w,&)) dt/t] do(0)do(w)

By (1.7) we have
r<c [, ReR)e(6-0.8) ) v e do(0)doo)
< Co(2E))” //S 200000 (10— 0.£)|") do(0)do(o).



448 DASHAN FAN AND SHUICHI SATO

Since Q satisfies (1.9), we have
L2 < Co(2HE) L 2.3)

Therefore we have

F ()& < Clbla@@ED ™ (myl(Fe ) @)

which proves Lemma 3, since

sq/(s—q))\(s—a)/(sq)
(W (| Fe| )

L S ClIFell 2 @my-

When the function ¥ is independent of the z variable, we have the following two
lemmas.

LEMMA 4. Suppose that the function y is independent of the 7 variable: y(t,z) =
y(t). Then
|(Tif (&, @) < ClIblla, Q111 12°E[| 7(€, )],

where C is a constant independent of k € Z, £ € R" and o € R™.

Proof. Ttis easy to see that

(ka)’\(§760) = f(g,(l))Ak(57CO)7
where X
AE,0) = [ D)Wy e 2 OE b gy,

By (1.1) we have
AE®) = [ 2 (DBDR | e 2000 (2708 1) ay,
from which the conclusion immediately follows.

LEMMA 5. Suppose that the function y is independent of the z variable. Let
b € A for some s € (1,2] and let Q satisfy (1.9). Then

—1/s

R /s
(Tfy(E o) <Co(i2%]) T 17(E ),
where C is a constant independent of k € Z, £ € R" and o € R™.

Proof. Let Ax(&,w) be as in the proof of Lemma 4 and % as in the proof of
Lemma 3. By Holder’s inequality we have

AL, 0)] < ClIblla, Ly < Clblla L5y

which combined with the estimate (2.3) completes the proof of Lemma 5.
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3. Proofs of Theorems 1 and 2

Let ® € Cj(R") be aradial function supportedin {& : 1/2 < |§| <2}. We assume
that

i D(2/E)2 =1 forall £+#0.

Jj=—c0

Let T; be as in Section 2. Decompose

Tf=Y, <2Sj+k(Tk(Sj+kf))> =Y Uif,
Jo\k J
where the operator §; is defined by

F(Si1)(8.2) = F(£)(£.2)@(2'E)

and

Uif = XSix(Ti(Sjsaf))-
k
By the Littlewood-Paley theory we have the following:

LEMMA 6. Let p € (1,%0). Then

12
1Y Sefellprnimy < C <2|fk2> ; (3.1)
k k

Ly (Rn+m )

where fi € .7 (R"™) and fi, = 0 for all but a finite number of values of k; also

1/2
H (ZlSkﬂz) Sl fllernsm), (32)
k

Lp(Rw+m)
where f € . (R").

Now, we prove Theorem 1. Let D; = {£ e R": 27771 < |§| <27/F1}. Then, by
(3.1) with p =2 and the Plancherel theorem we have

2
V2o <CX [ TS0 0220 dyz (3.3)
k

-3k (L

<cy [ ([ 7mneEar ).

o@18)[ |7 (1) 2P it )

J+k
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Let j > 0. Since the L" boundedness of M, implies the L" boundedness of Ly
(see [13]), by Lemma 2 and (3.3) we see that

10 e <€ S [, () f(f)(éz)zzkazd&)dz

j+k

<cr 2J/R’"<2/j+k 2 d&)

< [ F(E ez

m

Thus we have '
||Ujf||L2(Rn+m> < C27/Hf||L2<]Rn+m) for ] = 0. (34)
Next, let j < 0. Then, using Lemma 3 and (3.3), we have

U iz < COCY) MY [ flpmy for 1 <g<25/(s+2). (3
Let s’ < r < 2. We shall prove
Ui f |z msny < Cllf 1z omen) - (3.6)

By interpolating between the estimates (3.4), (3.6) and between (3.5), (3.6), we com-
plete the proof of Theorem 1, since ||T(f)|l, <X;[|U;f|l,-
By Lemma 6, to prove (3.6) it suffices to show that

i 12
( Y |kak|2>

k=—oo

N 1/2
<C (2 fk|2> for re (s,2]. (3.7)

Lr (Rm+n> Lr (Rm+n>

LEMMA 7. For h€ Ay, u>1, Q€ LY(S"71), let

On(f)(x,z) = sup [R(IyDQO)II ™" f (x =y, 2= v(Iyl,2)) | dy.

keZ -/2" <ly|<2kH!

Suppose that My is bounded on L' (R™Y) for all r > 1. Then Qy, is bounded on
LP(R™™) for p > u'.

Proof. The proof is similar to that of [8, Lemma 2.4]. By Holder’s inequality we
have

01(1)(2) <Clla, [ 1000)] (Mo 171)x:2)) " ()

where
,2k+l

Mg (F)(x,2) =sup2* |F(x—10,z—y(1,2))|dt.
keZ J2k

In [7], it was proved that the boundedness of M, implies

1Mo.4(2)]

LRy S Cllgllgpgm+my forall p>1,
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with C independent of 8 € S§"~1 Therefore, if p>u,

, 1/
191 ()| p @etmy < CllRlla, /71‘9(9)‘(M9,y(\f\”)(x,z)) do(0)
s Lp(Rn+m)
;o 1/
< u
<Cllil, 190! [0, (1) .0, 4570)

< Al LA N Mz @rem)-

This completes the proof.
Now, we can prove (3.7) by applying the method of [7]. We have the following
estimates:

<C
Lr<Rn+m)

forall r>s', (3.8)

sup | Tx fx| sup | fx|
keZ keZ

L (Rn+m )

1/r 1/r
(Z kak|’> <C (Z fk|r> forall r>s"  (3.9)
keZ Lr (Rn+m) kez Lr(Rrtm)

since supy.z | Tifk| < O (supyez /i) [Tifk] < Q(1fil) and Qy is bounded on L (R™)
for r > s’ by Lemma 7, where Q, is defined as in Lemma 7 by using the functions b, Q
and y of Theorem 1. Thus, (3.7) follows by interpolating between the estimates (3.8)
and (3.9). This completes the proof of (3.7) and hence the proof of Theorem 1.

Now, we turn to the proof of Theorem 2. Let V; be defined in the same way as U,
in the proof of Theorem 1 by using the functions b, € and y satisfying the conditions
assumed in Theorem 2. Then, arguing as in the proof of Theorem 1 and using Lemmas
4 and 5, we can get estimates similar to (3.4) and (3.5); that is,

IVifll 2 goemy < C277 || fll 2oy for j >0, (3.10)
Vil 2gnemy < COEYI) TV £l 2gnemy  for j < 0. (3.11)

Also we have
||ijHLr(Rm+n> < CHf”Lr(]Rern) for |1/V— 1/2‘ < I/S/. (312)

This follows from Lemma 6 and the estimate

1/2 1/2
H <2kak|2> <C <2fk|2>
3 3
LV

Ly (Rn+m) (R

for |1/r—1/2| < 1/s', where T is as in the proof of Theorem 1, with everything
adapted for the present case. The proof of this estimate is essentially the same as that
of (3.14) of [8] (see also [5, Theorem 7.5]). Applying interpolation to the estimates
(3.10)=(3.12) and noting [|T(f)||, < X; [|V;fll», we complete the proof of Theorem 2.
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4. Marcinkiewicz integral analog

We can also consider the Marcinkiewicz integral

- ) 1/2
pa(f)(x) = (/0 t3dt> .

The following theorem related to the above operator is from Theorem 1 in [11].

QU )y by f(x—y)dy

Jlyl<r

THEOREM C. ([11]) Let {Ktj},mqgo be a sequence of functions on R" x (0,)
such that ||K} ||y < C27, supp(K/) C {12/7! < |x| <2/} forall t > 0 and —o <
Jj <0, and such that the operator

5 1/2

Ve

o
Y, K+ f(x)

Jj=—o0

e =1 [

is bounded on L*(R"). Suppose that

sz

*f(x)‘ is

(a) for each non-positive integer j, the maximal operator supl>0‘
bounded on LP (R") with bound C(n,p)2/ forall 1 < p < o;

(b) there exists some positive constant 3 > 1/2 such that for any non-positive integer
jandt >0

R/(&)| <2 (1og2+ 27e)) "

Then the operator W is bounded on LP(R") for 43/(4B —1) < p <4p.

Now we write

5 1/2

0
2 Ké}t*f(x) tLdr

j=—oo

palNw = | [

with
K, () = 1 I b)) Q) 1 <) (0):

For simplicity in the discussion, we only study the case b € A,.

THEOREM 6. Let n=2, b € Ay. If a function Q is homogeneous of degree 0 on
R" and satisfies (1.1) and (1.3) with B > 1, then ug is bounded on LP(R") for all
2 < p <2B. If we further assume that b is bounded, then g is bounded on LP(R")

Sforall 2B/(2B—1) < p<2f.
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Proof. First, it is easy to see that
1K, NIt < C2[|b]|a, 1R < C271b]a, 1211

Second, using the argument in Lemmas 3 and 5, we find that

R4,(8)| < 2P pliasLa

127

g = // Q(6)Q(w) fl/zjilexp(—277:ir<6—w,§))dr do(0)do(w).

t

Thus using 72/ to replace 2F in (2.3), we obtain that

két(g)‘ <2 (10g(2+ ‘t2j§|))*ﬁ/2.

The L? boundedness of Ug is obvious from this estimate and (1.1). We omit the detail.
Therefore, by combining the results and checking the proof of Theorem C, we can
get the first part of the conclusion of Theorem 6 (the boundedness of the maximal

operator sup, ‘ ‘K,J *f (x)’ is not needed for this case). It is easy to see that the

x f (x)’ is bounded on LP(R") with bound C(n, p)2/ for

all 1 < p < oo if b is bounded. Thus the second part of the conclusion of Theorem 6
follows from Theorem C.
We refer to [17] for related results on the Marcinkiewicz integrals (see also [15]).

maximal operator sup,- || K
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