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EULER HARMONIC IDENTITIES AND
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Dedicated to Professor Josip Pecaric¢
on the occasion of his 60th birthday

Abstract. Generalizations of Euler identities involving u -harmonic sequences of functions and moments
of real Borel measure u are established. Some Ostrowski and Euler-Griiss type inequalities for
functions of various classes are proved.

1. Introduction
For a,b € R, a < b, let C[a,b] be the Banach space of all continuous functions f :
[a,b]—R with the max norm, and M[a,b] the Banach space of all real Borel measures
on [a,b] with the total variation norm.

Introduce the sequence of functions K, : [a,b] x [a,b] — R, n > 1, by

X

N

. fin(2), ast
Kn(x»t): o n

Un (1) + %en,l(t,,u), x<t<b

for a < x < b, while for x =>

. U,(t), a<t<b

Here [i, : [a,b]— R, n > 1 denotes the general distribution function of u € M|a,b]
defined by

i (1) = (n—ll)! /(t_s)n_ldﬂ(s)7
[a]
and
en(x,p) :/[ ](s—x)”du(s), n>=0,x€ [a,b]

is the n-th x-centered moment of u.
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Let f : [a,b] — R be such that f"~1) is a continuous function of bounded variation
on [a,b] for some n > 1. In the recent paper [1] the following identity has been proved:

[ FOdut) + 5,6 = Kot (L1)
[a.b]
for every x € [a,b], where
n—1
gn(x> = %f(k) (‘x>ek('xnu)7
k=0

and
Ro(x) = (=1)" | Ku(x,0)df" D (1).

This identity has been used in [1] to prove some generalizations of weighted Ostrowski
inequality. See also [5].

The aim of this paper is to generalize formula (1.1), by replacing the sequence
(K, n > 1) with a more general sequence, and using it to prove some further general-
izations of inequalities of Ostrowski type and Euler-Griiss type inequalities.

2. Some integral identities

Let u € Mla,b]. A sequence of functions P, : [a,b] — R, n > 1, is called u-
harmonic sequence of functions on [a,b] if

Pi(t)=P,_1(t), t € [a,b], n > 2,

and

for some c € R.
The sequence ([i,, n > 1) is an example of u-harmonic sequence of functions on
[a,b]. The notion of a u-harmonic sequence of functions has been introduced in [4].
A sequence of polynomials (Q,, n > 1) is called semiharmonic sequence of poly-
nomials if

Q.(t) = Qn1(t), t € [a,b], n>2,

and
01(t)=c, 1t € [a,b]

for some ¢ € R. If (Qy, n > 1) is a semiharmonic sequence of polynomials and u €
M{a,b], then the sequence B, = Q,, + [I, n > 1 is a p -harmonic sequence of functions
on [a,b]. Obviously, the converse also holds.
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Let (P,, n > 1) be a u-harmonic sequence of functions on [a,b]. Define function
K, :|a,b] x [a,b] = R, n>1 by

P.(1), a<t<x
K .x7t = n
n( ) Pn(t)+((,1__ll))!en—l(t7“)a X<l<b

for a < x < b, while for x=>

k=4 o

It is easy to see that for n > 1,
Kq(x,a) = Py(a), K,(x,b)=P,(b)— l1,(D)
for every x € [a,b], and that K,,(x,-), n > 2 is continuous on [a,b]\{x}, having a jump
of
-1
((n 1)) Cp— 1()6 .u)
at x. Further, K, (x,-), n > 2 is differentiable on [a,b]\{x} and

Kr/Hrl (x7 ) = K"(x7 )

LEMMA 1. Forn >2, x € |a,b], and f € Cla,b], we have

b

/ F(O)dKy (x,1) = / O (rt)di + 2 e () £ (),

[a,b] a

while for n =1,

[ rodgien = [ f0au) - ndah)s@ - pllab) .

[a,b] [a,b]

Proof. For n > 2, the function K,(x,-) is differentiable on [a,b]\ {x} and its
derivative is equal to K,,_; (x,-). It has a jump of (( )) en—1(x, 1) at x, which gives the

first formula. Further, K (x,-) has a jump of —fi;(b) at x, and by [2, Lemma 2.2.] w
have

[ r0axin = [ feaio - @)

[a.b] [a,0]
[ F0due) ~ fin(@) (@ ~ ()
la.b]
= [ #0du) — p({ahf(@ - nllab)r ),
[a,0]

which proves the second formula. [
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THEOREM 1. Let f: [a,b] — R be such that f"~Y) is a continuous function of
bounded variation for some n > 1. Then for every semiharmonic sequence of polyno-
mials (On, n > 1) we have

[ 10+, = Ro() @.1)

0.t

for every x € [a,b], where

Proof. Integrating by parts, for k > 1, we have

Re(x) = (— AR () FE D o)

— (=1 / FED @ dKy (x,1) . (2.2)

0.t

a

Since Ki(x,a) = Pi(a) and Ki(x,b) = Py(D) — k(D) = Qi(b), by the first formula of
Lemma 1, for £k > 2 we have
Ri(x) = (=1 Qu(0) %V () — (= 1)* Qu(a) f* ()
HDE [N aK ()

0.t

= (=D %V (b) = (- 1) Q@) f* D (a)

b
D [ ORe (rar

—_1)k _
=) e ) £ )

= (=D )V (b) — (=D Qul@) 4V ()
_ﬁf(kil)(x)ekfl(xaﬂ) + Ri—1(x). (2.3)

—

By the second formula of Lemma 1, for £ = 1, (2.2) becomes

Ri(¥) = =Qi(b)f(b) + P(@f (@) + [ (0K (1)

[a,b]

= —01(b)f(b)+Qi(a)f(a) + u({a})f(a)
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+ [ @dun) - p{a))f@) - u(la.b) )

[a.0]
= 010/ (B)+ (@ (@)
+ [ 1O - pllab) ). 4
[a.b]

From (2.3) and (2.4), by iteration, it follows that

Ri(x) = ¥ (~DMQub) %V (b) — Ox(a) f* ()]

k=2
- En: (k_ll)!f(kil)(x)ekfl(x’.u) +Rl(x)
k=2
- ki(—l)"[gk(mﬂk-”(b) — 0u(a)f* V(@)
=1
=X et W (o) (b)) [ rwan)

which proves our assertion. [l

REMARK 1. In the special case P, = [, n > 1, 1i.e. 0, =0, n > 1, the sequence
(K,, n > 1) reduces to the sequence (K, n > 1) from the Introduction, S, (x) reduces
to S,(x), and identity (2.1) becomes identity (1.1).

3. Generalizations of weighted Ostrowski inequality

In this section we shall use the same notations as above.

THEOREM 2. Let f: [a,b] — R be such that f"~Y) is an L-Lipschitzian function
on la,b] for some n > 1. Then

| [ rOau +s,tx <L/\K (x,1)] dr

[a,b]

forevery x € [a,b].
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Proof. If @ : [a,b] — R is L-Lipschitzian on [a,b], then for any integrable func-
tion g: [a,b] — R we have | [, ,;8(1)do(1)| < LJ”|g(t)|dr. Using this estimate and
Theorem 1 we get

b
x)| = ‘ / K, (x,t)df(”_l)(t)) < L/|K,, (x,1)|dt,

which proves our assertion. [

COROLLARY 1. If f is L-Lipschitzian on |a,b], then for every x € |a,b], ¢ € R
and u € M[a,b] we have

| [ (o)~ p(lab)s o)+ clr(@) — )]

X b
<tlfle+uaildr+ [le—p((e.p))dr]
L(b—a)(el + lu):

Proof. Put n =1 in the theorem above and note that P(¢) = ¢+ fI;(t) = ¢+
u([a,t]), t € [a,b], for some ¢ € R, and S| (x) = —u([a,b))f(x) +c[f(a
while

b X

b
[KiGendr= [letwaldr+ [le=u(@bDldr< (el + lul)b-a). O

a a

THEOREM 3. Let f: [a,b] — R be such that f"~Y) is a continuous function of
bounded variation on |a,b] for some n > 1. Then

| [ 70t +5,)] < ma ) V()
[a.b]

for every x € [a,b], where V2(f"=V) is the total variation of f*~) on [a,b].

Proof. If F : [a,b] — R is bounded and the Stieltjes integral [, F)df" ()
exists, then

| [ FOar o] < max [F@)]- v (1),
[a,b]

la,b] rel

By applying this estimation to formula (2.1) we have

x)lz‘ /Kn(x,t)df(”‘”(t) < n}a);]\Kn(x,t)lVf(f(”‘”),
te|a,
[a,b]

which proves our assertion. [l
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COROLLARY 2. If f is a continuous function of bounded variation on |a,b], then
forevery x € [a,b], c € R and u € M[a,b] we have

| [ @du(0 - (e b)s ) +elf(@) — o)

< _ b
< max{ max e+ 4 (a.])], max = (16D V()

< (el + [l Vi ()-

Proof. Put n =1 in the theorem above and note that

max 1K (v.1)| = max{ max e g ([aur])], max e — p (6D} < Jel + ] O

t€la,b]

REMARK 2. Inthe special case, when Q, =0, n> 1, i.e. P,=[I,, n> 1, Theorems
2 and 3, according to Remark 1, imply [1, Theorems 2 and 3], respectively.

THEOREM 4. Let f : [a,b] — R be such that ") is integrable for some n > 1.
Then

| [ 700+ 5,09] < max 1) 17

[a.b]

for every x € |a, D).

Proof. Note that in this case V2(f"~1)) = f |F"(0)|dt = || £ |1, and apply
Theorem 3. [

THEOREM 5. Let f :[a,b] — R be such that f") € L..[a,b] for some n> 1. Then

b

| [ 10au@+5,00| < [1Kat)ldr- 7]

[a.b] a
for every x € |a, D).
Proof. In this case f"~1) is L-Lipschitzian with L = || f"||... O

THEOREM 6. Let f : [a,b] — R be such that f") € Ly[a,b] for some n > 1 and
1 < p <oo. Then

| [ £Odr©)+5,00] < 1K) Lol

[a,b]

forevery x € [a,b], where 1 /p+1/qg=1.
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Proof. By applying the Holder inequality we have

| [ r0auo +si /|K (e 1 (1)l < /\K ayar) 7,

[a,b]

which proves our assertion. [

4. Some Griiss-type inequalities

In this section we use the identity obtained in Theorem 1 to prove some general
Euler-Griiss type inequalities which hold for a class of functions f possessing deriva-
tives f") in L..[a,b] for some n > 1. For such functions we can always assume that

my <f(”)(t) <My, t €[a,b], ae

for some real constants m,, and M,.

REMARK 3. Since
Kn(xat) = Qn(t) +kn(x7t)a a<t<b,a<x<b,
by using [1, Remark 4] we have

/|K (x.1)|di < /\Qn

S/\Qn(t)ldﬂr% [ r=stdlul )
a a,b]

K (x,1)| dt

< [1@uldt+ Il (252 + 1x - 2521

Measure U € M[a,b] is called balanced if u(|a,b]) =

THEOREM 7. Let f : [a,b] — R be such that f") € L..[a,b], for some n > 1. If
€ [a,b] and (P, k > 1) are such that Qpy1(b) — Qny1(a) + 4 nl!) (x,u) =0, then

b
| [ £0an® +5,)| < 30t —m) [ 1K (eofar

[a.b]

< 40y~ my) /\Qn N3 [ 1=l dul @)

[a,b]

< 30— m)[ [ 1000)1dt+ ] (252 + e — 2521
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Proof. Define measure v, by dv,(t) = (—1)"K, (x,t)dt. Then

b

va([a,b]) = (—1)"/Kn (1) di

a

X

:(—1)"{/[( (x,1) dt+/bK (x,1 dt}
/P dt—|—/ en 1 (2, 1))dt
= (—1)"[Qus1(b >—Qn+1<a>+<n‘,) (x, )],

which means that v, is a balanced measure since, by our condition, v, ([a,b]) =0
Further, ||v,|| = [ |K, (x,1)| dt. Therefore, according to [3, Theorem 1] we have

b b
0 = | [ Kalen) £ 0] < 00— m) vl = § 0, = m,) [ 1K (o),

a

which proves our assertion, by using the remark above. [

COROLLARY 3. For f € Lu[a,b] let x € [a,b], c € R and u € Mla,b] be such
that ey (x,u) = c(b—a). Then

| / S(0)au(0) = 1.1 (0 +c[f (@)~ £(B)]|

< Ly —my) /\c+u a,1] |dt+/\c— (1,0 |

< 3 (M1 —my) (b —a) (e + [|u]).-
Proof. Put n =1 in the theorem above and note that Q,(¢) = ¢ + ¢(t —a) for
some ¢, ¢ €R, and Qs(b) — Qz(a) —er(x, 1) =c(b—a)—ei(x,u)=0. O
In the following corollary m,(u), n > 0 denotes the n-th moment of u € M(a,b].
COROLLARY 4. Let f : [a,b] — R be such that f) € L..[a,b] for some n > 1.

If u € Mla,b) and (P, k > 1) are such that Qn41(b) = Qu+1(a) and my(u) =0 for
k=0,...,n, then

IN
D=
<

|

3
£

—

N
=
2
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for every x € |a, D).

Proof. Apply the theorem above and note that in this case we have e;(x,u) =0
for k=0,...,n and for every x € [a,b], while

(—D @) 4V 0) - Q@) f* V(@) D

M=

Su(x) =

k=1

COROLLARY 5. Let f: [a,b] — R be such that f") € L..[a,b] for some n > 1. If
"j‘k(b) :0f0r k= 1,...,l’l+1, and Qn+1(b) = Qn+1(a)7 then

| [ 50du) + 304 10) 0 (6) - 0ula) @)
(a.b] k=1
b

< %(Mn—m,,)/ﬂ(n (x,1)| dt

a

for every x € |a, D).

Proof. Note that in this case we have mo(u) = my(u) = --- = my(u) = 0, by

using [3, Theorem 4]. Now apply Corollary 4. O
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