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EXISTENCE AND BEHAVIOR OF SOLUTIONS FOR
VARIATIONAL INEQUALITIES OVER PRODUCTS OF SETS

D. INOAN
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Abstract. In this paper we study a variational inequality over a product of sets, governed by a
multi-valued mapping, in pseudomonotonicity conditions. We are interested in the existence of
the solution and, when the inequality depends on a parameter, also in the behavior of the solution
at perturbations of the parameter.

1. Introduction

Several problems arising in economics, physics, engineering and other fields can
be modeled using systems of variational inequalities or variational inequalities over
Cartesian products of sets. Such problems have been much studied and existence results
were proved in the presence of different monotonicity or pseudomonotonicity concepts
(see [9], [20], [3], [17D).

We consider here a variational inequality over a product of sets, governed by a
multi-valued mapping. Assuming that the mapping satisfies a certain pseudomono-
tonicity condition (used also in [10], [12], [16]) we prove the existence of a solution for
the variational inequality.

If the variational inequality depends on a parameter, a problem of interest is the
behavior of the solution under perturbations of the parameter. In this paper we are
interested in two aspects of this problem: the closedness of the solution mapping and
the Holder continuity of the solution.

2. An existence result

Foreach i € I = {1,2,...,n}, let X; be real Hausdorff topological vector spaces,
X; their duals and X =TIT;c/X;; X* =II;e/X;*. We denote by (-,-) the pairing between
X and X; and consider the weak topology defined from the duality of the pair of
spaces.

Let Fi: X 2%  F= (F1,...,F,). Let K; C X; be nonempty, convex, closed sets
and K =I1;¢K;. Then K is also a nonempty closed and convex setin X .
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We formulate the following variational inequality:

Find x= (x1,...,x,) € K such that

n

(VD
2 sup <fi7)’i—xi> = 07 vy: (yla'“)yn) €K
i=1fi€Fi(x)

To obtain an existence result for the problem (VI) we will use a generalization of the
Ky-Fan intersection lemma and a result about the marginal function:

LEMMA 1. ([8]; [15], Theorem V.2.23) Let V be a topological vector space,
HCVand T:H — 2V such that:

(i) clT (xo) is compact for some xy € H,

n
(ii) for every xy,x2,...,x, € H, co{x1,x2,...,xn} C U T(x;),
i=1
(iii) for each x € H, the intersection of T (x) with any finite dimensional subspace
of V is closed,

(iv) for every line segment D of V,

a( N TW)np=( N T())ND,

xeHND xeHND

Then ﬂ T(x) #0.

x€E

If H is convex, closed and T(x) C H for every x € H, then the hypothesis (iv)
can be replaced with:
(iv’) for every line segment D of H, cl( ﬂ T(x)) ND= ( ﬂ T(x)) NnD .
xeD €D

LEMMA 2. ([15]) Let U and V be topological spaces, G :U — 2V a set-valued

mapping and g : U XV — R. Denote by h: U — R, h(u) = sup g(u,v) the marginal
veG(u

Sfunction. If the conditions: v

(i) g is upper semi-continuous on U XV,

(ii) G(up) is compact for some uy € U,

(iii) G is upper semi-continuous at uy,
are satisfied, then h is upper semi-continuous at u.

n
Foreach z€ X, wedenote T(z) ={x€ K| Y, sup (fi,zi—xi) >0}. Obviously,
i=1fi€Fi(x)
if x € T(z) for each z € K, then x is a solution of the problem (VI).
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LEMMA 3. Foreach 7',7%,...,72" €K, co{z!,...,2"} C T(z')U...UT(z").
Proof. Suppose that there exist Ai,...,A, >0 with A; +...+A, =1 such that
14 . n

7=Y Az ¢ T(d), thatis ¥, sup (fi,zf—7;) <0, foreachI=1,...,p
=1

i=1fi€Fi(Z)
We fix f=(f1,...,/n) € F(Z). Obviously,

<fl7 - >\2 sup <fl'7Z§_Z_i><0a

i=1fi€Fi(2)

I M:

foreach I =1,...,p. We have

D

n P X n p
thl l Z fl7 lezlj_ 2 2 Zz’j<ﬁ7 - >

i=1 j j=1 i=1j=1

Ajfnd =z = X A X el — 7) <0,

j=1 =1

T
NS

—_

Il
M~
M=

~
Il

—_
Il

—_

which is a contradiction. [

Many notions of pseudomonotonicity have been defined (see [14], [19]) mainly
starting from the algebraic one introduced by Karamardian in 1976 and the topological
one introduced by Brézis in 1968. The following condition appears in several papers.
We mention here [11], [16] (where it was studied in the single-valued and set-valued
case and compared to some of the classical concepts of pseudomonotonicity) and [12]
(where it appears also in the more general context of equilibrium problems and it is
called 0-segmentary closedness).

In the case of a multi-function defined on a product of sets, we have:

DEFINITION 4. F =(Fy,....,F,), F;: X — 2%/ is said to be a C-pseudomonotone
(0-segmentary closed) mapping if, for each x,y € X and each net {x*} C X, with

x% —~x,
n

> osup (fi,(1—1)xi+ty;—x¥) >0,V €[0,1], Vo
i=1fi€F;(x*)

n
implies Y sup (fi,yi—x;)>0.
i=1fi€F(x)

LEMMA 5. If the function F is C-pseudomonotone, then for each x,y € K

wel ([ T@) Nyl = ( ﬂ T(2)) Nlx

z€[xy) z€xy)

Proof. Itis enough to prove (see [16]) that, foreach y € K, x € w-cl ( ﬂ T(z))
z€[xY]
implies x € (,cpyy T(2). Let {x*} be a net such that x* € (¢, T(2), with x* — x.
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This means that x* € K and

Y sup (fi,(1—1)xi+1yi—x{') 20,V €[0,1], a €N.
i=1fi€F;(x%)

Since F is C-pseudomonotone, this implies Y’ ; sup fieFi(x) (fi,yi —xi) = 0. For each
t € [0,1], we have

n

n
Y sup (fi,(1—1)xi+tyi—xi) =1, sup (fi,yi—xi) =0
i=1fi€F;(x) i=1 fi€Fi(x)

thatis x € T(z), foreach z € [x,y]. O

THEOREM 6. Let K; C X; be convex, closed, nonempty, foreachicI={1,...,n}.
Let F = (Fy,...,F,), F;: K — 2% . Assume that the following conditions hold:

(a) F is C-pseudomonotone,

(b) there exist B C X weakly compact and z° € K such that

2 sup <fi7Z? —xj) <0, foreachx € K\ B,
i=1fi€Fi(x)

(¢) For each finite dimensional subspace Z of X, F; is upper semi-continuous on
KNZ, with the weak* topology in X},

(d) F;(x) is weak* compact for each x € K, for each i € I.

Then the problem (VI) has at least a solution.

Proof. We check the hypotheses of Lemma 1 for the sets

T(z)={xeK| Y sup (fi,zi—x;) >0}, forz€K.
i=1fi€F(x)

(i) From (b) we have that T(zo) C B, which gives w-cl1T(z9) C w-clB = B. Since B is
weakly compact, it follows that w-c1S(zp) is also weakly compact.
(i1) Follows directly from Lemma 3.
(iii) Let Z be a finite-dimensional subspace of X. We have to prove that ZNT(z) is
closed, foreach z € K.

Consider a net {x*} C ZNT(z), with x* — x. This means that x € ZNK and

n
2 sup (fi,zi —x{) > 0. The mapping (-,-) is continuous for the first component
i=1fieF(x*)
with the weak* topology and the second one with the strong topology. Defining the
function g : X x X — R, by g(f,x) = (f,z —x;) we apply Lemma 2 and obtain the
upper semi-continuity of the function sup (fj,z; —-), for each i € I. It follows:
fi€Fi(")
limsup sup (f;,zi—x¥) < sup (fi,zi —xi).
o fieF(x*) fi€Fi(x)
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up (fi,zi—xi) = thsup sup {(fi,zi —x{)

S
i=1fi€Fi(x) =1 *  fieF(x%)

> limsupz sup (fi,zi —xi') = 0.
& i=1fiEeR(xY)
This gives x € T(z),s0 x€ T(z) NZ.
(iv) Follows directly from Lemma 5. [

The pseudomonotonicity introduced by Karamardian for single-valued functions
was generalized in several ways for set-valued functions (see [14], [19]). In the case of
a multi-function defined on a product of sets, a possible generalization is the following:

DEFINITION 7. F = (Fy,...,F,) is said to be generalized algebraic-pseudomo-
notone if from

n n

2 sup (fi,vi—x;) =0 it follows that 2 inf (g;,yi—x;) >0.
=1k i=18i€H0)

REMARK 8. If F is generalized algebraic pseudomonotone and for each i € I,
Fi(x) is weakly* compact and the application ¢ — F;((1 —#)x+ty) is upper semi-
continuous at 0 with the weak* topology in X (for each x,y € X), then F is C-
pseudomonotone.

Proof. Let x,y € X, {x*} C X, anet with x* — x and

Z sup (fi7(l—t)x,-+ty,-—x?‘>20,Vt6[0,1]7 Va.
i=1 ficF(x*)

From the generalized-algebraic pseudomonotonicity, it follows that

(gi, (1 —t)x;+ty; —x) > 0, foreach g; € F;((1 —t)x+ty).

™M=

I
_

I

For each i € I, we can pass to the limit, x¥ — x; getting

™M=

(git(yi—xi)) 20,V g € F((1—t)x+1ry), Vi €[0,1] and
1

n

n
sup (8isyi — xi) 2 gi,yi—xi) =20,V e(0,1].
i=18i€F;((1—1)x+ty) i=1

According to Lemma 2 the function h(f) = SUp,,cr,((1—1)x11y) (8i»Yi — Xi) is upper semi-
continuous at 0, for each i € I. We get from this

Y sup (fiyi—x)> Y limsup  sup  (gi,yi—x)
i=1fi€Fi(x) i=1 120 gieF((1-t)x+ty)
n
> limsup )’ sup (gi,yi—xi) = 0. O
=0 j=1gi€F((1-1)x+ty)



758 D. INOAN

REMARK 9. If F; : X — 2% is monotone for each i € I, then F = (F1,...,F,) is
generalized algebraic-pseudomonotone.

REMARK 10. There exist functions that are C-pseudomonotone but are not gen-
eralized algebraic-pseudomonotone.

(—eo,—1], forx <0,
For example, let n=1 and F : R — 2%, F(x) = { R, forx=0,
[—%,oo) , forx > 0.
Taking x=—1 and y =1, we have that sup (f,y—x)= sup f-2=22>0, while
fEF(x) fe(==/1]
inf (g,y—x)= inf g-2=—2< 0. On the other hand, is easy to see that F is
8EF(Y) g€[-1,)
C-pseudomonotone, since 0 € F(x) for each x € R.
Another simple example of a function that is not generalized algebraic-pseudomonotone
but is C-pseudomonotone and also has compact values is G : R — 28,

1, for x <0,
G(x) =1 [-1,1], forx =0,
—1, forx > 0.

3. Behavior of the solution

If the variational inequality depends on some parameter, a much studied problem
is what happens to the solution when the parameter is perturbed. We consider a family
of variational inequalities of the type:

x€K(u) suchthat Y sup (fi,yi—xi)=0,Vy €Ki(u),icl. (VD)
il fi€Fi(x,u)

where the parameter 1 belongs to a metric space M.
Denote by S(u) the setof solutions of the problem (VI),, and suppose that S(u) #
0, for each u € M. We study next the following problem: for a fixed parameter i, if
x(u) € S(u) and x(p) — xo in X, when u — U, in what conditions xo € S(uo)?
This property, called the closure of the graph of the solution function was studied,
for instance, in [4] for hemivariational inequalities and in [5] for equilibrium problems.
We recall a characterization of the Mosco convergence for sets: a generalized

sequence of sets £, C X converges to a set £ C X in Mosco sense (Eqy M E ) if and
only if:

(1) if zo; € Eq; and zo; — z, then z € E,

(2) for each z € E, there exists zy € E, such that z, — z.

Another notion of pseudomonotonicity will be used in what follows. It generalizes
the pseudomonotonicity in the sense of Brézis (see [7], [6], [13]).
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DEFINITION 11. A set-valued function G : X — 2% is said to be generalized
topologically pseudomonotone if for a net {x*} C X with x* — x in X, with

liminf sup (g,x;—x) >0,
g€G(x*)

it follows that limsup sup (g,y;i—x{) < sup {(g,yi —x;), foreach y=(y1,...,yx) €
a  geG(x%) g€G(x)
X.

‘We state now

THEOREM 12. Let Ki(u) C X; be convex, closed, nonempty, K(u) = Kj(u) x
X Ky(u); F=(Fi,...,F,) with F;: X x M — 2% . Assume that the following con-
ditions hold:

(a) for each i € I, the function Fi(-, o) is generalized topologically pseudomono-
tone,

(b) K1) 2 K (to) when 1 — iy,

(c) for any convergent net {x(u)} when u — Uy,

n n

limsup{}, sup  (fiyi—x(u) =Y,  sup  (giyi—xi(u))} <O,
b=to i=1fieF(x(p),p) i=18i€F;(x(1),10)
foreach y= (y1,...,yn) €X,
(d) for any nets x(u) — x° and £(u) — x° in X when u — o,

sup  (fi,®i(u) —x;(un)) =0 implies liminf sup  (f;,x) —x;(u)) > 0.
FiEF(x(p),u0) K=K fieFyx(u) )

Then if x(u) € S(u) and x(p) — x° when u — uo, then x° € S(up).

Proof. Let x(u) € S(u), with x(u) — x°, for u — po. Since K(u) 2 K(uo),
we have x € K (1) and there exists a net, denoted £(u), such that £(u) € K(u) and
#(u) —x"in X.

Foran i €1 fixed, we take y = (x1 (1), ..., &i(1),...,x2 (1)) in (VI), and obtain

sup  (fi,%i(u) —xi(u)) = 0.
fi€F(x(u),m)

From hypothesis (d), it follows that liminf ~ sup  (fi,x) —x;(u)) > 0.
H=Ho fieFix(p) 1)
Then, using (c) with y = (x1 (1), ...,x0,. .., x, (1)),
liminf ~ sup  (gi,x} —xi(u))
H=Ho g,EF,'(X(M).,/Jo)
>liminf  sup  (gi,x) —x(u))
H=Ho g,EF,'(X(M).,/Jo)
+limsup{  sup  (fix) —xi(u))—  sup  (gix) —xi(u))}
H=to  fieF;(x(u),u) gi€Fi(x(u), ko)

> liminf  sup  (f;,x) —x;i(u)) > 0.
H=Ho feFy(x(u), 1)
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The pseudomonotonicity of F;(-, ty) implies now that for each y; € K;(uo),

sup  (fi,yi—x) >limsup  sup  (fi,yi—xi(u)), foreachic I.
fi€F(x0, 1) H—Ho  fieFi(x(u),uo)
By summing up these relations, using the properties of “limsup” and again hypothesis
(c), it follows

n

n
> osup (fiyi—) 2limsupy,  sup  (fi,yi—xi(u))
i=1 fieFi(x%,u0) H—lo =1 fieF;(x(u),Ho)
n

>limsup Y, sup  (fi,yi —xi(u))
H—Ho =1 fi€F;(x(u),uo)

n

+1imsup{§n: sup  (fiyi—x(u) =Y, sup  (fi,yi—xi(u)}

U=ty (21 fieFi(x(w). 1) i=1 fieF;(x(1).k0)

>limsup2 sup  (fi,yi —xi(u)) = 0.
H—Ho =1 fieF;(x(u),u)

This last inequality means that x° € S(ug), which concludes the proof. [

REMARK 13. For n=1,if G:X — 2X" is generalized-topological pseudomono-
tone, then it is also C-pseudomonotone.

Proof. Let x,y € X and {x*} C X with x* — x and

sup (g, (1—t)x+try—x*>0,Vrel0,1], x eN. (D)
feG(x*)

For t =0 we have liminfy sup ¢ (o) (f,x—x%) > 0. Then, from the topological pseu-
domonotonicity

sup (f,y—x)>limsup sup (f,y—x%) >0,
FEG() @ feG(x)

taking r =1in(1). O

REMARK 14. A more classic way of defining the pseudomonotonicity in the sense
of Brézis for set-valued functions (see also [6]) is the following: a function G : X — X7
is called generalized-Brézis-pseudomonotone if, for {x*} C X with x* — x in X,
8o € G(x*) with

lin}Xinf<ga,x,- x>0,

follows that, for each y € X, there exists g, € G(x), such that

limsup(ge,yi —x7') < (gy,yi —Xi)-
o

If G is generalized-topological pseudomonotone and G(x) is weak* compact for each
x € X, then G is also generalized-Brézis-pseudomonotone.
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We mention also a situation when the variational inequality depends on two pa-

rameters A € A and u € M, and another concept of stability of the solution. In what
follows, X; are real normed vector spaces, X;* their duals and the norm on the product
space X is defined by ||x||x = (||x1 ||§(1 +...+ ||xn||)2(n)1/2. Consider:

(VD)  x€K(A) suchthat Y sup (fi,yi—x)>0,Vy€Ki(h), i€l

F =

i€l fi€F;(x,u)

‘We can state:

THEOREM 15. Let K; C X; be convex, closed, nonempty, for each i € I. Let
(Fi,...,F,), F;: K — 2% . Assume that the following hold:
(a) there exists a neighborhood U of Ay such that for each A,Ay € U,

Ki(ll) C Ki(/12) + liBXi(O,da(/ll,/lz)), with l; > 0,a > 0,

(b) there exist Uy, Vo neighborhoods of Ay and Uy such that for each A € Uy,

Ui, W2 S VO; xayEK(/l)) x#y;

Fi(y,

| sup  (fiyi—xi)— sup  (gi,yi—xi)| <millyi —xil|x,d” (p1, ha),
fi€F(x,u1) gi€Fi(x,12)

m,->0, ’}/>0,
(c) for each A € Uy, u € Vo, x,y € K(A), x #y, for each f; € F;(x,u), gi €
w), (fi—giyi—xi) < —cillxi—yillx,, ¢ >0,

(d) for each A € Uy, u € Vy, x€ K(A), y,z€ K(A), for each f; € Fi(x, 1),
[(fi,yi — zi)| < millyi— 2, ni>0.
Then in a neighborhood of (Ao, o), the solution x(A, 1) of (V1) , is unique and
(A1, 1) — x(A2, o) l|x < krd” (p, o) 4 kod® (A1, Az).

Proof. The proof uses directly a particular case of Corollary 2.3 of [2], in the

settings that appear also in [1], for equilibrium problems. [
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