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Abstract. If I CR is aninterval, a €l and f:1— R is n > 1 times differentiable on I, then,
in view of Taylor’s theorem, there exists a function ¢ : I — I such that, for each x € I,

n=l (k) (y () (E(x
S_§ M@ W)

k
A —

k=0
In this paper we study the behaviour of the derivatives () and 5(") of the functions ¢ and

0, respectively, when x approaches a, where 0 :1—]0,1[ is defined by 0 (x) = (c(x) —a) / (x—a),
if xe\{a} and 0 (a) =1/(n+1).

Taylor’s theorem (or Taylor’s formula) is one of the most important theorems in
calculus. Taylor’s theorem is usually presented in the following form:

THEOREM 1. (Taylor’s theorem) Let I be anintervalin R, acl and f:1— R
be a function. If the function f is n > 1 times differentiable on I, then for each x €
I\ {a} there exists a real number c, from the interval with the extremities x and a such
that

") (¢,
10 = Fan @+ 1 m
where T,,_1 f : R — R is the polynomial function defined by

n_l £(k)
(Th—1f) (x) = i#(x—a)k, forall x € R.
k=0 :

If f ") s injective on I, then the number c, is unique. In this case, we can define
the function ¢ : I\ {a} — I\ {a} by

c(x) =cy, forallxel\{a}. (2)

The function ¢ has the property that

) (e(x
f(x) = (Tu-1f) (x)+n7

: 3)
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forall x € I'\ {a}.

If the function f) is not injective on I, then, for some x € I\ {a}, there exist
several real numbers ¢, from the interval with the extremities x and « such that (1)
holds. If, for each x € I'\ {a}, we choose one ¢, from the interval with the extremities
x and a which satisfies (1), then we can also define the function ¢ : I'\ {a} — I'\ {a}
by formula (2). This function ¢ satisfies (3), too.

If x € I\ {a} tends to a, because |c(x) —a| < |x—al, we have

lime (x) = a.

X—da

Then the function ¢ : I — I defined by
Z(x):{c(x)71fxel\{a} @)

a if x=a,

is continuous at x = a.

In the last decades there was some interest in the behavior of the function ¢ when
x approaches a. Azpeitia [3] (see, also [11], [6], [7]) proved thatif f is n+p, (p € N)
times differentiable on I, f (n+p) is continuous at x = a, and

@)y == @ =0, fU) (a) #0,

then the function ¢ is differentiable at x = a and

=1/p
p

In the special case when n =1 (mean value theorem) we obtain

1

d@y=—L
(p+ D"
In the particular case when p =1 (i.e. f"t1) (a) #0) we have

1

W () =
¢ (a) P

These results were generalized by D. 1. Duca and O. Pop [8] for Cauchy mean
value theorem. T. Trif [16] gave the asymptotic behavior of the intermediate points in
the Cauchy-Taylor mean value theorem, a generalization due to 1. Pawlikowska [12]
of Flett’s mean value theorem, and a Cauchy version of Pawlikowska’s mean value
theorem.

One of the purposes of this paper is to establish under which circumstances the
function ¢ is p times differentiable at the point x = @ and to compute its derivative
¢(p) (a). Does the derivative of the function ¢ at the point x = a depend upon the
function f? Under which circumstances is the function ¢ unique; if there exist several
functions ¢ which satisfy (3), does the derivative of the function ¢ at x = a depend
upon the function ¢ we choose?
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Since for x € I'\ {a},
c(x)—c(a) c(x)—a
x—a  x—a '
if we denote by
c(x)—a
6 =
(=22

then 0 (x) €]0,1[, ¢(x) =a+ (x —a)0 (x) and hence

f"(a+ (x—a)0(x))

n!

f) = (Torf) (¥) +

(x—a)".

Obviously, the function ¢ : I — I defined by (4) is differentiable at x = a if and
only if the function 0 : I\ {a} —]0, 1 defined by

0(x)= E(Xi:z(a> = cix)_:la, forallx € I'\ {a}

has limit at the point x = a. Moreover, if the function ¢ is differentiable at x = a, then

eV (a) = im0 (x).
X—a

The function 0 : I\{a} —]0,1] has a simple geometric interpretation: for x €
I\{a}, the number 6 (x) €]0, 1] is the ratio between the length of the interval with the
extremities a and ¢ (x) and the length of the interval with the extremities a and x.

In this paper we study the behaviour of the derivatives ¢(?) and 6(?) of the func-
tions ¢ and O when x approaches a.

‘We shall recall two known results, which can be found in [10].

THEOREM 2. Let 1,J be two intervals of real numbers and f: 1 — R, g:J — R
two functions such that f(I) C J. If f is n times differentiable on I, and g is n times
differentiable on J, then the function go f : I — R is also n times differentiable on I
and the following holds for every x € 1 :

(o) = ¥ (g™ ef) ) 5)
m=1
(@) (P ()"
X,-Hz,-z;.‘ﬂ,,-n,,il!iz!-...-in!( 1! 2! R T '

iy +ip+...+in=m

THEOREM 3. Let I,J C R be two intervals and f : 1 — J a bijective function. If f
is n times differentiable on I and f'(x) # 0, for all x € I, then the function f~':J — 1
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is n times differentiable on J and, for each y € J :

(1) Hi(2p—2—ip)!

(FHny) = D - : ©)
iy +2i3 .. (n—1)in=n—1 izl ... !
i Fig .. Ain=n—1

where x = f~1(y).

In what follows we need the following theorem:

THEOREM 4. Let n, p > 1 be two integer numbers, I C R be an interval, a an
interior point of I and f : I — R be a function that satisfies the conditions:

(i) the function f is n+ p times differentiable on I,

(ii) the function f"+P): 1 — R is continuous at a.

Then there exists
i (f(x) : (T-1f) () ) v

x—a X — a)n

and

P (a). ©)

lim

X—a

(f(x) — (Ty1f) <x>)<”> __p!
(x—a)" (p+n)!

Proof. Taking Leibniz’s rule into account, for each x € I, we have that

(f ) zx(fng); ) @) ) (»)

0~ () o ]

;oci)ffnlf“ o ()

5 () (=t L
1

k=0 n_l) ()C a)n+k
:Wio( Y %( >(f Tia )70 () (x— )

Taking this to the limit, applying I’Hopital’s rule n times and rearranging, yields:

lim (f (v) . (Ti-1f) (%) ) ®)

x—a x—a)"

! L . -
=l ey S T 0
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o om By AL (1 (0

j=0
forall k € {0,...,p}. Foreach k € {1,...,p}, we have

where

k
; n+k j—1n
[ 2: J ::O’

T A — = j)!

n\ _ vk k—n—1
(k)—< l>( )
Then we deduce that

lim (f(x) —(Th-1f) (x) ) (») — lim p! f(P+n) (x) (x—a)?

because

X—a

REMARK 5. Theorem 4 remains true if the point « is an extremity of the interval

THEOREM 6. Let n, p > 1 be two integer numbers, I C R be an interval, a an
interior point of I and f : 1 — R a function satisfying the conditions:

(i) the function f is n+ p times differentiable on I,

(ii) the function fU"+P) is continuous on I,

(i) 1) (a) £0.

Then the following statements are true:

10 There exists a real number & > 0, such that Ja — 8,a+ 8[C I, for which the
Sfunction c:la—08,a+ 8[\{a} —]a—8,a+ 8[\{a}, which satisfies

f(e(x))

n!

fx) = (T-1f) (¥) +

forall x €la—8§,a+ 8[\{a}, is unique.
20 The function ¢ :la—8,a+ §|—]a— §,a+ 8| defined by

(x)_{z(x), ifx€la—06,a+6[\{a} ©)

\a  ifx=a,

(x—a)", ®)

is p times differentiable on la— §,a+ 6| and

=3 ((07)"o8) )

m=1

x Y p! 0\ (2@ (7w
SIS BORTA N G T 21 T )

i Fip+...+ip=m
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forall x €la—8,a+ 6[\{a} and

E(p)(a) = Ep:l (((Pfl)(m) og) (a) x 2 pi!.Fil,i27...,i,, (a), (10

11y ! - .|
i +2ig ot pip=p L1127t 1pe
i Fip+...+ip=m

where, for each iy, ...,ip € {0,1,...,p},

Fiiiy....i, (@) (11)

(e )i‘ ( L nt2) )iz. ( ) )i”
= ((n-l—l)!f @) \ e/ @) /@
and g la—8,a+ O0[— R is the function defined by

f ()= (T f) (x)

| ; _
o (x) = n! G—ay , ifx€la—38,a+0[\{a} (12)
f(") (a), ifx=a.
Moreover,
)4 _1\m—1+j; 9 _ i\
i)=Y D =1 — '(Zm '2' j)!
m=1jp+2j3+..+(m—1)jm=m-1 J2rJ3 e e

J1tig+tjm=m—1

X
) p ()" (20) (0"
N N T PN A T 21 S TR

i +ip+...+ip=m

forall x €la—8,a+ 6[\{a} and

p 1)Y=+ m—=2— i)
E(p)(a) _ Z 2 (-1) (2m J1) (13)
] oy (n+1) 2m—1
m=1jp+2jz+.Am—Vjm=m—1 jo!jzl-...« jm! [f (a)]
J1tigttim=m—1

f(n+1)(a) 1 f("+2)(a) 2 f(”"'m)(a) Jjm
X( Il )( 2l )(T)

p!
X 2 l 'i |. l 'Elvib"wip (a>
i1 4+2ig+..Apip=p t1+12: 7" pe
i iy +.tip=m

where Fy, j, i, (a) (i1,...,ip €{0,1,...,p}) are given by (11).
39 The function 0 :]Ja—8,a+ 8[\{a} —]0,1[ for which

(x—a)"

f) = (Tiaf) (x) = Tf<")(a+(x—a)9(X))» (14)
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forall x €la—§8,a+ S[\{a}, is unique.

49 The function 0 :Ja— §,a+ 8[—)0, 1] defined by
0(x), x€la—3,a+8[\{a}
0(x) = 1
N
is p— 1 times differentiable on |a— 8,a+ 8| and

a

cP)(a). (15)

Proof. 1° Assume that f"+1) (a) > 0. Since a is an interior point of I, then
there exists a real number & > 0 such that Ja — §,a+8[C I and f**V) (x) > 0, for all
x€la—06,a+0].

It follows that the function f(") is increasing on |a — &,a+ 8| and therefore injec-
tive on Ja— 8,a+ 8[. Then the function ¢ :Ja—8,a+8[— £ (Ja— ,a+ S[) defined
by

@ (x) = f" (x), forall x €la—§,a+ 8],
is bijective and hence the function ¢ is unique. If f("+1) (a) < 0, the proof is similar.
20 Taking 1° into account, (8) yields that ¢ has the following expression

c@=(o7") (mf ] (x)) forallxela—8,a+3[\{a}.  (16)

(x—a)'

According to (16) and (12), relation (9) becomes
() = { (9p7'og) (x), ifx€la—8,a+8[\{a}

a, ifx=a.

From (i) and the definition of g we have that the function € is p times differentiable
on |a—8,a+ O] and heeding (5) and (6), for all x €]a— &§,a+ §[\{a} we have that

z(p) (x) = i ((q)—l)(m)og> )

m=1
St () () (e
20y botpip=p L112L ] 1! 2! p!
i1 tip+...+ip=m
B 14 (—l)’n_1+j1(2Fn—2—j1)!
- mz=:1 j2+2j3+...+(zm—l)jm:m—l 23t !

J1 i+t im=m—1

X
> P (W) (2w (@)
S SN I PR M N Y 2! ! '

i1 tip+...+ip=m
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Taking it to the limit and recalling (7), one obtains (10) and (13).

3% The uniqueness of the function 6 follows immediately by the uniqueness of
the function c.

4% Obviously

1
T+l

(a)

lim 6 (x) = fim =@ _ ., €0
xX—a x—a xX—a xX—a X

=2V (a)

Q| ol

hence the function 6 is continuous at x = a. Moreover, from (14) and (9) it follows
that the function 6 is p — 1 times differentiable on Ja — §,a+ [ and

70 () = (E(x) :E(a))(pl)7

X

forall x €]la—8,a+8[\{a}.
Considering (7) for the function f =¢ and n = 1, one obtains (15).

REMARK 7. Theorem 6 remains true if the point « is an extremity of the interval
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