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ON SPECIAL DIFFERENTIAL SUBORDINATIONS
USING SALAGEAN AND RUSCHEWEYH OPERATORS
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Abstract. In the present paper we define a new operator using the Sdldgean and Ruscheweyh
operators. By L? we denote the operator given by L7, : A — A, L% f(z) = (1— o)R"f(z) +
aS"f(z), for z € U, where R"f(z) denotes the Ruscheweyh derivative, S"f(z) is the Sdligean
operator and A, = {f € #(U): f(z) =2+ an 127 +..., € U} is the class of normalized
analytic functions with A = A. A certain subclass, denoted by S, (0, ), of analytic functions
in the open unit disc is introduced by means of the new operator. By making use of the concept of
differential subordination we derive various properties and characteristics of the class S, (5, ).
Also, several differential subordinations are established regarding the operator L7, .

1. Introduction

Denote by U the unit disc in the complex plane, U = {z € C: |z] < 1}, and by
2 (U) the space of holomorphic functions in U

Let A, = {f € HWU): fz) =2+ a1 +..., z€ U}, with A} = A, and
Hlan) ={f e AWU): f(z) =a+ad"+ap 12" +..., z€ U}, for a € C and
neN.

Denote by K = { feEA:Re Z;,”((ZZ)) +1>0,z€eU } the class of normalized convex

functions in U .

If f and g are analytic functions in U, we say that f is subordinate to g, written
f < g, if there is a function w analytic in U, with w(0) =0, |w(z)| < L, forall z€ U,
such that f(z) = g(w(z)) for all z€ U. If g is univalent, then f < g if and only if
f(0) =¢(0) and f(U) € g(U).

Let y: C3 x U — C and h be an univalent function in U . If p is analytic in U
and satisfies the (second-order) differential subordination

w(p(2),2p(2),2°p"(2):2) < h(z), for z€U, (1.1)

then p is called a solution of the differential subordination. The univalent function g
is called a dominant of the solutions of the differential subordination, or more simply a
dominant, if p < g for all p satisfying (1.1).

A dominant g that satisfies g < ¢ for all dominants g of (1.1) is said to be the best
dominant of (1.1). The best dominant is unique up to a rotation of U .

Mathematics subject classification (2000): 30C45, 30A20, 34A40.
Keywords and phrases: Differential subordination, convex function, best dominant, differential opera-
tor.
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DEFINITION 1.1. (Séldgean [6]) For f € A, n € N, the operator S” is defined
by S":A—A,

S°f (2) = f(2)
S'f(2) =2f'(2)

S f(z) = 2(8"f (z))', for z€U.

REMARK 1.1. If f€A, f(z) =z+X7, a;z’, then S"f (2) =z+37, j"a;z’, for
zeU.

DEFINITION 1.2. (Ruscheweyh [5]) For f € A, n € N, the operator R" is de-
finedby R": A — A,

Rf(2) = f ()
R'f(z2) =z (z)

(n+ )R f(2) = .Z'&R"f(Z))/JrnR"f(Z), for ze U.

REMARK 1.2. If f €A, f(z) =z+37 a2, then R"f (2) =2+ 37, Cp, ;a7
forzeU.

LEMMA 1.1. (Hallenbeck and Ruscheweyh [4, Th. 3.1.6, p. 71]) Let h be a
convex function with h(0) = a, and let y € C\{0} be a complex number with Re 'y > 0.
If p € Ha,n] and

p(2) + %zp’(z) <h(z), for z€U,

then
p(z) < g(z) = h(z), for zeU,

where g(z) = —L [Sh(t)"/"Vdt, for z€ U.

- nzY/”

LEMMA 1.2. (Miller and Mocanu [4]) Let g be a convex function in U and let
h(z) = g(z) +nazg'(z), for z€ U, where o. > 0 and n is a positive integer.
If p(z) = g(0) + pud" + pn12" 1+ ..., for z€ U is holomorphic in U and

p(z) +azp'(z) < h(z), for z€U,

then
p(z) < glz), for zeU,

and this result is sharp.
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2. Main results

DEFINITION 2.1. [1] Let o > 0, n € N. Denote by L, the operator given by
Ly :A—A,

Ly f(z)=(1—a)R"f(z) +aS"f(z), for zeU.

REMARK 2.1. LY, is a linear operator and if f € A, f(z) = z—l—z;":zajz', then
Lof(x) =z+37, (aj"+ (1— oc)C;'f,;l) ajz/, for z€ U.

REMARK 2.2. For a =0, Ljf(z) =
S"f(z), where z € U.
Forn=0, L% f(z)=(1— )R f (2)+aS’f (z) = f (z) = R°f (z) = S°F (z) , where

z€Uandforn=1, LLf(z)=(1—a)R' f(z)+aS'f(z)=zf' (z2) =R'f(z) =S f(2),
where z € U.

R"f(z),where zeU andfor a =1, L} f(z) =

THEOREM 2.1. Let g be a convex function, g(0) =1, and let h be the function
h(z) = g(z) +2¢'(z), for z € U.

If a >0, neN, f €A satisfies the differential subordination

(Lyf(2)) = h(z), for z€U, 2.1)
then

%(Z) <g(z), for zeU,

and this result is sharp.
Proof. By using the properties of operator L7, , we have
2(0&] +(1-a)Cyyj y)ajz!, for zeU.

f +2 + 1 C)'l
Consider p( ) — Laf( ) TrAj— 2(051 (1-a) i 1)
We deduce that p e A[1].

Let L f(z) = zp(z), for z € U. Differentiating we obtain (L’ f(z))" = p(z) +
p'(z), forz€U.

Then (2.1) becomes

—1+p1z+pzz +...,forzeU.

p(2)+2p'(2) < h(z) = g(z) +z¢'(z), for z€U.

By using Lemma 1.2, we have

Ln
p(z) <g(z), for zeU, i.e. L(Z)<g(z), for ze U. O
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THEOREM 2.2. Let h be an holomorphic function which satisfies the inequality
Re (1 L (Z>) > 1 for z€U, and h(0) = 1.

H(2)
If a 20, neN, f €A satisfies the differential subordination
(Lo.f(2)) < h(z), for z€U, (2.2)
then
Lo f(2)

—. <q(z), for zeU,
1

where q(z) = 2 [y h(t)dt. The function q is convex and it is the best dominant.

Proof. Let
Lg(f(z) T+ ZT:2 (ajn + (1 - a)CZ+j_1> aij
p(2) = =
< z
=14 (e + (1= )Gy ) ae =142+ Y pia ™,
=2 ~

for ze U, pe #[1,1].
Differentiating, we obtain (L%, f(z)) = p(z) +zp'(z), for z € U and (2.2) becomes
p(2)+zp'(z) < h(z), for z€U.
Using Lemma 1.1, we have

Ly f(2)

Z

1 Z
p(z) <q(z), for ze U, i.e. <q(z) = Z/ h(t)dt, for z €U,
0

and q is the best dominant. [
THEOREM 2.3. Let g be a convex function such that g(0) =1 and let h be the

function defined by h(z) = g(z) +z¢' (2), for z€ U.
If « 20, ne N, f €A and the differential subordination

Ly @)Y
<W) < h(Z), for zelU (23)
holds, then O
Ly f(2)
W <g(Z), fOV zeU,

and this result is sharp.

Proof. For f €A, f(z) =z+3X7, a;z’ we have

Lyf(z)=z+ Y (aj'+(1-a)Ch ;) a;e/, forzeU.
=
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Consider

P(z):L'&+1f( — E o )CZiJl>aij

Lnaf( ) Z"’Zj ) n+j 1) /Z/
We have /()_M_ ()_(Lf'zf(Z))' and we obtain p(2) + - /()_
PO =" — P\ TG Plajrz:piz) =
(zL’?lf(Z))/
Lof@) ) -

Relation (2.3) becomes

p()+2p'(2) < h(z) = 8(2) +28'(z), for z€U.
By using Lemma 1.2, we have

L f(2)
L f (2)

Following the work done by A. Citas [2] (see also [3]) we introduce

p(z) <g(z), for zeU, ie. <g(z), for zeU. 0

DEFINITION 2.2. Let § €[0,1), o« >0 and n € N. A function f € A is said to
be in the class S, (0, ) if it satisfies the inequality

Re (Lf (z)) > &8, for zeU. (2.4)

THEOREM 2.4. The set S, (8,0) is convex.

Proof. Let the functions
[i(R) =z+37 apz/, for k=12, zeU,
be in the class S, (9, ). It is sufficient to show that the function
h(z) =mfi(z) +mfa(2)

is in the class S, (0, ) with 1, and 7, nonnegative such that n; +1, = 1.
Since h(z) = 2+ 37, (maﬂ + nzajz) 7/, for z € U, then

Luh(2) =2+ 57 [0 + (1= @)Cl | (majy + map) & for ze U, 2:5)
Differentiating (2.5) we obtain

(LLh(z)) = 1+37, {Oﬂj" +(1— oc)Cngjfl} (maji+maj) jz/=', forzeU.
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Hence
Re (Lh(z)) = 1+Re (mzj;zj [aj"+ (1- oc)C,’;H_l} a,-lszl) 2.6)
+Re (nzz;f’:2j [aj" . oc)C,'jﬂ.fl} aﬂzf*l) .

Taking into account that fi, f> € S, (8, ) we deduce

Re (nkzjf’:2j [aj"+(1 - a)CZﬂ._l] a,-sz—l) S (S —1), for k=1,2. (2.7)
Using (2.7) we get from (2.6)

Re (Lih(2)) > 1+m (8 —1)+m (8 —1)=8, for z€U,
which is equivalent that S, (8, ) is convex. O

THEOREM 2.5. Let g be a convex functionin U andlet h(z) = g(z) + H%Zg’ (2),
where z€ U,c > 0.
If f€S,(8,@) and F () =1 (f) (2) = £3 [51°f (1) dt, for z € U, then

(Lt f (2)) < h(z), for z€U, (2.8)

implies
(LyF (2))' < g(2), for z€U,

and this result is sharp.
Proof. We obtain that
Z
“HE(7) = (c+2)/0 “F () dr. 2.9)

Differentiating (2.9), with respect to z, we have (c+ 1)F (z) +zF'(z) = (¢ +2) f (2)
and

(c+ 1) LLF (2) +z(LLF (2)) = (c+2)LLf (z), for z€U. (2.10)
Differentiating (2.10) we have
n / 1 n " /rn /
(LLF (2) + c+—21(LO‘F (2))" = (Lyf(2)), for zeU. (2.11)

Using (2.11), the differential subordination (2.8) becomes

(LLF (D) < (@) + ——=2¢' (2). 2.12)

(L (@) + —

ct2°

If we denote
p(z) = (LLF (z)), for z€ U, (2.13)

then p € J7[1,1].
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Replacing (2.13) in (2.12) we obtain

()—I—%zp() (Z)—I—ﬁzg’(z), for z€U.

Using Lemma 1.2 we have

p(z) <g(z), for z€U, ie (LYF(z)) <g(z), for z€U,

and g is the best dominant. [

then f'(z) +zf" (z) < 3(31:222)2 implies F’ (z) +

)
floa

EXAMPLE 2.1. If f € 8;(1,3
ZF" (z) < 1=, where F (z) = %f t

1-z7
M, where & S [071) and ¢ > 0.

THEOREM 2.6. Let h(z) = —{ 2
ct2 Jot<f@t)dt, for z€ U, then

Ifa>0,neNand I (f)(z) = &
I.[Sx(8,a)] C S, (6", a),

1 tc+l

26 —1+(c+2)(2-26) fy 714

(2.14)

where 8% =
Proof. The function / is convex and using the same steps as in the proof of The-
orem 2.5 we get from the hypothesis of Theorem 2.6 that

P+ —5 () < (@),

where p(z) is defined in (2.13).
Using Lemma 1.1 we deduce that

p(2)=g(2) =h(z), ie (LLF(2)) <g(z)<h(z),

where
c+2 (% . 1+(256-1)t (c+2)(2—28) [zret!
= e =281 / dt
8(2) 7612 /0 1+¢ + zc+2 o t+1

Since g is convex and g (U) is symmetric with respect to the real axis, we deduce
= 5*

s s ltc+1
=25 1+(c+2)(2-2 )/0 —

Re (LyF (2)' > minReg (2) = Reg (1

dt. (2.15)

From (2.15) we deduce inclusion (2.14). [
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THEOREM 2.7. Let g be a convex function such that g(0) =1 and let h be the
function h(z) = g(z) +2¢'(2), for z€ U.
If « 20, neN, f €A and the differential subordination

(e + LR

<Nh(z), for zeU (2.16)

holds, then
L f(z)] <g(z), for z€U.

This result is sharp.

Proof. By using the properties of operator L}, , we obtain
L) = (1— )R f(z) + oS f(z), for z€U. (2.17)

Then (2.16) becomes

((1 _ O()Rn+1f(Z) + OCSn+lf(Z))/—|— (1 - a);’lj—(lfnf(z))// =< h(Z),

with z € U.
After a short calculation, we obtain

(1—a)(R"f (2)) + (8" f (2)) +2((1 — &) (R"f (2))" + (8" f (2))") < h (=), for
zeU.
Let

p(z) = (1— ) (R'f(2)) + a(8"f(2)) = (Lgf(2) (2.18)
=1+ Y (af"" + (1= ) jChy ;1) ajz ™" =14 piz+prd® + ...
=

We deduce that p € J7[1,1].
Using the notation in (2.18), the differential subordination becomes

p2)+2p'(z) < h(z) = g(2) +28'(2).
By using Lemma 1.2, we have
p(z) <g(z), for zeU, ie (Lf(z) <g(z), for z€U,

and this result is sharp. [

EXAMPLE2.2. If n=1, o =1, f € A, we deduce that f'(z) +3zf"(z) +
221" (z) < g(z) +2¢'(z), which yields that f'(z) +zf"(z) < g(z), for z € U.
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THEOREM 2.8. Ler h(z) = (fﬁz L2 pe q convex function in U, where 0 < B <
- If a >0, neN, f €A and satisfies the differential subordination
) + TS @ ), for zev, (2.19)
then

(L f(2)) < 4q(z), for z€U,

where q is given by q(z) =28 —1+2(1 —ﬁ)ln (L+2) , for z € U. The function q is
convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.7 and considering
p(z) = (L f (), the differential subordination (2.19) becomes

p(0)+2p!(2) <) = B

By using Lemma 1.1 for y =1 and n =1, we have p(z) < q(z), i.e.,

(L) < q2) = / n /0 @B,

, for zeU.

1+t
1
26—1+2(1-B)-In(z+1), for zeU. O
z

THEOREM 2.9. Let h be an holomorphic function which satisfies the inequality

Re [1 n Z,’j,(f))} > 1L for z€ U, and h(0) =

If a >0, neN, f €A and satisfies the differential subordination

(Lo f(2) + - a>,’fi(lfnﬂz)) <h(z), for z€U, (2.20)

then
(Lef(2) < q(z), for z€U,

where q is given by q(z) = %fozh(t)dt. The function q is convex and it is the best
dominant.

Proof. Using the properties of operator L, and considering p (z) = (L% f (z))’,
we obtain

(1—o)nz(R"f(2))"

n+1 /
(Loch f(Z)) + n+1

Then (2.20) becomes
p(z) +2p'(z) < h(z), for z€U.
Since p € #°[1,1], using Lemma 1.1, we deduce

=p(2)+zp'(z), for z€U.

p(z) <q(z), for ze U, ie (L,f(2) /h dt, for zeU,

and q is the best dominant. [
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