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Abstract. Jensen’s inequality induces different forms of functionals which enables refinements
for many classic inequalities ([5]). Several refinements of Jensen’s inequalities were given in [4].
In this paper we refine Jensen’s inequality by separating a discrete domain of it. At the end, we
give some applications.

1. Introduction

Jensen’s inequality plays the crucial role in the Theory of Inequalities. In this
paper, C is a convex subset of the linear space X and f is a convex function on C. If

DPis.--,pn € (0,1)", Zp,- =1, and xq,...,x, € C is a sequence of vectors, then
i=1

n n
N pixi | < pif(xi). (1
i=1 i=1
n [5] the authors have investigated the differences J(f,I,p,x 2 pif(xi) —
i€l
P f 2 pixi | as a functional depending on a function f, a set of indices I, vec-
lEI
tors x = {x;}ie; and weights p = {p;}ie; with a constraint P; = 2 pi # 0. The next

i€l
refinement of (1) was proven in [5] as a consequence of its Theorem 2.1, part (if).

COROLLARY 1. Let f:C — R be a convex function on a convex subset C of a

n
real linear space X, p; >0, and x; € C. If Zp,- =1, then
i=1

PiXi + D jX;
> s Flx:) — (p: .
Zplf X;) Zplxt =z 1<I?<a;§<n{plf(xl)+pjf(xj) (pt+pj)f< Pitp )}
>0, @)
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In [4] the authors obtained a refinement for a convex function in a particular case
of its domain.

THEOREM 1. Let C be a convex subset of a linear space X and 0 € C. Suppose
f:C—Risaconvex functionon C, x; € C, p;€ (0,1),iel,={1,...,n},n>2 and
2?:1Pi =1.

n

If Zp,-x,- =0, then P
i—1 Pk —

lxk € C forall k€1, and

En:pif(xz') > max |:Pkf(xk) +(I=pi)f (% -xkﬂ

i=1

> min {pkﬂxk) F(1=pyf (% -xk)] > £(0)

kel,

In [3] the author refined Jensen’s inequality representing the consequence of ex-
tracting the single element from {x,...,x,} together with its weight.

THEOREM 2. Let f:C — R be a convex function defined on the convex subset C

of the linear space X, x; € C, p; >0,i€l,={1,...,n},n >2 with Zp,—l Then
i=1

. _ Y| PiXi — PiXk
f (lzzl Pm) < l]’{l’é] |:(l )f (41 o ) +Pkf(xk)}
C Yilq PiXi — PiXk
[2 <—1_Pk )JFZPkka]
{ 1—po)f

iXi — PiXk
(Bapsmrm )
— Pk

i

In particular, for pp = %7 k=1,...,n, we have the following inequalities:
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The result given in Theorem 2 can be interpreted as an extension of that from
Theorem 1 for the case Y, pix; # 0. In this paper we give some generalizations of
the results given above and as a consequence, (2) is generalized considering it in the
manner

/ (21%) <, gg;<n{<p,-+p,,»>f (Pats)y y pkf<xk>} < 3 pif ).
i=1 = = i=1

pi+pj jory

2. General Result

The refinement in Theorem 2 is due to the separation 1, = (I, \ {x;}) U{x;}. This
separation can be generalized in many different ways. Next refinements are conse-
quences of such generalizations. The main result is given bellow.

THEOREM 2.1. Let f:C — R be a convex function on the convex subset C of the
n
linear space X, x; € C, p; >0,i €I, ={1,...,n},n >3 with Zp,- =1.

i=1
If & ={1Cly,1#1,,|I| >2}, then

f(ipiﬁ) < min P1f<21€IPIXI) Y, pif(xi ]
i=1

i€l \1

1 12421 n— <
<2n_n_zlzpf<21€lpx>+(2 l_n)zpif(xi)]
Icl, i=1
Yiel Pii v
s max |\ B/ ( P ) +,3,:‘\,p J (x’)]
< Y pif(xi).
i=1

In particular,

1 | DicrXi
f(Zizlx,) < Lmin [Hf( L) S )

icl,\1

1 YierXi n—1 . .
Sum —zLE'f< ) e _")izlf(x’)]
1 YierXi .
<, max l"f ( m )te%\,f )
<lzn‘,f(xt)



808 V. CULJAK AND B. IVANKOVIC

Proof. Take a separation I, = U (I, \I), name J =1, \ I and note that P,+P;=1.
Do the further estimation using Jensen’s inequality (1) twice, by observing 2 Pi_q,

ieJ 1V
n
Yicl DiXi Yics PiXi
x| = f(p- P
f(;zw&) f( = +P P

<Pf (Ezellpzxz) +Pf <Ei€inxi>

Py
Pf<21ell?z z) +szf )
icJ
< Y pif (xi)+ Y, pif (xi)
iel icl
=Y pif(xi).
i=1

For further estimation we extract the following inequality which holds for every

1C1I,:
f(me) <Bf (Zl%flxl> + Y pif(xi) <Y, pif(xi). 3)
i=1

iel\I i=1
The statement in the Theorem follows from taking the min and max of the

=Pf (Z%fm> + Y pif(x),

iel,\I

over the every I C I, such that || > 2. We use the fact

inA A A 4
minA; < Ig, 1 < maxdp, “4)

where N = 2" —n — 2 represents the number of subsets from 1, except 0, the base set
I, and the subsets of the kind |I| = 1. Taking any of these subsets, the refinement is
shutting down.

Notethat ¥ Y pif(x)= (2"~ (n—1) - )Zplf xi), because every p;f(x;)
IChyiel,\I i=1

appears as many times as there is a subset I C I,,,|I| > 2, that doesn’t contain the index
i. O

In the next theorem, subsets of equivalent cardinality are observed.

THEOREM 2.2. Let f:C — R be a convex function on the convex subset C of

n
the linear space X, x; € C, p; >0,i€l, ={1,...,n},n >3 with ZPiZ 1. For every
i=1
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subset I C I, suchthat |I| =s > 2, we can state the following:

<2p1x1> m1n P1f<21€lpl.Xl) 2 pf X; ]

icl,\1

< % zpf<21€lplxl)+<l’l_1) zn:pzf(x’)‘|
(%) [1]=s S/ ia
< max | P f (M) + Y pif(x)
l=s Py i€\

< Zl?if(xt)
i=1

In particular:
te Vot T (S |
f(ﬁ,zlxl> S 7 112 [s f( s )+ie%:\1f()ﬁ)‘|

//\

2 () ()i

1 YicrXi )
S e ls. f( s ) +ie%\1f(m]
<23 fn)

Proof. The statement in the Theorem follows from taking the min and max of the
middle side of (3), after choosing every subset I C I, such that |I| = 5,2 < s < n.

. . n
We use the fact mentioned in (4), where N = represents the number of sub-
s

sets I C I,,|I| = s. Note that Z Z pif(xi) = [( )— (::11)] zn:p,-f(xi),
i=1

ICI, |l|=sicl,\I
because every p;f(x;) in the double sum appears as many times as there are subsets
ICI, |I|=s>2 such that i ¢ I. The subset I C I,, with |I| =s and i €1 is
constructed by adding s — 1 elements from the n — 1 available once. Algebraically,

n n—1 n
|:<S>_<5—1>:| Zplf.xl = ( s )lzziplf(x,) O
The result from [3] is here obtained for s =n — 1. Actually,

min  A; = minAy, max A; = maxA;
ICI |l|=n—1 kel, ICIy,|l|=n—1 kel,

and Ycy, 1j=n1 A1 = Sf_y Ax, where Ay = (1= pi) f (W) + pif ().
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The inequalities from Theorem 2.2 can be rewritten as those in Theorem 2.

Every partition of I, = {1,...,n} gives the statement obtained in the next Theo-
rem.

THEOREM 2.3. Let f:C — R be a convex function on the convex subset C of

the linear space X, x; € C, pi € (0,1),icl,={1,...,n}, n>4 and Zp, =1. For
i=1
every integer k, 4 < 2k < n there is a partition I; U.. .Ul = I, with 2 < |I;| <n for
=1,k
Then

i Yier, PiXi
f(ZPm) < jilllink P f (#) + Y pif(x)

1 i€\l

lzplf (2 i ) +(k— 1>ipif<x,->]

/ i=1

< maxk P f <M>+ 2 pif(xi)

J=les PI_/ i€l \I;

<

pif(xi)

o

Il
—_

holds.

Proof. Every subset I; C I, induced its complement I, \ I; and (3) is valid with

the substitutions: 7 — [;. For Ay, = P, f M) + Zier,\1; Pi if(xi) we take the min
and max over j = 1,...,k and use the fact that
1 &
jpm Ap < <7 Z’lAI/ < jln?x, Ap.

k
Note: Z Z Pif(xi):(k_l)zpif(xi)' U

j=liep\1; i=1
Theorem 2.1 ensures the next refinement of (2).

COROLLARY 2.1. Under the conditions of Theorem 2.1, we obtain

i=1 iel

Zplf x, (2 pm) > mIaX lzpl xl —PBf (Zzelpzxz>‘| > 0.



ONE REFINEMENT OF JENSEN’S DISCRETE INEQUALITY AND APPLICATIONS 811

In particular, for pi=1, icl,:

n’

S fx)—n £l 25 x| > max Y11l £ [ Zieri
3 1tx) f<21 ,>> a Lzlﬂ )=l r (2 )]

n
Proof. Subtracting 2 pif(x;) from every side of (3),we obtain that for every
i=1
choice of I C I, = {1,...,n} there is a statement:

Yiel PiXi

Zplf xi) (Z pm) >y pif(xi)—Pif (% >0. (5)
il

Taking the max of the rlght side in (5) for I C I, |I| > 2, the proof is making through.

Similarly, taking p; = -, we obtain the second inequality. [

The main result from [4] given in Theorem 1 is generalized and refined as a con-
sequence of Theorem 2.1.

COROLLARY 2.2. Conditions are taken from Theorem 2.1. Suppose 0 € C. For
J C I, note Py :Zp,-. If

icJ
Y pixi =0, (6)
i=1
then
zn‘,pif(xi) > max [zpif(xi)+(l_PJ)f (Mﬂ > £(0).
i=1

0<lJ|<n—1|;=; Pr—1

In particular, for p; = %, there are

S f) > max [fol |J|>f(2ﬁ’:)] > nf(0),

=1 0<lJ|<n—1 ;=

Proof. We substitute condition (6) in (3), observing it for J = I,\1.

fO)<(L=P ) f (#) N pif(xi) <Y pif(xi),
I\l iel,\I i=1

and take the max for 1 < |, \ /| < . g
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3. Applications

Some convex functions admit consequences of the results that have been obtained
above.

APPLICATION 1. If (X,|| ||) is a normed linear space, then the function f:X —R
defined by f(x) = ||x||? is a convex function for p > 1.

n
Taking x; € X, pi> 0, iel,={1,...,n},n>2 with Zp,- =1, we get the next
i=1
chain of inequalities for 1 C I, such that |I| > 2

p
gmln 1 P ZPIXZ + 2 szzpl
il icl,\I
p n
< ZPI P Zplxl 2”_1—n)2p,-||xin
iel i=1
gmax 1 b Zp,x, + 2 Di x;pl
i€l iel,\I
n
< Y, pillxill?.
i=1

In particular, the un-weighted refinement is given as

n p

X

i=1

nl=P Zx,-

icl

< min [Il”’

-3 ]

iel,\I

1 B n
S, 5 Z\Ill b th +@ =n) Y [|x)”
—n- icl i=1
< max l|lll’ ZX,- + 2 xﬂ’]
I icl iel\l

n
< X Il
i=1
The arithmetic mean-geometric mean inequality is well known in the literature. If
n

xi,pi>0,i€l,={1,...,n} and Y p; =1, then
i=1

Y by Hx”’

The equality holds in the case x; = x; =

I
=
3
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APPLICATION 2. Let x;,p; >0, i € I, = {1,...,n},n > 3, with Zp, = 1. Ap-
i=1
plying the concave function f : (0,00) — R, defined as f(x) = Inx, we are obtaining
the next chain of inequalities. If 1 C I, and |I| > 2, then

Py
n
- |
$ o> mpe| (5220) T4
i iel 1 iel,\I
1

Py ; 2n=1 ] 702
DiXi :
>[I X% ) |11~
1 \ier M1 i=1

In particular, for the un-weighted case:

|71 n
1 & 1
;;xiZm}ax <I|Z ) SIE

icl iel,\I

o, P e )
> [z ()
iel i=1

Il i
Z e <1| Zx’) I

icl iel,\I
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