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Abstract. We prove a new discrete Hardy-type inequality [|Af|l4.. < C||f||p,», where the matrix
i
operator A is defined by (Af); :== ¥ a;;fj, aij > 0. Moreover, we study the problem of
j=1

compactness of the operator A, and the dual result is stated.

1. Introduction

Hardy’s original motivation in the period 1915-1925 until he finally stated and
proved this famous inequality in [6] was to find an elementary proof of (discrete)
Hilbert’s inequality (see [8]). After that almost all development has been performed
for the continuous case (see e.g. the books [7] and [9] and the references there) and
surprisingly little has been done for the discrete case (however, see Chapter 6 of [7] and
our description below). In this paper we will prove a new discrete Hardy type inequality
involving a kernel which is of much more general form than studied before.

Let 1 <p,q<oeand u={u;}7> |, v={v;};, be positive sequences of real num-
bers, which we in the sequel call weight sequences. Let [, denote the space of se-
quences of real numbers f = {f;}3*, such that

1

oo P
£ llpy = (2 Vifip> < oo, 1< p<oo.

i=1

Moreover, (g; ;) is a non-negative triangular matrix with entries a; ; > 0 when
i>j>1anda;;=0 wheni<j.
We will study inequalities of the following form

1Aflgu <Clfllpws VS E€lpy, (1.1)

where the matrix operator A is defined by

Af); =Y aijfj, i>1 (1.2)
j=1
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and C is positive finite constant not depending on f.

When a;; =1, i > j > 1, the operator (1.2) coincides with the discrete Hardy
operator and the inequality (1.1) with the operator (1.2) was studied in [1]-[5] and
[13] for the cases 0 < g <, 1 < p <oo. The case aq;; = Ot,ﬁj, i>j>1, where
o ={0;}7, and B = {B;};, are positive sequences, was considered a.o. in [14]

In[1 1] [12] necessary and sufficient conditions for the validity (1.1) was obtained
for the case 1 < p,q < o= under the assumption that there exists d > 1 such that the
inequality

—_

3(ai,k+ak,j) <aij<d(ay+a;), izk=j>1 (1.3)
holds.

The sequence {a;};>, is called the almost non-decreasing (non-increasing) se-
quence, if there exists ¢ > 0 such that ca; > ax (ax < caj)foralliZk>j>1.

Let (a;, j) is a non-negative triangular matrix, i.e. the entries of matrix a;; > 0
when i > j>1 and g;; =0 when i < j. If a = {a;};2, is non-decreasing sequence
and a > 0, then the inequality (1.3) holds e.g. for a; j = (a; —a;)*, i > j > 1, butin
the case a; j = (a;—b;)® when i > j > 1, where b= {b;}7_, is a arbitrary sequence,
such that a; > max b; the inequality (1. 3) does not hold, in partlcular when

<J<i

a

a; a;
aij = (lnb—’) , where #2 L, i>j>1
J J
and
n; o
aij= 2 cr| , when i>j>1,

T=m;j

where {m;}7_, is arbitrary sequence of integer numbers, {n;}; 1 is non-decreasing
is sequence of

[=—o0

sequence of integer numbers, such that n; > max m; and {cl
1<j<i

non-negative numbers. To investigate such and more general cases we will consider
the inequality (1.1) under following assumption, which is strictly weaker than (1.3):

ASSUMPTION 1.1. There exists d > 1, a sequence of positive numbers {wy}_,
and a non-negative matrix (bih,'), where b; ; is almost non-decreasing in i and almost
non-increasing in j such that

1
d
foralliZk>j>1.

(bigwj+ay;) < aij <d(bijw;+ay;), (1.4)

We remark that in particular the above stated examples satisfy Assumption 1.1.
We also note that from (1.4) it follows that

daj j 2 bjjwj, (1.5)
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da; ;> ay j, (1.6)

wheni>k>j>1.

A continuous analogue of (1.3)—(1.4) even in a slightly more general form was
considered R.Oinarov in [10].

Moreover, we study the problem of compactness of the operator (1.2) from [,
into Iy, .

Convention: The symbol M < K means that M < cK, where ¢ > 0 is a con-
stant depending only on unessential parameters. If M < K < M, then we write M ~ K .

For the proof of our main results we need the following well-known result for the
discrete weighted Hardy inequality (see [13], Theorem 7) and the criteria on precom-
pactness of sets in [, (see [15], p. 32). For better presentation let us state these results
here:

THEOREM 1.1. Let 1 < p < q < oo. Then the inequality

i=1

o i 4 % o %
(Z (Z w,-f,-) u?) <C (Z |Vifi|p> ., 0<fel, (1.7)
J=1 i=1

holds if and only if

1

> q 7 / / 17
— p,op
Hy :=sup 2”;’ w; v; < oo,
nzl \i=n j=1

Moreover, H| = C, where C is the best constant in (1.7).

_—

THEOREM 1.2. Let T be a set from [,, 1 < p <eo. The set T is compact if
and only if T is bounded and for all € > O there exists N = N(g) such that for all
x={x;}; €T the following inequality

Z |x,-\p <&
i=N
holds.

2. Main results

Our first result reads:

THEOREM 2.1. Let 1 < p < q < o and the entries of the matrix (a; ;) satisfy
Assumption 1.1. Then the inequality (1.1) holds if and only if F = max{Fp, F|} < oo,

where
1 1
hd a 7 / / 7
Ro—sw (S et ) (Sarv)".
j=1

nzl \i=n
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and
1

1 1
oo q n , N\ P
— q p =P
F) =sup 2 u; 2 a, V; .
nzl \j=pn j=1

Moreover F = C, where C is the best constant in (1.1)

Proof. Necessity. Let us assume that (1.1) holds for a ﬁnite constant C. Let r > 1

_
and take a test sequence fr = {frs -1 such that frS = w! 1v_Y P 1<s<r,and

f,7 s=0,s>r.
Applying the test sequence to the right hand side of (1.1), we have that

1 1
P r P
1Frllps = (Z [V fs] ) = (2@5’ v{”) : 2.1)
s=1
Substituting fr in the left hand side of the inequality (1.1) and using (1.5) we have
that
o i 4 %
|Afr||qu - <2 < ai,.\'fr,.\') u?)
i=1 \s=1
1
r  \a
> Y aiof vt | ul
i=r \s=1
1
q r , ,
(Zb” ) (Z w? v;!’). (2.2)
s=1

From (1.1), (2.1) and (2.2) it follows that

Mg

& I

1

‘li " / / ’7
Zbl U Yolvi? | <C
s=1

R <C. (2.3)

for all » > 1. Therefore

Now we assume that f, = {fm}?’:l , where fm = aﬁ/{lv;pl, 1<s<r,and ﬁs =
0, s > r, and apply this sequence to (1.1). Substituting f; in the left hand side of the
inequality (1.1) and using (1.6) we find that

o (i \? i oo q
”Aﬁ”q,u = (2 (2 az}sfns) u?) > (2 ) (2 CIH s ) . 2.4)
i=1 \s=1 i=r

Q=
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For the right hand side of (1.1) it yields that

1 1
oo P r P
||fr||p7v = (Z VSfr7S|p> = (2 aﬁsv;p ) . (2.5)
s=1 s=1

According to (1.1), (2.4), (2.5) and since r > 1 is arbitrary we have that F; < C, which
together with (2.3) gives that

F =max{Fy, Fi} <C. (2.6)

The proof of the necessity is complete.

Sufficiency. Let F <o and 0 < f €1, .
For all i > 1 we define the following set of positive numbers:

T={keZ:(d+1)*<(Af)},

where d is the constant from (1.4), Z is the set of integers and we assume that k; =
max7;. Then

(d+ 1N <(Af), < @+ DR izl (2.7)

Let m; =1 and M} = {i € N : ki = k; = ky,, }. Suppose that my is such that
supM; + 1 =my. Obviously mp > m; and if the set M is upper bounded, then m, < oo
and my — 1 = maxM| = supM;. Let us inductively define numbers 1 =m; < mp <
... <my <oo, s> 1. Todefine my; we assume that m,, | = supM;+ 1, where My =
{i EN:k= kmx}'

Let Ny = {s € N : m; < oo} . Further, we assume that k,,, = ng, s € No. From the
definition of m; and from (2.7) it follows that, for s € Ny,

(d4+1)" < (Af); < (d+ 1) mg<i<mgy—1 (2.8)
and
N= U [m.\'ams+1)-
SENy
Therefore
msy1—1
1Aflga= 2 > (AN)ul. (2.9)
SENy j=m;
m§+171 . . . .
We assume that Y, =0, if my; = co. Then we can rewrite the expression (2.9) in the
Jj=ms
following form:
mgi1—1 my—1
lAflg, =3 Y @nhud="Y (Ani
seNg j=ms J=mi
(2.10)
m3—1 m_r+171

+ ) @AnNiul+ Y, Y, (ANl

j=m; >3 j=my
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Since m; = 1 € Ny and by using (2.8) we find that

my—1 my— —
2 @ Z (d+ 1) % < (d+ 1)9(d + 1) Y, u
Jj=mj Jj=1 =1
9q
A 2.11)
<(d+1)1(Af)T Zu < Za“v WVl
=1

<FNAIG -

If my = oo, then m; = oo for all i > 2 and, according to (2.10) and (2.11), we find
that

1Af g < F[fllpy- (2.12)

If my < oo, ie. 2 € Ny, then arguing as before in (2.11), we obtain that

m3—1 oo
Y ANTd < (d+ 1) d+ 1)1 Y, ul
J=nmy J=nmy
< (Af)p, X ul= <Zamz,ifi> Y, ul (2.13)
Jj=my i= i=my

J=my

(E‘,amzll) 2 (E‘,Ivzle”) <F15.-

If m3 = oo, then by combing (2.10), (2.11) and (2.13) we get (2.12).

For s > 3 and s € Ny, by using (2.8), (1.4) and n;_» + 1 < ny— 1, which follows
from the inequality n,_p < n,_; < ng, we can estimate the value (d + 1)"?‘1 as follows:

(d+1)" =@+ 1) —dd+ 1) < (d+1)" —d(d+1) 2"
mg_1—1

<(Af) (Af my_|— 1—2amwlft d 2 Amg_— ll.ft

my mg_1—1
= Y amifit Y lam,i—dam —1lfi
i=my_ i=1 (2.14)
my mxfl_l
<Y amifi+ Y, [dbmgm, - 10i+ 1) — dam,_,—1,f;
i=mg_y i=1
my msfl_l

= 2 ams,if‘i‘kdbms,ms,l—l 2 wzfz

i=mg_1 i=1
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By now using (2.8) and (2.14), we can estimate the summand on the left hand side in
(1.1) for s > 3 in the following way:

Mgy —1 mg1—1
2 Z (Af)?u;1.<z Z (d+1)(n.g+1)quf1
=3 j=m; §23 j=m;
mgi1—1
=(d+ 1) Y (d+ 1)1 Y
§>3 j=mg
my mg_1—1 q mgy1—1
<Y | DY ampifitdbugn -1 Y, oifi] Y u] (215
§23 \i=my—1 i=1 j=my

Mg qmﬁ»l_l
<<2< D ams7iﬁ> > ol

523 \i=ms_| J=ms

mg_1—1 Tmgyy—1
+2bm3mrl 1( Y wifi) D M?Z=S1+S2.

s=3 i=1 Jj=myg

Estimate of S| and S;:
To estimate S; we apply Holder’s and Jensen’s inequalities and find that

ng qm.ﬁrl*l
NES 2( 2 am.;.,ifi) Z u;j

§=3 \i=my_| Jj=myg
q

myg , ) 4 myg %m.Y+171
<Xl Y dv” 2 | fivil? Y ul

§=3 \i=m,_ Jj=myg

N 1-4q q (2.16)
k » oo q ms P

) sup(za;;,v, ) (zuzf-) 2( 5 w)

k=1 j=k 523 \i=ms_|

q

r

F (2 > fm”) < F{|IfI13,

s>3i=mg_|

Mgy —1
We introduce the sequence {A;}3> | such that A; —bm -1 3 u;f,z—mS 1—

Jj=ms
I,s>3and A; =0, i#mg 1 —1, s >3. Hence, we can rewrite S, in the following
form:

mg_1—1 9 mgp1—1 o i 4
52-3 ("8 o) b S - (Son) 8 @
i=

s>3 j=1 J=ms

Thus, in view of Theorem 1.1, we have that

Sy < HY|f14,., (2.18)
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1 1
-~q a k / / ?
H," = sup (ZA) (2 ! ﬁ”) : (2.19)
k>1 j=1 ’

Since, by Assumption 1.1, b; ; is almost non-decreasing in i and almost non-increasing
in j, we find that

where

oo mg1—1
A= X by, 2 U

i=k mg_1 712]( j:mx

(2.20)
mgi1—1
< ) Y bhad< Zb .
mg_1—12k j=my '

By combining (2.18), (2.19) and (2.20), we obtain that

S) K F(foHZ”. (2.21)

Thus, from (2.10), (2.11), (2.13), (2.15), (2.16) and (2.21) it follows that

1Af

i.e the inequality (1.1) is valid and we see that the best constant in (1.1) C < F, which
together with (2.6) gives that C = F.
The proof is complete.

The inequality (1.1) holds if and only if the following dual inequality

gu <F|fllpy,  £20,

HA*g”pCV’I < CHquﬂu*h g€ lqﬁu*l (2.22)

holds for the conjugate operator
)= Daijg, Jj=L (2.23)

Moreover, the best constants in (1.1) and (2.22) coincides.

Indeed,
Eg Af
o ATl @
= 1% = sup sup —— —
o£felyy I1fllpy 0 f el 028l -1 Hf||p7v||g|| -
2 A%g);fj
el 480
= sup sup sup  ———20
o;egez,u,lo;efez,,\ ||g||q w1 lpy O;Egelq,m,l llgllgr i

Therefore using Theorem 2.1 with p’,¢’,v=! and u~' replaced by ¢,p,u and v, re-
spectively, we obtain the following dual version of Theorem 2.1:
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THEOREM 2.2. Let 1 < p < g < oo and the entries of the matrix (a; ;) satisfy
Assumption 1.1. Then the inequality

A" fllgu < ClIf Nl pys Vi€l (2.24)
holds if and only if F* = max{F;,F'} < oo, where

hd / / v k a
Fy = sup (2 bf?kvi_p> (2 w?u?)

k=1 \ j=k

i 1
o NV [k q
«_ =p q 4
Ff=sup| Y v dai |
k=1 \ =k j=1

Moreover F* =~ C, where C is the best constant in (2.24).

and

Now we state our compactness result for the operator (1.2) from /,,,, into I, .

THEOREM 2.3. Let 1 < p < g < oo and the entries of the matrix (a; ;) satisfy
Assumption 1.1. Then the operator (1.2) is compact from 1, into 1, if and only if

lim (Fy), = 0, (2.25)
lim (F), = 0. (2.26)

where

Q=

M-

4
/ / 4
P~ P
w;v; ,
j=1
1

= Nifa o, N\
(F)r=| Y ul Zaﬁjvjp .
i=r =1

Proof. Necessity. Let the operator (1.2) be compact from [, into I;,. For all
r > 1 we introduce the following sequence:

(Fo)y = (i b?,u?)

i=r

_ fnj
||vfl’Hl,, 7

gr="grj}i1: &

S P P
where f, = {fm»};“:l: frj= apj Vi o 1 SYA N
0, j>r
It is obvious that ||g,||,» = 1. Since the operator (1.2) is compact from [, , into
lyu, it yields that the set {uA@, ||| ,, = 1} is precompact in [,. Hence from criteria
on precompactness of the sets in [, (see Theorem 1.2) we conclude that

1

lim sup (iu?(A(p)?) =0. (2.27)

= lellpy=1 \i=r
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Moreover, by using (1.6) we have that

1

oo g oo % oo i i q é
sup [ Yul(Ap)! | = | Yul(Ag)? | = Dul| Y ai; Jrj
lollpa=1 \i=r = S\ a T vl

Obviously, (2.26) follows from (2.27) and (2.28).
To prove (2.25) for all r > 1 we introduce the following sequence
frj
v/l

gr = {gnj};o:l : gr,j =

I .
w;’ lvjp,lgjgr

here fr = {frj}5 10 frj=
where fr ={f:;}7.1: frj {O, isr
Using (1.5) in (2.27) we find that

> g > i f N
Sup (2”? (A<P)?> > (214? (Z ajj——= ) )
llollpy=1 \i=r i=r i=1 vfer

L 1
oo i q = ’ ,;
> % (Z“? (Zlbi,rwjfr,j> ) (2 w” ”’) (2.29)
i=r j= -1

1

il NP
thrz zllw;vjp :E(FO);“
j=

According to (2.27) and (2.29) we find that (2.25) holds and the proof of necessity is
complete.

Sufficiency. Assume that (2.25) and (2.26) hold. Then, by Theorem 2.1, the oper-
ator (1.2) is bounded from [, into [ ,. Consequently, the set {uAf, ||f]|,, <1} is
bounded in [;. Let us show that this set is precompact in /,. By the criteria on pre-
compactness of the sets in /; (see Theorem 1.2), the bounded set {uAf, || f||,v < 1} is
compactin I, if

1

lim sup (iu?(Af)i‘1> =0. (2.30)

TS st
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(0, 1<i<r—1
Forall r > 1 we assume that w = {u;}7>,: u; = {u,,r<z .

Then, by Theorem 2.1, we have that

_—

sup (iu?(Af)?>q: sup (i i |(A ) < F(r), (2.31)

£1lp.p<1 I71lp <t \i=1

where N N N
F(r) =max{Fy(r),Fi(r)},

i, N\
r) = sup thn i ij-’vjp )
nx1 j=1
1
_ oo 4
Fl(r):sgpl) 2 } Zanj ; .

According to that #; =0 if 1 <i<r—1 we have that
Sup (2 bl n"i )
nzr \ j=p

1 1
Fi(r) = sup (Z u?) (Z ag:jvjl’/> "t sup (F1),, - (2.33)

n>r \ i=n

_—=

(2.32)

Q=
N
M=
&
o~
.B\
~
y
|
w
=]
ho}
S

From (2.25), (2.26), (2.32) and (2.33) we find that

lim Fo(r) = lim sup (Fy), = Tim (Fp), = lim (Fp), =0,

r—oo r= sy r—oo r—oo

lim £ (r) = lim sup (Fy), = Iim (F}), = lim (F}), = 0.
r—o0 r—so0 n>r r—so0 r—so0
Hence, by using (2.31) we obtain (2.30) and the proof is complete.

Since the compactness of the operator A from [, into [;, is equivalent of the
compactness of the operator A* from I, ,-1 into [, -1, then if we change ¢’ by p, p’
by ¢, u=! by v, and v=! by u from Theorem 2.3 we have the following dual version
of this theorem:

THEOREM 2.4. Let 1 < p < g < oo and the entries of the matrix (a; ;) satisfy
Assumption 1.1. Then the operator (2.23) is compact from I, , into l,, if and only if

lim (F§), = 0, (2.34)
=0

F—o0
lim (F}'), (2.35)

r—oo

b
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where

1

p/

-
(F()*)r: szm leju;] )
j=

e,

(Fl*)r: Zvi_pl zarj J
i=r
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