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Abstract. We overview the so-called mixed-means inequalities, that is, inequalities for mixed
power means for averaging operators which average functions over several scaled families of
subsets of R", such as rectangles, balls, spheres and similar. A general case of such inequalities
related to rectangles with sides parallel to coordinate hyperplanes and ellipsoids centered at the
origin is proved. Motivation for considering these families can be found in considering collection
of subsets of R" which differentiate suitable functions on R". Guided by this motivation we
distinguish centered and uncentered cases. As a direct consequence of the obtained mixed-means
inequalities, the Hardy type inequalities, that is, the operator norms of the averaging operators on
L? spaces are deduced. An interesting and important feature of these norms is that they are lower
bounds for operator norms of appropriate maximal functions. Further, they can give asymptotic
behavior of the operator norms of maximal functions for large n and fixed p > 1.

1. Introduction

The basic idea underlying investigations of integral mixed-means inequalities for
power means in the series of papers [2, 4, 5, 6, 12] can be found in a remark of A. E.
Ingham (see [9]), that the one-dimensional Hardy’s inequality is a simple consequence
of the inequality

Lo/ p 3 1 /271 rt 5
L rwa) " <3 (3 [ rea) apz1 =0 o

which can be easily proved by Minkowski’s inequality (see [9]). Inequality (1) can be
written as the mixed-means inequality

MF [Ml [f? (O,X)] ) (O’b)] <M,y [MP [f? (O,X)] 7(07b)] ) (2)

1
where M, [f;Q] = (ﬁ fgfl’(x)du(x)) " pER, p#0,and My [f;Q] =
exp iy Jalog f(¥)du(x)) . £ > 0.
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906 IVAN PERIC

In deducing mixed-means inequalities of type (2) in more general settings, it is
of crucial importance to find a suitable averaging operator. M. Christ and L. Grafakos
introduced in [1] the following averaging operator particularly suitable for deriving
mixed-means inequalities:

c _ 1 1 n
(Téf) (X) - ‘B(X,(S‘XD‘ /B(X,B\X\)f(y)dy7 f € Lloc (R )7

where 0 > 0, B(x,r) is the ball in R” centered at x € R" and of radius » > 0, |x]| is
the Euclidean norm of x € R” and |A| is the Lebesgue measure of a measurable set
A C R". In the same paper they proved Hardy’s inequality for the operator Ty, using
Young’s inequality for the convolution on the group (R™,dz/t).

An important property of the operator norm (on L? spaces) of 75, deduced from
Hardy’s inequality for this operator, is that it is a lower bound for the operator norm of
the Hardy-Littlewood (centered) maximal function

M) 00 =g o [ p(v)ay,

Our motivation for the investigations is that a maximal function can be defined for
various collections € of sets, ¥ = {C : C CR"}, by

(Mef)(x) = sup % [rox=yyas.

Ce% xeC

We deal with scaled families of sets defined in a similar way as the family of balls in
the definition of the operator 75 . Having in mind different behaviors of the operator
norm of maximal functions in centered and in uncentered case (see for example [13]),
it is natural to introduce the operator

unc _ 1 1 n
(T5 f) (X) - ‘B((SXJ] —6| ‘XD‘ /B(5X7\1—5||X|)f(y)dy, fELloc (R )7

where 0 € R, § # 1, and S(a,r) denotes the (n — 1)— dimensional sphere in R” cen-
tered at a € R” and of radius r > 0. Using the same method as in [6] it can be proved
that

M, My [f;B(6x,|1— 6] [x[)]; B(R)]
< M M, [f;B(|x])];B(5Re, |1 —3|R)], 3)
where p > 1, R> 0, B(R) =B(0,R), 0 € R, § # 1, f is a non-negative function

on B((|6|4+|1—6|)R), and e € R", |e| =1, is arbitrary. From this, in the standard
manner, Hardy’s inequality can be deduced and

|78, = x|~ dx.

=571,
|B(Se,[1—6])| JB(5e,1-3])

It can be shown that ||T1”/”2" ||, has exponential growth for fixed p > 1 and large n.



MIXED MEANS, HARDY INEQUALITY AND MAXIMAL FUNCTIONS 907

Analogues of operators 75 and 73" for the case of averaging functions over hy-
perspheres in R"” were investigated in [12], where appropriate mixed-means inequali-
ties were proved and the operator norms were deduced. Asymptotic behavior of these
norms was also investigated.

In [3], an interested reader can find additional information on mixed-means in-
equalities.

In this paper we investigate mixed-means inequalities for scaled families of rectan-
gles in R" with sides parallel to coordinate hyperplanes, /| — balls (non-scaled) in R”
centered at the origin and ellipsoids centered at the origin (non-scaled) with axes par-
allel to coordinate axes. In this sense, the case of rectangles is completely solved. The
general problem of establishing mixed-means inequalities for operators defined anal-
ogously as Ty and Tg" for scaled ¢, —balls, & # 2, and scaled ellipsoids, remains
open. Notice that in the contrast to balls and spheres, these sets are not rotationally
invariant.

2. Mixed means and Hardy-type inequalities for rectangles in R"

2.1. Mixed means for rectangles in R”

The mixed-means inequalities for non-scaled rectangles are given in [4].

For given by,b, € R", we denote by B. (b;,b) the rectangle in R” with sides
parallel to coordinate hyper-planes and with the main diagonal determined by b; and
b, . In the case by = —b, = b, we write Bo. (+b). Set 1 =(1,...,1).

For x=(x1,...,%1),y = (V1,-..,yn) ER", we set Xxoy = (x1y1,...,XnVn), max{x,y} =

1 1 1
(max{xy,y1},...,max{x,,y,}) and o <—,...,—> ifx;#0fori=1,...,n

X1 Xn

THEOREM 1. (Generalcase) Let be R, p > 1, 8 = (011,.--,01n) ER?, 8, =
(O215---,020) €ER™, 8y # Opiy i=1,...n. If f: B (£ (max{|61i,|02[}) ob) — R is

a non-negative function, then

1

1 : ) o
[Be.. (D) dy) d
|:B°° (:l:b)‘ /BM(ib) (Boo (61 oX, 620X)| Bm(610x7520X)f(y) Y) X:l

1
< dy.
B (810b,820b)] J5..(5,0b.5,0b) (B \/ @’ ) y

==

“4)

Inequality (4) is sharp and equality holds for functions of the form f(x) = CTI |x:|%,
ap,...,0p €R, C>0.
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Proof. By using obvious transformations and Minkowski’s inequality, we have

1 1 »
L . dy )| dx
[2” [T bi /Bw(ib) (Hi |82i — Ol | /Bw<510x.,620x) ) y) ]

1

1 Z 1 P17
- (2” ?1bi> IL ‘52,- 511‘ |:/Bm (£b) (/ (8101,8201)f(xoy)dy> dx]
1 1
< ( ! ) : (/ f”(xoy)dX)de
2Ty bi ) T1i162i — 81l JBe(8101.8501) \JBo(4b)

(s7s) e (o (joner)ar)
= — O0XO X
2T bi ) i |62i — 61l bi JBoo(810b.550b) \JBea(£b) y y

1
1 1 P

== e P(x)dx | dy,

H,-‘(SQ,‘ 51,|b Boo(810b,8,0b) <2nni|yi Bm(i)’)f () ) Y

1
P

by which inequality (4) is proved.
In the following corollaries we give the precise meaning of the main cases of the

scaled families which we are interested in: origin-centered case, centered case and
uncentered case.

COROLLARY 1. (Origin-centered case) Let be R, p > 1. If f: B (+b) = R
is a non-negative function, then

[B j:b\/ (th) <|B ‘/ e’ )dxy
jE'f’l/ ib<B |/ e )de- 5)

Inequality (5) is sharp and equality holds for functions of the form f(x) = CIT", |x:|%,
ap,...,0p €R, C>0.

COROLLARY 2. (Uncentered case) Let beR", p>1, § €R, 0 #1. If f:
B.. (£6b) — R is a non-negative function, then

1 1 P P
[|Bw<ib>| Bm<ib><3m<6x,x>| honn) (y"’y> d"}

1

1 1 »

< —r— _ P(x)dx | dy. (6)
[B_ (5b,b)] Bmmbm(ww(iyn iy ) ) y

Inequality (6) is sharp and equality holds for functions of the form f(x) = CTT%, |x:|%,
ap,...,0p €R, C>0.
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COROLLARY 3. (Centeredcase) LetbeR", p>1,8>0. If f: B (£(1+6)b) —

R is a non-negative function, then

1

[m /Bm(im ( [Bo..((1— 5)1& (148)x)| /Bw(<1—6>x7<1+6>x>f(y>dy)pdx} p

1
S (i [ i)’
|Boo (1 =0)b,(14+6)b)| JB.((1-8)b,(1+8)b) \ |Beo (£Y)] J/Buc(2y)

Inequality (7) is sharp and equality holds for functions of the form f(x) = CIT", |x:|%,
ap,...,op €R, C>0.

2.2. Hardy-type inequalities for rectangles in R”

The general Hardy-type inequality for rectangles is given in the following theorem.
We omit the proof, since it is analogous to the proofs given in [4, 5, 6, 12].

THEOREM 2. (Generalcase) LetbeR”" , p>1, 8§, = (011,...,01,) ER", 8, =
(8215--.,600) ER", 81; # Gy i =1,...n. If f: Beo (& (max {[61i],|02i]}) ob) — R is

a non-negative function, then

o (e )
/Bm:tb B2 (81 0%,820%)] Jo.(5,0m8000)” V) X

1
< Co(n,p:81,82) (/ f”(x)dx) "
Beo(max{8;.,6,}ob)

®)

where

1

1
Cee (1,381, 82) = |Beo (8101,8,01)] /Bm(alol 8501) (H bl ) y ®)

is the best possible constant.

Notice that
n 1 1
Ceo (n,p;81,02) = ( il 7 dyz‘) . (10)
i=1 |O2i — 611‘ (614,02:)

We emphasize some cases where the best possible constants can be easily com-
puted:

1. Rectangles centered at the origin: 8;; = —1,8;;=1,i=1,...,n, and

ctmpmt=(['7+) = ()
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2. Centered case: 6;;=1—0,0;,=1+6,i=1,...,n, 0 >0, and

1 1+ 1 n
Colnpi1—8,148) = (25/ b )

It is easy to see that maxs.oCe (1,p;1 —0,149) is achieved for 1<d<2.
For p =2, Smax = % and maxg.oCo (1,p;1 —8,1+8) = — ~1.611185 <

2 = 23—1 This is conjectured to be the operator norm of the centered Hardy-
Littlewood maximal function in [7]. The problem remains unsolved.

3. Uncentered case: 8§, =0,0=1,i=1,....n, 6§ €R, d #1, and

1 _n\"

Again, it is easy to see that maxscp Ceo (l7p;8, 1) is achieved for —1 < § < 0.
For p= 2, Smax = 2v/2—3 and maxg.(Cu (1,p;8,1) = 1 + /2~ 2.414214 >
2= 2 7. This is proved, in [8], to be the operator norm of the uncentered maxi-
mal function.

3. Mixed means for /; -balls in R”

In order to obtain mixed-means inequalities for ¢;— balls, the first idea is to use
results for ¢,—balls, but in the process of reducing the mixed-means inequality for
£1—balls centered at the origin to the mixed-means inequality for ¢, — balls investigated
in [5], we obtain weights that were not considered in [5].

Set B (R)={xeR" : |x|; =27, |xi]| <R}.

THEOREM 3. Let R>0, p> 1. If f:Bi(R) — R is a non-negative function,
then

{Bll(R)l Bi(R (W Bluxll)f(y)dy)pdx]%

1 1 5
< — _ P(x\)d dy. 11
181 (R)] J,(x (Bl<y|1>| sty &) ) Y (b

Inequality (11) is sharp and equality holds for functions of the form f(x) = C|x|},
AeR, C=0.

The following lemma is useful in proving Theorem 3. The proof of this lemma is
an exercise in elementary inequalities.

LEMMA 1. Inequality (11) is equivalent to the inequality

}B+ |/B+ (}B* X }/B+|x|l y>pdxr
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1
< #/ ;/ x| dy (12)
S By (R)] Je ) \ BT (Iyln)| B (vl ’
where Bf (R) = {x € R" - [x|y = 1Lyxs < R, x1,...1 > 0}.

Proof of Theorem 3. We prove B} version of Theorem 3. Since |B{ (R)| = R"/n! and
after obvious transformations we have

ARV
I/B+ (lB* x|y I/B+ (1)) y) dx]
_<n!>F“ ’ i’
~ Rp leh@(/yl@qulywy) dx} ' 42

Set yi =u¢?, i=1,...,n, where ¢ = (¢1,...,0) = (sin@,—19,cos@,_1) €S, p €
$"~2 . The Jacobian of this transformation is J % =21y T ¢iJ ¢ . Now,
the right-hand side of (13) is equal to

(14)
1
(I’l' 2 2n71 n—1 ! dud pd :
S" 1 ‘X| ¢17'~~7¢n)) u ll:[l¢l u q) X
By applying Jensen’s inequality
n p n
(=1t [ F@2 [Todo| <=1t [ (02 [Towdo,
s i=1 s i=1
we get that (14) is not greater than
15)
L
st n—l - P on »
(n)? [/B /S(/ ulxly (02, 62)) " 1du) 2 1H¢id¢dx]
i=1
By using Minkowski’s inequality, transformation x; = Z;zlxj e _,,Rl,i=1,...,n,

x6 =0, where D,, denotes the transformed domain, (15) is not greater than

1

")-H _l - s ! n—
(n!) ZZZ /(//S1 (uxy (0F,....07))2" li]:[lqbidq)dx) L

1
P

_ (”' ! -1 2\ -1 T ) n—1
_R%( ‘/0 (/xn /Snl i u)c,,(qbl7 L07))2 il:!q),dq)dxn> u""'du
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1

_i/R n_'/u 17 (¢ (¢F q)z))z”‘lt”‘llﬁ[q)-dtdq) pu"_ldu
R Jo \ u" Ji=o Jsn-! bt il

R 1 % .
:1%/ (}BJF 1 o f(ylv'“ayn)) u"du

T e <}B+ ] o dyydx

where the last equality holds since the volume of the (n — 1)— dimensional /; — ball of
the radius u is u"~!'/(n—1)!.

By using the same arguments as in [4, 5, 6, 12], it follows that the operator norm
of the operator (SQf) (x) = mel(lxll)f(y)dy is

P
o) / de_—.
I5llp = ey P

4. Mixed means for ellipsoids in R"

ForaanR",setEll(x):{yER"; n —’2< } Then

EIl(x)| = n2 |B(1) Hx,\.

Notice that x is an element of the boundary of Ell (x).

The proof of a mixed-means inequality for ellipsoids defined in this way, is much
easier than the proof for balls, even in the case of balls centered at the origin, and it is
more related to the case of rectangles. This is especially seen in the asymptotic behavior
of the operator norm of the operator which averages functions over the ellipsoids.

THEOREM 4. Let R >0, p> 1. If f: B(y/nR) — R is a non-negative function,
then

1

[B I/ (EH /Ell(wﬂy)dy)pdxr

\B |/ <|Ell Ell(y fp( )dx)pdy' (16)

Inequality (16) is sharp and equality holds for functions of the form f(x) = CTT" |x:|*,
where C >0, oy,...,04 € R.



MIXED MEANS, HARDY INEQUALITY AND MAXIMAL FUNCTIONS 913

Proof. By using obvious transformations and Minkowski’s inequality we have:

[IB \/ (IEH (x)| Jen(x f(y)dy)pdx];

1 1
7 dy dX
R™|B(1)| JB(r) (nzr[?:llxi |B(1)] JEN(x ) ]
() i Lo (¢ ”dy)pdx}
nxo
RYB(1)[) [B(1)| [/B®) B(l)
(i) U 750 o]
J— n O
B0 & ey S Ve
141
! )p i/ (/ Xoydx) dy
R" Jpr) \/B(1
1
R}’Z

< -

(IB(I)I

:( / n; 1P (x)dx pdy
BR) \ n2 [T [yi| JEN(Y)

1 141
B l)l)

~ BR |/ (Ell )| JEney fp(x)dx>pdy' (17)

In the following theorem we show how symmetry in mixed-means inequalities can
be lost, if we mix “’shapes” of sets in these means.

THEOREM 5. Let R>0, p>1and 81,  €R, 6 # 8. If f: B (+max{8;,5}R) —
R is a nonnegative function, then

A
LB T e ( a5 Bmalxamf(”dy) d"]

1

1 1 r
<—" —_ P(x)d dy, 18
B-(BR &R) Bm(élR,azR><lEll(Y)l/ﬁ(y)f ) X) oo

N 2
where R=R(1,...,1), Ell(x) = {yeR”' —'Zgl}, x € R

Proof. By using obvious changes of variables, we have:

o1

[IB \/ (B 5lx5zX|/m61x62x f(y>dy> dx]
o1
[R"B /<R<|62 ST mm/ Gontm? )d}
51 o1
(R”B ) |62 — " UB(R) </Bm(511,621>f(xoymy) dx]
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gl (L) ]
Bl|) R[5, — &, /B(l) /Bw(SIRﬁzR)f(XOY) y)

1
(1)
1 1
) s U 19
B(1)] ) R"[6—d1]" Jp.(sR.6,R) \JB(1) y y
1
(1)

914

>p ( 1 oy )%d
7 — | X)dx
D) R —6" Je.ar&R) \ T [vi] JEN(y) ¥

g
(
(@

1 1 b
=Tr s Snl _ P(x)d dy.
‘Boo (61R, 62R)| Bm(51R752R) ( |E11(y) } /Eﬁ(y) f (X) X) y

4.1. Hardy-type inequality for ellipsoids
By using analogous arguments as in [4, 5, 6, 12], we obtain from (16) that for

nonnegative function f € L? (R")
1

1 p >
_ - d d <G , ) 1, 19
L (i o f008) ] < Gt Ul =1 9)
where
_1
_ l—1/ _1 _ n 2 / n P
Cen(n,p) = |B(R Ell dv — l_ 4
) = 18R B(R)| Iy 1B (1) <H|y> ’
’

1

_ nilip ; 1 o . “r - _niZLPZ"
_”W2L$FGH@ ”mm‘Bmwp‘@«H@ 0

_1
n72Lp2n p n—1 P
:Wm/(om (HS“‘ "’ZCOS‘Pt> Hsm @ide;...dg,

e T ™)
S p-1 g% F(L) )
2p'

It holds:

1 _n P 1 _n
= x| rds(x <—=7/ x| rdx
|S(071)\/5(04 x| ds(x) p—1 IB(O,I)\ B(o,n' |

1
< CEH (n p) ‘EH | Ell (H l|> dX

p n B l n . -
< (p_1> RTESY /me) <E|x,|> dx. (20)

=




. o . . 1
The second inequality in (20) follows from the inequality (TT7_ |x:])* < (% > |xi|2>
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1
2
s

where equality holds if and only if |x;| = |x;| for every i,j =1,...,n. The third in-

1
equality holds since the function x — (IT\_, |x;|) 7 is coordinatewise decreasing and
B..(£1) C EII(1).
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