athematical
nequalities
& Papplications

Volume 13, Number 1 (2010), 63-81

WEIGHT CHARACTERIZATION OF THE TRACE INEQUALITY FOR THE
GENERALIZED RIEMANN-LIOUVILLE TRANSFORM IN 7} SPACES

USMAN ASHRAF, VAKHTANG KOKILASHVILI AND ALEXANDER MESKHI

Dedicated to Professor Josip Pecaric
on the occasion of his 60th birthday

(Communicated by L.-E. Persson)

Abstract. Necessary and sufficient conditions on a weight governing the trace inequality for the
Riemann-Liouville transform with variable parameter Ry in 28 spaces are established
provided that p and ¢ satisfy the log-Holder continuity condition. Weighted criteria for the

compactness of Ry from LPY) to L;’(") are also derived.

1. Introduction

Our aim is to find criteria for the Riemann-Liouville operator
Ruf ) = [ (0 =% tar, x>0,
0

to be bounded /compact from 17()(I) to L;’H(I) , where

I <infp < plx) < qlx) < supg < oo, inf(a —1/p) >0,
1

provided that p and ¢ satisfy the weak Lipschitz (log-Holder continuity) condition.
Here I denotes the interval [0,a) (0 < a < 00). When p and ¢ are general measurable
functions, we obtain integral-type sufficient condition (which is also necessary for
constant p and ¢ ) guaranteeing the trace inequality for R, in variable exponent
Lebesgue spaces.

The space L”) is the special case of the Musielak-Orlicz space. The basis of the
variable exponent Lebesgue spaces were developed by W. Orlicz and J. Musielak (see
[37], [33] and [34]).

Criteria for the boundedness/compactness of the operator

Rt 0= [ 70007 ar, x>0
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from L7 (R;) to LI(Ry) (y, p and g are constants, and ¥ > 1/p) were established
in [31] and [38]. Solution of the two-weight problem for the operator R, when 7 is
constant and is more than 1, was given in the papers [29], [47] (see also [36]). For
two-weight Hardy-type inequalities we refer to [15], [30], [27], [26] and references
therein.

The boundedness of classical integral operators in I”(") spaces has been inves-
tigated in the papers [1], [2], [3], [4], [3], [7], [35], [39], [40] (see also [16], [41] and
references therein).

Two-weight inequalities for the Hardy operator

Hf(x):/oxf(t)dn x>0,

in () spaces were derived in [8], [10] and [24] (in fact in [24] two-weight problem for
the Volterra-type operator involving the kernel (x—y)"~! only for y > 1 was studied in
[P spaces). Further, for weighted estimates for maximal functions, singular integrals
and potentials in 17{") spaces we refer to [6], [11], [12], [18], [19], [20], [21], [22], [23],
[42], [43] (see also [16], [41]).

Solution of the the two-weight problem in the non-diagonal case for one-sided
potentials in classical Lebesgue spaces was given in [9], [13], [28]. Finally we notice
that the criteria established in [28] are of Sawyer type.

Throughout the paper constants (often different constants in the same series of
inequalities) will mainly be denoted by c.

2. Preliminaries
Let Q be a domain in R". We denote
p-(E) = infp, p+(E) = supp
for a measurable set E C Q. Suppose that p is a measurable function on Q and
1 <p_(Q) < px) < pi(Q) < co. Denote by p a weight function on Q, i.e. p is

an almost everywhere positive measurable function on Q. We say that a measurable
function f on Q belongs to Lﬁ(')(Q) (or to Lﬁm(Q)) if

Spoolf) = [ I peo) e < oc.
Q
It is is a Banach space with the norm (see e.g. [16], [25], [39], [41], [48])
W”Lff‘)(m =inf{A > 0:8,0)p(f/4) < 1}

If p= 1,.then we use the symbol L’()(Q) (resp. S,(.)) instead of Lﬁ(')(Q) (resp.
Sp(-).p)- Itis clear that W”LZH(Q) = Ifpllro@ -
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Let &2(Q) be the class of all measurable functions p, p : Q — R, such that the
Hardy-Littlewood maximal operator

Mof (x) = sup —

If )ldy, x€Q,
03x |0 onQ

where the supremum is taken over cubes Q containing x and satisfying |Q N Q| > 0,
is bounded in 1/)(Q).

In the sequel we will denote by Z and Z_ the set of all integers and the set of
non-positive integers respectively.

To prove the main results we need some statements:

PROPOSITION A. ([25], [39]) Let E be a measurable subset of Q. Suppose that
1 < p_(E) < p+(E) < 00. Then the following inequalities hold:

U 155y < S ) < \vnm I o) < 1
_(E L (
W 155558, < Sp ) < I 15 I vy > 1s

| [rwswas < (= + mggy) Voo nglp o

where p'(x) = 228 and 1 < p_(E) < p(x) < p4(E) < .

PROPOSITION A’. ([25], [39], [48]) Ler 1 < r(x) < p(x) and let E be a bounded
subset of Q. Then there exists a positive constant ¢ depending only on E, r and p
such that

1 oy < ellf lpoe)-
DEFINITION. We say that p satisfies the weak Lipschitz (log-Holder continuity)
conditionon E C Q (p € WL(E)), if there there is a positive constant A such that for
all x and y in E with 0 < |x — y| < 1/2 the inequality

Ip(x) —p(y)[ < A/(=In|x—y)
holds.
The next result was obtained in [4].

THEOREM A. Let Q be a bounded open setin R" andlet 1 < p_(Q) < p+(Q) <
0. Then the operator Mg is bounded in L'*)(Q) if p € WL(Q).

The next lemma was proved in [4].

LEMMA 1. Let I be an interval in Ry . Then p € WL(I) if and only if there exists
a positive constant C such that

‘J‘Pf(l)*m(l) <c
forall intervals J C I of I with |J| > 0.

Let
= [zk’2k+l); I, .= [2k7172k+1)'
We shall need a slight modification of Theorem 2 from [24] (see also [11] for the
case p(x) = q(x) ).
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LEMMA 2. Let 1 < p_(Ry) < p(x) € g(x) € ¢+(Ry) < oo and let p,q €
WL(R,) and let p(x) < q(x). Suppose that p(x) = p. = const, g(x) = q. = const
when x > a for some positive number a. Then there exists a positive constant ¢ such
that

Z HfXIkHLP(')(RQ||gx1kHLq’<<)(R+) < C‘V||U<‘)(R+)HgHLq’<<)(R+)
k
forall f € ’)(R,) and g € qu(')(R+).

Proof. For simplicity assume that @ = 1. Let us split the sum as follows:

Z ‘V%Ii“LP(')(R+)HgXIiHLq/(‘)(R+) = Z+Z =N+

<2 i>2

Since p(x) = p. = const, g(x) = g, = const on the set (1,00), using Holder’s
inequality and the fact p. < ¢., we have

5= SO e 826 oo sy < €lF oo 18] s e -
i>2
Now let us estimate J;. Suppose that [|f|[;p¢),) < 1 and HgHLq/(A)(R” < 1. First
notice that since ¢,q’ € WL(IR"), therefore, by Proposition A and Lemma 1 we have

1ARKEONEN ‘]k|1/‘I—(lk);

21 o (ry) =

|Ik|1/(q/)+(Ek) ~ ‘]k‘l/(q,)—(lk)’

Q

”%Ek”Lq’(‘)(RQ

where k < 2. Hence Holder’s inequality (see Proposition A) yields

W 2ol o 18220 o
5 < CZ/ K IILPON (R k Lq<)R+)%Ek(x)dx

k<2 ”xlkHL‘i J(Ry) HxEkHLq )(Ry)

o Nl ey 18281
¢ o[y Vbl o,
0 1< 121|900 w.) H?ClkHLq O(Ry)
. X1l
< Wx{kHM)(RHXEk(') | lk||m<)(R+)XEk(')
= 2l w) o iz 12lwrow.) L7 0((08)

= CS] . Sz.

Now observe that

1(q) < cl(p),

where
Wf x|l zec) (R
1(q) SR g (1) ;
; 1Z e mey ™ llao 0.8))
I(p) = Hf%IkHU’ R+ H
= ladlror,) (08))
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Indeed, suppose that I(p) < 1. Taking into account Proposition A and Lemma 1, we
have

8

. f X1l v, P(x)
|] ‘ /Hf%lk ‘P( ) R+ C/ K IPO(R )XEk(x)> dx < c.

k<2 0 k<2 HXIA'HU’(‘)(RH

Consequently, since g(x) > p(x), Ex C Iy and [[f || pe(g,) < 1, we find that

q(X) plx
‘I‘/fo,k‘ )(Ry) \Z‘I|/fo’k|| R+

k<2 k<2

This implies that I(g) < ¢
Let us introduce a function

= ZP+ (I) xe, (1)

k<2
It is clear that p(¢) < P(¢) because E; C I;. Hence, Proposition A’ for Q = (0, 8)
yields

Z HfXIkHU’ )(Ry)

i<z H?Clknlﬁ )(R,)

XEA()

PO(08))

|p*§1k) > 2%, we have

Then, using the definition of P and the inequality ||z, ||, &)

" P+ )
8 Z Hf?CIkHLP(-)(m) @ IP( )dx B 8 Z ‘VXIk”L;(JI‘(RJr) () ) dx
Hxl H o XE, - p+Ix) XEy
0 k<2 K \1LP (R+) 0 ||x1kHU7(‘

k<2 (k)

S 157 fonstA
) (Z o

k<2

I
el

k<2

Z ()P dx

k<2

N

N

N

< ¢ [f(x)|”(x>dx <ec.
R.

Consequently, the estimates derived above give us

Sy < cellf lor,)-

Analogously, taking into account the fact that ¢’ € WL(R,) and arguing as above, we
find that

$2 < CHgHLq’<~)(R+)'
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LEMMA 3. Let I = [0,a] be a bounded interval and let p € WL(I). Suppose that
1 <p_(I) < ps+(I) < o0 and ox) > 1/p(x) when x € I. Then

I(x) = [l(x = ')a(x)ilx(x/lx)(')||uz’(->(R+) < ex?m .

where the positive constant ¢ does not depend on x.

Proof. Since p € WL(I) implies p’ € WL(I), by Lemma 1 we have the following
two-sided estimate:

=10 <ej(x— 1)@ < er(x — )70,

where 0 < ¢ < x < a and the positive constants ¢; and ¢, depend only on p and a.
Consequently,

/X (x — @@= 0z < C/X (x — 1)@= 150 gy
x/2 x/2

x/2

. / =080 gy — (/2@ =10 W1
0

N Ty

Suppose that 7(x) < 1. Then, since p € WL(I) is equivalent to the condition 1/p €
WL(I), by Proposition A and Lemma 1 we have

) , (a@)—1)p' ()+1
1) < (SE)V@ >+<[x/z.,xJ>:C((x/z)lﬂm_([x/z,xD)

(a(x)=1)p" (x)+1 7o (@) =1)p" (x)+1
(04 )4 < c((x/Z)l/P (x)> a 4

¢ ((x /2)1/@’>+<[x/2,x]>>

<
< ex®O=1/pl),

For I(x) > 1 the conclusion is trivial. O

THEOREM B. [24] Let p € WL(I), where I = [0,a], where 0 < a < o0.
Suppose that 1 < p_(I) < p(x) < g(x) < g+(I) < 0o and p,q € WL(I). Then the
Hardy operator H is bounded from L{’V(')(I) to Lg(')(l) if and only if

€= sup VO (Voo I 0 Ol oy < 0

0<t<a
Moreover; there exist positive constants ¢, and ¢y such that ¢;C < ||H|| < ¢2C.
To formulate the next results we need the notation:

po(x), 0<x<a

x) := inf ;o po(x) = ;
Po(x) ye[ny]p(y) Po) { pc=const, x<a

where « is a fixed positive number.
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THEOREM C. Let [ = [0,a] (0 <a < o) andlet 1 < p_(I) < po(x) < g(x) <
q+(I) < oo fora.e. x € I. Then the condition

sup / (v() )49 10/ 00 0) gy < o
t

0<t<a
implies the boundedness of H from L'")(I) to L (I).

THEOREM C’. Let I = Ry andlet 1 < p_(I) < po(x) < g(x) < g+(I) < oo for
a.e. x € 1. Suppose that q(x) = q. = const, p(x) = p. = const when x > a for some
positive number a. Then the condition

sup / (v() )49 )/ ) ) gy < o

0<t<oo Jt

guarantees the boundedness of H from L’")(I) to Lg(')(l ).

Theorems C and C’ are special cases of Theorems 3.1 and 3.3 of [10].

Let us recall the two-weight criterion for the Hardy operator in classical Lebesgue
spaces (see [15], [30], [27] and [26]):

THEOREM D. Let r and s be constants such that 1 < r < s < 0o. Suppose that
0<a<b< . Let vand w be non-negative measurable functions on |a,b). Then
the inequality

(/ab (V(x) /:f(t)dt) xdx>1/s < c(/ab(w(t)f(t))rdt>l/r, f >0,

holds if and only if

b 1/s t , l/r/
sup ( / vs(x)dx) ( / w’ (x)dx) < 00.
a<st<b t a

The following statements are true (see [31], [32], [38]):

THEOREM E. Let r, s and y be constants on Ry suchthat 1 < r < s < 00,
y > 1/r. Then
(i) Ry is bounded from L'(Ry) to L}(Ry) if and only if

>0 t>o0

00 1/s ,
D :=sup D() := sup (/ (v(x)xyl)sdx> M < oo;
t

(ii) Ry isboundedfrom L'(R.) to L}(R,) ifandonlyif D < co and lim,_,o D(t)
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THEOREM F. Let r, s and y be constants in Ry such that 1 < r < s < 00,
y > 1/r. Suppose that 0 < a < b < 0o. Then the inequality

( /f” de)“f o / flx rdx)“i )

where the positive constant ¢ is independent of f, f € L' (|a,b]), holds if and only if

(y)(x —y)"'dy

E:= sup (/tb(v(x)xyl)sdx) 1/S(t - a)l/’l < 0.

a<t<b

Moreover, if ¢ is the best constant in (1), then c;E < ¢ < c1E, where the positive
constants ¢y and ¢y depends onlyon s, r and v .

3. Trace Inequality (Boundedness criteria)

In this section we derive boundedness criteria for the operator Ry, from (1)
to LC’H(I ), where I is either a bounded interval [0, a] or R .

Theorem 3.1. Let I = [0,a] be a bounded interval and let 1 < p_(I) < p(x) <

q(x) < g+(I) < oo. Suppose that (o« — 1/p)_(I) > 0. Further, assume that p,q €
WL(I). Then the inequality

Ragof a0y < el iy, £ € 2O0) @
holds if and only if

Ay = sup A(1) :== sup ||xia) (%) v(x) A0 < oo

“ 0<r<a o 0<t<a ) x! =) {lpae (n) .

Moreover, there exist positive constants ¢, and ¢, such that

1A, < HRO‘(’C)HU’(X)(I)HLg(X)(l) < A,

Proof. For the simplicity assume that a = 1.

Sufficiency. Suppose that f > 0. Following the arguments from [31], we represent
Ryxf as follows:

(Ra(f ) (x) =/ F@O)c =0 dr + ;;f(t)(x—t)a(x)_ldt

Hence

H X)f HL‘V‘) C” )f ||L‘1 + ||( a(x)f)(x)HL‘vi(x)(l) = S(l) + S(Z)



TRACE INEQUALITY FOR RIEMANN-LIOUVILLE TRANSFORM 71

It is easy to see that if 0 < # < x/2, then x/2 < x — . Consequently, (x — £)*®~1 <
cx®®=1 where the positive constant ¢ does not depend on x. Hence, taking into
account Theorem B we have

s < CH&HJC(X)

xl—a(x)

< .
Loy cAallf [ ot )(I)

Suppose now that ||g||, @y < 1. Using Proposition A and Lemmas 2 and 3 we find
that

/0 1 v(x) ( :2 f)(x— t)“(")ldt)g(x)dx

<o [ vy Olly

kez_ Y Ek—

120 () = )y 8 ()

<o Y e (F Ollor [ v g
kezZ_ By
E x)—1/p(x
CkeZ Hx{k l HU) (I)HXEk ! (x)xa() e LI (I)

<12, (Vg Oll o

< 2O T v )x O g ooy 1 O O)llvo
keZ_

X ||XE,H(')g(')HLq'«)(,) < CAaHfHl}’(')(l)”gHLq’(‘)([) < CAH‘V||U<‘)(I)~

Taking the supremum with respect to g we have the desired result.
Necessity. Let us take fi(x) = xjot—2(x), where k € Z_. Then by Proposition
A and Lemma 1 we have

fill oy < 2K/ (027)) < ok/p(0),
On the other hand,
IR Nl ge0 ) = € 2, () ()X Laco -

Here we used the estimate (x — )%™~ > cx*®~1 when x € [2¢71, 2] and ¢ < 2872,
Hence

A := sup Ay := sup ||xg,_ (x)v(x)x
keZ_ kez_

alx

O] Ly 257 O < | R -
Let us now take ¢ € I. Then ¢ € [2"~! 2™) for some m € Z_ . Consequently,

0
A < 2, GOV g ) 27O < A2 Zz KP'0) < A
k=m k=m
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Hence A < c||Ry || - O

Theorem 3.2. Let [ = R, andlet 1 < p_(I) < p(x) < g(x) < ¢+(I) < .
Suppose that (o« — 1/p)_(I) > 0. Further, assume that p,q € WL(I) and that
q(x) = g. = const, p(x) = p. = const outside an interval [0,a] for some positive
number a. Then inequality (2) holds if and only if

v(x)

el GRS
X X

LX) (1)

Ao = supA(t) := sup H)(,OO)

>0 >0

where
p(0), 0<r<a,
P(t) =
Pe, t>a.
Moreover, there are positive constants ¢ and ¢, such that

1A < ||R As.

Ot(x) HU)(X)(I)—>L€(X)(1) g

Proof. For the simplicity we assume that a = 1.
First we prove sufficiency. Suppose that f > 0. We have

HRO{(X)f “Lg(x)(R+) < ||Rot(x)f ||L€<X)([0.2]) + HRO{(X)f HLg(x)((Z.OO)) = Il + 12~
Taking into account Theorem 3.1 we find that the condition A, < oo implies

Acollf |rw o2y < cAcollf [ ooy

For I, , we have

L <

v(x) /0 (x — )= (1)dr

14%9((2,00))

x/2
v /1 (x — )¥91F (1)t

L4 ((2,00))

+

v(x Xx— a(x)-1
) /xﬂ( (01 (1)

= b1+ Dhy+ ;.

14%9((2,00))

Notice that when 7 < 1 and x > 2, then (x —7)*®~! < ex*® =1 Consequently, using
Holder’s inequality we find that

ch(x)x“( )1
< ch(x)x“( )1

It is easy to see that the estimate (x — £)*®)~1 < cx®®)~! and Theorem D implies

< a(x)—1
Ly, < ch(x)x /lf(t)dt LI ([1,00))
S Acollf llzaw (1,00)) < AosIf [lzaw0 )

If Xj0.17 HU’(‘)(I) 110,11 HU’(‘)(I)

HfHU’(-)(m) < CAOO‘V”[P(‘)(Rg'

14%9((2,00))

L4 ([1,00))
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while Holder’s inequality for classical Lebesgues spaces yields

= 4e/pe )
(l3)® < C(Z/ v(x)th( (x)— )chx> (/f”"(t)dt) 2K/ (pe)
By I

k=1
c qc
< CAgo Hf ||U’<‘)(R+)'
Necessity. Necessity follows in the same way as in the case of Theorem 3.1. In
this case we take the test functions f;(x) = x(;/2,(x), t > 0. The details are omitted.
O

COROLLARY. Let r and s be constants such that 1 < r < s < 0o. Suppose that
a_(Ry) > 1/r. Then Ry is bounded from L'(Ry) to L°(Ry) if and only if

o0 s 1/s ,
sup (/ (x;}_():(zx)) dx) A < 0o, ¥ = r/(r—1).
>0

t

Theorem 3.3. Ler I := [0,a], where a < oco. Suppose that p and q are
measurable functions on I and 1 < p_(I) < po(x) < q(x) < ¢+(I) < co. Suppose
also that o_(I) > 1/p_(I). If

B, := sup B,(t) := sup / (o) x*0) = 1Ya00) /o) ) g < 5,
t

0<t<a 0<t<a

then inequality (2) holds.

REMARK 1. The condition B, < oo is also necessary for the boundedness of Ry
from L7([0,a]) to LI([0,a]) for constant p and g. This follows immediately from
Theorem 3.1 taking p =const, g = const there.

Proof of Theorem 3.3. For the simplicity assume that ¢ = 1. Suppose that
Sp()(f) <1, where f > 0. We have

1 x/2 q(x)
S (Rat) < zq““( / (v<x> / (x—y)“‘x“f(y)dy) ix
0 0

- 1 (v | /( ) Gy q(x)dx)

= Zq—(l)_l(ll + 12).

If 0 <y <x/2,then (x —y)*™~1 < cx*W~1 where the positive constant ¢ does not
depend on x. Consequently, using Theorem C we find that

11</01< x/2 /f dy) X)dxgc.
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By Holder’s inequality with respect to the exponent po(x) we have

L < /O l(v(x))qoc)( /x;(f (y))”“")dy)q(x)/pD(X)

. N/ )
" ( / (x — )@= <x>dy) dr.
x/2

Now observe that

FOPdy < / (F &)Wy + / (F () dy
x/2 x/2xN{f <1} /2 x)N{f>1}

< ax+ [ (FO)Vay;
x/2

/X (x — y)(a(X)fl)(po)’(X)dy = Cp‘ax(a(X)fl)(po)’(X)H
x/2

The latter equality holds because the condition a_(I) > 1/p_(I) guarantees o(x) >
1/po(x) . Therefore

1
L < cp,q</ (v(x))"(">xq(x)“<x>dx
0

! x q(x)/po(x) ,
+ / v(x)4) ( f (y)”(y>dy> (@1 +(3)/ () ) dx)
0 x/2

= prq(lzyl +12y2).
For I, we find that

by — / 1 ()90 (@)~ ) )
kezz:, 25

< T 2o tint) / 3 ()60 )= D)y k= D) () ) gy
kEZ_ Ep—

< cBZqu Dir+ < ¢B < 0,
kez_

while taking into account the fact g(x)/po(x) > 1 we have

Ly < CZ/ ) ( f (v )) dy>xq( )/ (o) () gy

kezZ_ Ekl
<oy ( / () e wac) ([ (g )piay)
kezZ_ Ep— Ir—

< eBSy()(f) < eB < 0.

By combining the above estimates we find that also I, < co and the proof follows. [J
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Theorem 3.4. Let I := R . Suppose that p(x) and q(x) are measurable functions
on I and 1 < p_(I) < po(x) < q(x) < g+(I) < co. Suppose also that a_(I) >

1/p+(I) > O and there exists a positive number a such that q(x) = q. = const,
p(x) = p. = const outside [0,d]. If

Bo := sup B (t) := sup / (v(x)xa(’“>_l)"(")t"m/(’%),(’c)dx<oo, (3)
t

0<t<oo 0<t<oo
then Ry is bounded from LP™)(I) to i (I).

REMARK 2. Notice that (3) is also necessary for the boundedness of R, from
IP(R,) to LI(R.), where p and ¢ are constants (see Corollary).

Proof of Theorem 3.4. Suppose that f > 0 and S,)(f) < 1. For the simplicity
assume that a = 1. We have

oo

2
Sytw(Raf) = /0 (v(x)) ™™ (R )19 (x)dix + /2 (v()) "™ (Ryguif ) (x)dx
= L+ 1.

Since the condition B,, < oo implies B, < oo, by Theorem 3.3 we conclude that
I, < ¢ < oo, while for I, we have

oo [Towe( [ 1<x—y>a<x>—lf<y>dy)%dx

—l—/zoo("(x))% (/1"/2(x _y)a(x)_lf(y)dy)chx

o [Towr( [ o) as)

= c(hyg+Dha+Dhj3).

Using Holder’s inequality for Lebesgue spaces with variable exponent (see
Proposition A) we have

> ! qc
I < e _ \ax)—1 d ) d
B /2 vx)) ( /0 (x= ) ()dy ) ax
< C</2 (V(X)(X/Z)Ot(x)l)chx) HfHLI’(~)(])HX[0,1]HU)/(,)(” < ¢By,

while Theorem C’ yields

L, < C/OO (v(x)xa(x)l)qc</xf(y)dy>qtdx < cBo..
1 1
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Now applying the condition a(x) > 1/(po)’(x) we find that

h = X [ ot ( [ o) e
< 3 [ ( [ wora) ([ ) "
< o3 ([ oo a ([ o)

< ¢Bwo Z (f )Y dy < cBoo < 0.
k=1 " Ek

Summarizing the estimates for /; and I, we have the desired result. [

4. Compactness

In this section we give the criteria for which the operator Ry, is compact from
O o L9,

Integral-type necessary conditions and sufficient conditions governing the com-
pactness of the Hardy operator H from L”()(I) to Lg(')(l) were established in [10].
We refer also to [12] for the compactness of the potential-type operators in weighted
LP0) spaces with special weights.

To prove the main results we shall need the following statement which can be
found, e.g., in [12].

THEOREM G. Let p(x) and q(x) be measurable functions on an interval I C R .
Supposethat 1 < p_(I) < pi+(I) < oo and 1 < q_(I) < q+(I) < oco. If

< 00,

H ”k(xv y) HU’I(,\")(I) Lo (1)

where k is a non-negative kernel, then the operator
KF() = [ k) 0)dy
T
is compact from LPC)(I) to L1O)(I).

Theorem 4.1. Let I = [0,a], 0 < a < oo, and let 1 < p_(I) < p+(I) <
qg—(I) < g+(I) < oo. Suppose that (oo — 1/p)_(I) > 0. Further, assume that
p,q € WL(I). Then 1y is compact from YOI to L‘VZ(')(I) if and only if

(i) A, < o0

(ii) limA,() = 0,

—

where A, and A,(t) are defined in Theorem 3.1.
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Proof. Sufficiency. For the simplicity assume that @ = 1. We represent Ry as
follows:

Rogof () = Ry () + RS, f (%),
where
RS (5) = 2o Ratuf (), REf () = 2 (9Ratef ()
and 0 < f§ < 1. Observe that by Holder’s inequality, Proposition A and Lemma 3 we
have the following estimates:

)a(x)fl

HX(BI] (.X)V(.x) HX[OJ\] (y) ()C - y U’/()")(l) Lq(x) (1)

< H%(ﬁ,l] () || 0,072 () (3 — ) @91 Hzp’nv)(z)

LX) (I)

+HJC(ﬁ,1](X)V(X)H%(x/z,x] () (x — )@t o Lo

< cH%(ﬁ’l](x)v(x)xa(x)*l/P(x)||Lq(x)(1) +C||X(/3,l] (x)v(x)xa(x)fl/P(x)HLW)([) < 00,
(1)

because A; < oo. Consequently, by Theorem G, R a(x)

Further, according to Theorem 3.1 we have

is compact.

|
R (x) — R!

a()x>||m<~><z>%g<‘>(1 < ¢ sup Aq(1),

< RS
0<t<p

ol e

where the positive constant ¢ depends only on p, g and o . Passing 8 to 0 we have
that Ry, is compact as a limit of compact operators.

Necessity. Suppose that f;(x) = t=1/7© x5 (x). Hence forall ¢ € L7 O(I) we
have

\Akwmmw

< KO)IF Ol 1060072 Ol

PO 1 /p (042 ()02 () ”U’/(‘)(I)

<
< clloC)xo.02 lipreg — 0

as t — 0. Hence, f; converges weakly to 0 as t — 0. Further, it is obvious that

t—l/p(())

/2
IRafill gy > Hx[z,l)(x)\)(x)</0 (X—t)“(x)‘ldt>

> Ct—l/p’(O) HX[t.l) (x)v(x)xa(x)—l

LIX) (1) ’

Finally we conclude that lim,_oA;(z) = 0 because the compact operator maps weakly
convergent sequence into strongly convergent one. ]

Theorem 4.2. Let I = R, andlet 1 < p_(I) < p(x) < g(x) < g+(I) < oo.
Suppose that p(x) = p. = constand q(x) = q. = const when x > a for some positive
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constant a. Let (o — 1/p)_(I ) > 0. Further, assume that p,q € WL(I). Then R
is compact from LPU)(I) to i (I) if and only if

(i) As < 00
(ii) lim Ao (1) = Tim Aoc(r) =0,
11— — 00

where Aoo and A (t) are defined in Theorem 3.2.

Proof. For the simplicity assume that a = 1. To prove sufficiency we use the
representation Ry (f = Zi:l Rffgx)f , where

RS&JTX) = Xj0.p)(X)(Re(f ) (x

Rotof @) = 2. (0)Ra [o,ﬁ/zlf )(x)
RO (0) = 2 (Rt (20 ) ()
RS(l)f(x) = Xiy.oo)Rat) (Xjoy 2/ ) ()
RS () = iyoe) (0)Rat) iy 200 ) ()

where 0 < f < 1/2 <2 <y < oo. Now observe that

a(x)q‘
H)C[ﬁ v) HXO 0.8/2()(x =) 2'O0) || g (r)
. al)—1 ‘ ‘
CHX[B,V)(X)V(X)X o) o) =
because A, < oo. Further,
o0) X— Ot(x)—l‘
”?C[ﬁ X ”%B/2 )& =) 'O @) || g p)
o T N
+ ’%[ﬁ#) (X)V(X)‘ X[x/Z,x) (y) (X - y)a<x>_l ‘ U’l()’)(l) ( )( )
LX) (]
=5+ 5.
It is easy to see that
x)—1
el |z v Lq<x><z>H"[ﬁ/“/2)(')‘ wow =™

Using the condition p € WL(I) and Lemma 3 we shall see that I, < co. Besides

HX[yoo HX[om) y)(x —y)* (xH’

o)1) LX) ()

< oot L xarm0)

, < o0
LIW) (1 " O)(1)
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since Aoc < 00. Applying Theorem 3.1 we see that

1
||R£x(>x>Hm»(z)%wu) = [[Ra) I jo.8)) =191 (f0.8)) < € sup Aog(t) — 0
0<t<p
as f — 0.
Arguing as in the proof of sufficiency of Theorem 3.2 (see also Theorem F for
constant o ), we see that the inequality

o 1/gc ,
< ¢ sup (/ (V(x))qcxa(x)ldx) (t— ),)1/(1%-)
t

(5) H
R f(x X
H a(”f( ) L0 ([y,00))=LiN([y,00))  1>y/2
holds. The latter term tends to 0 when y — oo because lim;_. ., A (f) = 0. Finally
we conclude that Ry is compact.

Necessity. The condition As, < oo is a consequence of Theorem 3.2. The fact

limOAOO (¢) follows in the same manner as in the proof of necessity of Theorem 4.1. To
—

show that lim A, () = 0 we argue as above using the facts that p and ¢ are constants
11— 00

outside [0,a] and Ry is compact from LP)(I) to LC’H(I) if and only if the operator
Waof () = [ vO) 0 =07 dy
is compact from L4 @)(I) to LF'®(I). O
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