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SOME INEQUALITIES INVOLVING A FRACTAL
OPERATOR OF FUNCTIONS ON THE SPHERE

M. A. NAVASCUES

(Communicated by J. Pecari¢)

Abstract. This paper undertakes the construction of fractal versions of the classical spherical
harmonics. Some inequalities satisfied by the coefficients of the iterated function systems defin-
ing the fractal functions provide sufficient conditions for the existence of new Hilbert bases of
functions on the sphere. This fact confirms their properties of good approximation. The method-
ology used implies the definition of an operator mapping standard functions into their fractal
analogues. The transformation is linear and bounded and some upper bounds of its norm are
also established.

1. Introduction

The study of sherical signals has important applications nowadays in climatology,
celestial mechanics, satellite technology, etc. Freeden et al., in the reference [6], won-
der about the suitability of using smooth functions to model less smooth variables as,
for instance, geostrophic flows and they solve the question appealing to the theorem of
extension of Helly. We approach the same problem from a different perspective and
we define fractal versions of the spherical harmonics by means of fractal interpolation.
This type of approximation does not imply the use of smooth functions. If an order
of regularity is required to solve a given problem, one must impose specific additional
conditions to the system (see for instance [3], [11]).

In this paper, we assign a fractal analogue for every function with integrable square
on the sphere. This association is performed via a linear and bounded operator. The
text studies the properties of the transformation and, in particular, some upper bounds
of its norm are established.

Other inequalities satisfied by the coefficients of the iterated function system defin-
ing the fractal functions become a key in order to provide Hilbert bases of functions on
the sphere.
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2. o-Fractal functions

Let fp < t; < ... <ty be real numbers, and I = [f,#y] = [a,b] the closed interval
that contains them. Let a set of data points {(#,,x,) €I XxR: n=0,1,2,...,N} be given.
Set I, = [ty—1,tn) andlet L, : I — I,, n€ {1,2,...,N} be contractive homeomorphisms
such that:

Ly(t0) = th—1, Lu(tn) =t (1)
|Ly(c1) — Ln(c2)| <1er—ca| Ve, €1 2)

forsome 0 </ < 1.
Let F =1 x R and N continuous mappings, F;, : F — R, be given satisfying:

Fn(t()?xo):xn—h Fn(tN,XN):xn, n=1,2,...,N (3)

|Eu(t,x) — Fy(t,y)| < rlx—y|, t€l, x,yeR, 0<r<L. 4)
Now define functions wy,(z,x) = (L,(¢),F,(¢,x)), Va=1,2,....N.

THEOREM 2.1. (Barnsley [1]) The Iterated Function System (IFS) {F, wy, :
n=1,2,...,N} defined above admits a unique attractor G. G is the graph of a contin-
uous function g : I — R which obeys g(t,) = x, for n=0,1,2,...,N.

The previous function is called a Fractal Interpolation Function (FIF) correspond-
ing to {(Ln(t),Fu(t,x))}Y_,. The map g is unique satisfying the functional equation
([1D:

g(t) = Fu(L, ' (1),80L, ' (1)), n=1,2,...;N, t €Ly = [ty_1,]. (5

The most widely studied fractal interpolation functions so far are defined by the

IFS
L,(t) =aut + b,
{ (7) ©)

F(t,x) = oyx + qn(2)
where —1 < o, <1, Vn=1,2,...,N. «p is called a vertical scaling factor of the
transformation w, and o = (o, 0p,...,0ay) is the scale vector of the IFS. Following
the equalities (1),

Iy —th—1 b — INtp—1 — Iolp
bl n— - ., -
tvn—1o IN—1o

(7

an =
Let f € € (I) be a continuous function. We consider the case
gn(t) = foLy(t) — o,b(t) ®)

where b is continuous and such that b(zy) = xq; b(ty) = xn.
It is easy to check that the condition (3) is fulfilled. The set of data points is here
{(tn,xn = f(ta)) €I xR: n=0,1,2,...,N}. Using this IFS one can define fractal
analogues of any continuous function (see Fig. 1 and 2, and references [9], [10]).

In particular, we consider in this paper the case

b=vf ©))
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where v : I — R is fixed, continuous, v(fy) = v(fy) = 1 and v(f) non-constant. If we
consider the norm (in the space of continuous functions (1) ):

b
£l = ([ 1Py (10
then
b 1/2
I0fll2 = ([ s Pe)' 2 < el flL 2 an
where
[IV]|ee = max{|v(z)| : t € I}. (12)

DEFINITION 2.2. Let Ata=1t) <t <... <ty =b,where N > 1, be a partition
of the interval I = [a,b]. A scale vector associated to A is an & € (—1,1)V.

DEFINITION 2.3. Let f* be the continuous function defined by the IFS (6), (7),
(8) and (9). f“ is called o -fractal function associated to f with respectto b =vf and
the partition A.

According to (5), f* satisfies the fixed point equation:
FEO) = f) + o (f*—vf)oL, (), Vrel,. (13)
f% interpolates to f at #, as, using (1), (13) and Barnsley’s theorem:
FE ) = Fltn) + Gl f* —v)iw) = ft),  ¥n=0,1...N.  (14)

Let us call o -fractal operator ¥'* = #,* with respect to A, to the transformation
which assigns f* to the function f (¥ *(f) = f%).

THEOREM 2.4. (a) V'*: €[a,b] — €la,b] is linear and bounded with respect to
the £*-norm.
(b)If o =0, ¥V* = Identity.
(c) The following inequalities hold

1+ |0t|oo||V]|o0
[7%]2 < 1| || | ” ) (15)
1+ ||v][e)|0X]|c0
1 —7%> < ( 1” )] (16)

where || = max{|ca,| :n=1,2,...,N} and ||V %*| is the norm of the operator V%
defined as

17 %[l2 = max{ [|7"*(F)l| g2 : [|F]l 22 = 1, f € €a,b]}.
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Proof. (a) The linearity is proved as in [9] and [10]. The item (b) is deduced from

(13). For the boundness, let us consider, according to the equation (13),

74 -1 = 3 [l )1y e

The change of variable 7 = L, ! (¢) provides

172~ £1: = zanw [100) - vpyirpa

17 = fl2 = Zan\an\ 172 () = vl

n=1

N
1790F) = £1% < a2 11740 — vl S, an,
n=1

butif T =b —a, using (7),

N 1 N
Zan:?z‘l(t —t1) =1
n=1 n=1
then
[V 4(f) = fllgz < laleo 174 (f) =Sl 22,
[74(f) = fllgz < letleo (17(F) = fll g2 + 1 =Sl 2)
and | |
O|oo
|7 4(f) = fllg2 < T—lal 1f = vfll g2
Moreover,
Ia\eo

174Nl g2 = Ifllz2 <174 (f) = fllz2 < 1f = v/l

1ol

according to (10),

|0t]e
I7# DLz =2 SNV = fllzz < = o] (L [[vlleo) £l g2-
Asa consequence,
|0t]o 1+\06\ [[V]lee
172 <1+ (1 [vllee) =
1= lole —|ot]e

a7

(18)

19)

(20)

21

(22)

(23)

(24)

(25)

where || %||, is the norm of the operator with respect to the .#>-norm in %[a,b].

Using (24),
(L4 [[v[])| 0t

I-7%, <

(26)

Consequence: According to Theorem 2.4 (b), the collection of maps f* consti-
tutes a family of continuous functions containing f as a particular case (for o« = 0).
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LEMMA 2.5. ([8]) If L is a linear operator from a Banach space into itself such
that ||L|| < 1, then (I —L)~" exists and is bounded. Moreover

(I-L)y '=I+L+1*+... (27)

THEOREM 2.6. If |0t]ee < 1/(2+ ||V]|e), ¥ * has a bounded inverse and

_ 1+ |ate
7)Mo € (28)
I —|otfe| V]|
Proof. According to the inequality (26) and the hypothesis given
lr=7%l2< 1. (29)

The previous lemma assures that ¥'% = — (I — #%) has a bounded inverse. Let us
denote f* = ¥'*(f). In this case, the inequality (20) implies that Vf,

1£1lz2 < lale [1F* = vl g2 + 11/ 22, (30)
£z < latleo (1 Nl2 + Vol 1] 2) + 117 22, 3D
(1= fetlee|[V]|ea) [[f1] 2 < (L4 0t]eo) [LF ]| 2 (32)
By hypothesis
1
[oteo < ———— < ——
2+l IVlleo
and
1= [ae|v]l= >0
then (32)

1+ |oes

1fll22 € ===
S =Vl

£ 2 (33)

and the inequality (28) is proved.

3. A fractal operator of .Z(S)

3.1. Fractal spherical harmonics

A homogeneous polynomial V of degree n in the variables x,y,z satisfying the
Laplace equation AV = 0 is called a Laplace or harmonic polynomial of degree n. If
we consider spherical coordinates (p,0,¢) for P € R® and

& =sin(@)cos(0); n =sin(@)sin(0); & =cos(@)
(0 is the longitude and ¢ is the colatitude), then

V(x,y,z) =p"V(E,n, L)
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The function
Y(0,9) =V (sin(p)cos(0),sin(¢)sin(0),cos(p))

is called the Laplace function or spherical harmonic of order n.
Two spherical harmonics of different degree (or order) are orthogonal over the sphere:

/Y P)dS=0;, n#m

where dS is the element of area of the sphere S. It is well known that the set of spheri-
cal harmonics of order n, .77, is a linear subspace of the functions on the sphere with
dimension 2n + 1, and one of its orthogonal bases is:

U, (Q) = By (cos @) cos(mB) (34)

if 0=(0,90), m=1,2,...,n. P, is the n-th Legendre polynomial and P} is the
Ferrers or associated Legendre polynomial of degree n and order m defined as ([13])

Pty = (1-2) 8P (1)

for m=1,2,...,n. These polynomials satisfy the equalities ([13]):

/ 11 PP (1)t =0, n+r,

[ rpa= 2

The family
(vdum vmin=0,1,2,...,m=1,2,...,n}

is an orthogonal and complete system of .Z>(S). As a consequence, there is an or-
thonomal basis {Y,;} of spherical harmonics and every f € .#2(S) can be expressed
as

o 2n

/= Z chkYnk~

n=0k=0

The expansion of a function f € .#?(S) in terms of the elements of this system is called
sometimes Laplace series of f.

In the following we extend the operator ¥ * to the functions on the sphere S C R3.
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-1 -0.5 0 0.5 1
Figure 1. Graph of the associated Legendre polynomial P32 of degree 3 and order 2.

LEMMA 3.1. Vn=0,1,...; Vm=1,2,...,n,
Ul 22(5) = V27| Pall 22,
1O 22(5) = Vi ll 225y = VAR 22
Proof. For instance ([13]),
2w
10 sy = [ [ 1P (cos9)Pcos?(m0) sin(p)dpdd,
o Jo

1
2
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Figure 2. Graph of the o -fractal function of the associated Legendre polynomial P32
of degree 3 and order 2, A: -1 < -3/5< —-1/5<1/5<3/5<1,
v(t) = (12424 — 111> —24¢3) and o, =0.3 VYn=1,...,5.

PROPOSITION 3.2. There exists an operator %> : H#; — L*(S), where , is
the space of spherical harmonics of order n, linear, injective and such that

127 M2 < 117412 (35)
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where | - |2 is the operator norm with respect to the norm | - || y2(5) defined as
2 2
17l = ([ £2(P)as)"
and V'* is the operator of € |a,b)] studied in the previous section.

Proof. Let us start defining the image of the elements of the basis:

(ARG <P)— 7 (U)(0,9) =P (cos ),

(U")*(8,9) =7 (U;")(6,0) = (B")" (cos ) cos(mB),

(Vi)%(0,9) = 7 (V")(60,0) = (P')*(cos @) sin(m0),
where (P")*(cos@) = ¥ *(P)(cosp) and ¥'“ is the operator defined in Section 2.
We consider here the interval I = [—1,1] and any partition A of I in order to define the

fractal analogues. By linearity we can extend . to the rest of %, in obvious way.
Let us denote

" = L7 ( ).
A% is spanned by {(U%)*, (U™* (V)% m=1,2,...,n}. These fractal elements are
mutually orthogonal as well. For instance,

. 27
(um*,(uH* fz —// %(cos@)(P!)*(cos @) cos(m8)cos(j0) sin pd pd =0

if m # j, due to the orthogonality of cos(m6),cos(j0). Using arguments similar to
those of Lemma 3.1,

UM | 225y = VRENE 22 < VR[] Pl 22
Using the same Lemma
U225y < 17 201U |22 s) - (36)

In the same way,
IV g2y < 17 IR0V |22 s) - 37

For an arbitrary element Y, of .77,

Y, —an0U0+ 2 anmUm+bnrnV;qrn)a
=1

n
ynoc(y ) —anO UO 2 anm Um +bnm(vnm)a)'

The orthogonality of (U)*, (V,")* implies that

||<%qa(Yn)||ﬂ2rg2(s) = ||an0(U,?)a||f(/2(s) + 2 (Hanm(U;ﬂ)a”frﬂ(s) + ||bnm(Vnm)aH?cgz(s))

m=1
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applying (36) and (37)

||<5ﬂna(Yn)“?gz(s) < “7/&“%(||an0U;?“?gz(s) + Z (||anmU,:"H§£2(S) + ||banan92g12(s)))7
m=1
178 )2z < 17 BRI
(due to the orthogonality of the classical basis). As a consequence %, is bounded and

177 M2 < 17 l2-

Additionally, since the system {(U%)*, (U™, (V)% m = 1,2,...,n} is orthogonal
and thus linearly independent, the operator .#,” is injective.

PROPOSITION 3.3. 7% = .#%(74,) is a reproducing kernel space.

Proof. Let us consider an orthonormal basis of JZ,* composed by o -fractal func-
tions {X%:;j=0,1,...,2n}. Let us define H* : § x § — R such that V(P,Q) € S x §

2n
H*(P,Q) = ¥ Xk (P)X;k(Q)
k=0
(here H* is only a notation and not a linearly transformed of H). It is evident that
Xi(P) = [ H(P.Q)X(Q)a0

consequently H% reproduces every element of .7Z,%, that is to say, Vf € %,
2n 2n
1(P)= 3 uXi(P) = 3, u | HU(P.OIXS(0)4Q = [ H(P.O)f(Q)dQ.
k=0 k=0

COROLLARY 3.4. The point evaluation functional F,(f) = f(P), for P €S, is
linear and bounded in F,*. Its Riesz representer is H*(P,-) and

1Fpll2 = [[H* (P,) | 22(s)- (38)

Proof. According to the previous proposition, Vf € 5%,

FP(f) :f(P): (f7HOC(Pv'))$2(S)' (39)

The boundedness of Fp follows from the application of the Cauchy-Schwarz inequality
to the inner product in (39). The Riesz representer of Fp is H*(P,-) and the equality
(38) follows from the theory of Hilbert spaces.
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LEMMA 3.5. ([8]) Let M be a dense set in a Banach space E. Then, each element
y€E, y#0, can be expressed as

Y= (40)
k=1
so that y, € M and
3|yl
lyell < oF

THEOREM 3.6. There exists an operator /% : L(S) — L2(S) linear and bounded
such that % restricted to 5, is S *. Moreover,

1752 < 3]l 41

Proof. The spherical harmonics are dense in €'(S) with respect to the uniform
norm ([7], [12]). Since S is compact, the set is dense with respect to the .#-norm.
At the same time, the continuous functions are dense in .#%(S) (consider, for instance,
the n-th sums of the Laplace series to approximate an element of .Z*(S)). Let us
apply the previous Lemma for M = J# , set of spherical harmonics of any order, and
E=22(S). Any f € Z%(S), f #0, can be expressed as

Mg

f=2Y% (42)

k=1

so that ¥} € 7%, and

3£l 22s
1Yl 225 < T()

Let us define .
SUf) = g‘,l I (Ye) (43)
where fn‘j{‘ is the operator defined in Proposition 3.2 such that

1l < 177 l2-

The expansion of f € .#?(S) with respect to an orthonormal basis of sherical harmonics
is unique and thus, the sum (42) is unique. Therefore % does not depend on the
choice of Y;. Let us see that the sum is convergent,

3171 2(s)

175 Yl z2(s) < 1P l2ll¥ell 2y < 1772

Since the series on the right hand side is convergent, the sum

z LSﬂnokc(Yk)
k=1
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is absolutely convergent. In a Banach space the absolute convergence implies conver-
gence ([5]). As a consequence .% is well defined.
Moreover,

< Hfllz2
1% () 2(s) 2 Tl 22(5) <172 2

and Vf € .Z%(S),
[ (Ol 225y < 3NV E 20 £l 2s)

As a consequence,
17 %ll2 < 3172

If Y € J,, the sum (42) consists of a single term and using (43),
SUY) =77 (Y),

therefore the restriction of 7% to J%, is /.
An immediate consequence of this theorem is

COROLLARY 3.7. If

o 2n

f Z 2 Cnk Ynk

n=0k=

in L2 -sense, then
o 2n

-3 S o

n=0k=

(in the same sense).

Proof. The result follows from the linearity and continuity of .#%.

Let us define the function on the sphere V : § — R given in sherical coordinates
as V(0,¢) = v(cos@), where v(¢) is the continuous mapping, v : I — R, described in
former sections. It is clear that Vf € £2(S),

IV Ell.225) < WV llws) 1 f Lzzis) = VIl flle2s)- (44)

LEMMA 3.8.

174U") = Ul 2(5) < |tleal|* (UR") = VU || 25
L%V = Vil 22 sy < lotlea |74 (V) = VY (| s

Proof. The theorem 3.6 implies that, for instance,

LHU(0,9) = (U)*(0,9) = (B,")“(cos ) cos(m0)
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then
5 2n ) )
1Z4U") = Up'llpn s / / |((P, P™)(cos @)|* cos> m@ sin pdpd O

= [ BB OPar
— (B - B

<alal2l|(B)* = vB

(using (20)). On the other hand,
5 2n rm ) 5 .
|74 VU g = [ [ 1@ = v (cosp)Pcos® mOsingdido

= B B = R (B v
These expressions imply that
17U = Ul < l@lll U = VU2
PROPOSITION 3.9. Vf € Z2(S),

17%(F) = fll 225 < [etl=l|Z(F) =V Il 2(s)

and
|ot]os

<
Sl

174(F) = fll.z2(s) (L[l 11 22(s) - (45)

Proof. Let us begin proving the inequality for a spherical harmonic Y € J¢,. If
{Yu;k=0,...,2n} is the basis of spherical harmonics of /7,

2n
Y= 2 Cnik Yok
k=0

The orthogonality of {(Y% — Y,)}7",, implies that

2n
2 2 2 2
17%(0) ¥ Py, Z\cm %5~ Yl < L2 3l — Vil 2

(applying Lemma 3.8). The orthogonality of the elements cosk0,cosr0 or cosk0,sinrf
implies that of Y5 — VY, Y,y — VY, for k # r. In this case,

|7(0) = ¥ yags) < Lo (0) = VY Py, (46)

For a general f € .Z2(S), let us consider a sequence Y;, of spherical harmonics
such that limY,, = f in the .#?-norm (see the beginning of the proof of Theorem 3.6)
and thus lim||Y,, — f|| 42(s) = 0. Then lim VY,, =V f.
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The continuity of .* and that of the norm imply that
Hya(f) _f”ng(S) =lim ”ya(ym) - Ym“fg%g)-
Applying this equality and (46) for Y =Y,
1)~ £ = Tm |7 () — Yl 2z ) < | lim |7 (V) — VE] 22
and we obtain the first inequality of the Proposition:
174 (f) = Fll 25 < Ntleal| 74 () =Vl 2(5)-
Moreover,

L) = fll2gs) S e[ L4 (F) =V Fll 25
|

alee(74() = fll 22(s) + I1F = Vil 2(s)

NN

therefore, using (44),

%) = fll2(s) < el LH(F) = Fll 2(s) + |l L+ [V ll) 1F]] 22(5)

and the second inequality is obtained.

THEOREM 3.10. If || < ||v||2!, the range of 7% is closed.
Proof. By hypothesis
|otleo < V]I

and
1 —|t]es||V]]eo > O.

According to the first result of the previous Proposition, Vf € £2(S),
11l z2s) = 1<% ()l 2(s) < | [ 4(f) =V Fll s

moreover (44),

17 4(F) =Vl 225y < 14Dl z2(s) + VIl 1 22(s)-

From (48), and applying (49),
14 225 Z [1Flz2(5) = [l () = VF ]l 25

1Dl 225y = 11l z2(s) = [atleol L (] 2(s) — [etlool V]]oo | £ 1] £2s)
and
(1= |etfes][V]] )

Trla Mz <INl

95

(8)

(47)

(48)

(49)

(50)
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In order to prove the closure of the range of % we consider a sequence .#*(f,)

convergent, .#%(f,) — g. The original {f,} C .£?(S) is Cauchy because, due to the
linearity of %, (47) and (50),

1+ |a]e
I lls < ey

Wllfﬂ“(ﬁz) =)l 225 (51)

thus, the Cauchy property of .#%(f,) is inherited by f,. As a consequence f, is
convergent. Let us consider, f = lim f,,. The continuity of .#% provides .%*(f) =
lim #%(f,) = g and g belongs to the range of #“.

COROLLARY 3.11. If |al. < |V},

Z2(8) =rg.7* Pker(S*)*, (52)

where (%)* is the adjoint operator of /“.

Proof. For a bounded and linear operator of a Hilbert space, the following orthog-
onal decomposition is satisfied,

L2(S) =1g.7% Pker(.7%)*. (53)
In this case the range of the operator is closed and the result is obtained.

COROLLARY 3.12. If |a|w < ||v||2!, there exists a solution in f for the equation

SU(f) = f ifand only if f is orthogonal to ker(.#*)*.
Proof. It is a trivial consequence of the previous corollary.

PROPOSITION 3.13. If |a| < |[V||2}, #% is injective.

Proof. 1t is a consequence of the inequality (50), taking .#%(f) = 0.
PROPOSITION 3.14. If |0t|e < |[V||2}, rg(-7%)* is dense in L(S).
Proof. In general,
L2(S) =rg(L ) Pker(S%). (54)
In this case .'* is injective, ker(.”%) = {0} and rg(.#%)* is dense in .Z>(S).

THEOREM 3.15. If |ot]e < m S LHS) — L*(S) has a bounded in-

verse.
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Proof. According to the inequality (45) and the hypothesis given

(L4 [[V]]eo) [ 0t]eo

[— 7% <

<1. (55)

Lemma 2.5 ensures that % = — (I — %) has a bounded inverse. Using (50),

1+ |ate

1) 2 < T
1= fet]eo|[V]]<o

PROPOSITION 3.16. If |0t|. < m (S*)* is injective.

Proof. Theorem 3.15 states that rg.”% = .#?(S). Since

1

Ol < - < ——
2+ vl [Vl

according to Corollary 3.11, ker(#*)* = {0} and (.*)* is injective.

DEFINITION 3.17. An operator T is Fredholm if:

e rgT is closed.

e kerT and kerT* are finite-dimensional.

PROPOSITION 3.18. If |ot| < (L) is Fredholm and its index is 0.

2+HVH ’

Proof. In this case, rg.”“ is closed (Theorem 3.10) and .#%, (%)* are injec-
tive (Propositions 3.13 and 3.16 respectively). As a consequence, .¥% is Fredholm.
The index of a Fredholm operator is defined as:

ind % = dim(ker.%) — dim(ker(.%)").

In this case the index is zero.

DEFINITION 3.19. A sequence {x,} C E is closed or fundamental if every el-
ement of £ can be approximated arbitrarily closely by finite linear combinations of
elements of {x,}.

THEOREM 3.20. If |0t]e < 2+H the system

Ve ?
T ={UN*, (U, (V)%n=0,1,....,m=12,....n} (56)

is fundamental in L*(S).
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Proof. According to Theorem 3.15 for any g € .Z2(S), there exists f € £2(S)
such that Z%(f) = g. In that case, if the Laplace series of f is

oo 2n

=X culu (57)

n=0k=0
the linearity and continuity of . imply that

o 2n

g=S(f) =2 Y eu¥i (58)

n=0k=0
and g can be arbitrarily approached by finite linear combinations of elements of 7.

THEOREM 3.21. If |0t]e < , the system T is complete in L*(S).

1
2+][v[leo

Proof. By Banach’s theorem ([4]), in a normed linear space a system is funda-
mental if and only if it is complete.

COROLLARY 3.22. If |0t]e < m £%(S) owns a Hilbert basis of a-fractal
spherical harmonics.
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