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TOPOLOGICAL AND GEOMETRICAL STRUCTURE
OF CALDERON-LOZANOVSKII CONSTRUCTION

PAWEE KoLWICZ AND KAROL LESNIK

(Communicated by L. Maligranda)

Abstract. We study the structure of general Calderén-Lozanovskii construction. First the problem
of order continuity of these spaces is studied. Moreover, we find characterization of strict
monotonicity and we try to explain why the obtained criteria are not easy to verify in particular
cases.

1. Introduction

The theory of Orlicz spaces L, is well known. The Banach lattices called E,,
generated by the Kothe space E and the Orlicz function ¢, are generalizations of Orlicz
spaces and Orlicz-Lorentz spaces. The structure of spaces E,, has been intensively de-
veloped during the last 20 years (see for example [6], [7], [10], [12] and [13]) Although
E, are often called Calderén-Lozanovskil spaces they are only a particular case of
Calder6n-Lozanovskii construction p (X, Y) for X = L>°. We shall study the structure
of general Calderén-Lozanovskii construction p (X,Y) which plays the great role in
the interpolation theory. First the problem of order continuity of these spaces is studied.
The order continuity is a fundamental tool in the theory of Banach lattices (see [11],
[15], [19]). The criteria for this property in the spaces E, can be found in [6] and
[7] (see also [14] for the local point of view). Some particular sufficient conditions
for order continuity of p (X,Y) have been presented in [22]. We shall discuss this
problem more precisely, finding several sufficient and necessary conditions for order
continuity of p (X, Y). We also present an alternative proof for characterization of order
continuity of spaces E, which might be useful in studying this property in the general
construction p (X,Y), where the problem remains open. In the second part of the paper
we shall consider strict monotonicity of p (X,Y). The monotonicity properties play a
great role in the theory of Banach lattices. They are of importance in the best dominated
approximation problems in Banach lattices (see [9], [16]). They are also strongly
applicable in the ergodic theory (see [1]). It is worth mentioning that monotonicity
property of E is a restriction of an appropriate rotundity property to pairs of compatible
elements on the positive cone E, (see [8]). We shall find a full criterion for strict
monotonicity of p (X,Y) getting a generalization of a respective result for E, from
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[12]. The paper is ended with a discussion concerning difficulties of these studies and
open problems.

2. Preliminaries

Let S(X) (resp. B(X)) be the unit sphere (resp. the closed unit ball) of a real
Banach space (X, ||-||y)-

Let (T,%,u) be a o-finite and complete measure space. By L° = L%(T) we
denote the set of all u -equivalence classes of real valued measurable functions defined
on T.

A Banach space E = (E, ||-||;) is said to be a Kothe space if E is a linear subspace
of L and:

(i) if x€ E,y € L° and |y| < |x| p-ae., then y € E and ||y, < ||x]/z3

(ii) forall A € £ with u (A) < co we have y4 € E (see [11] and [19]).

Every Kothe space is a Banach lattice under the natural partial order (x > 0 if
x () > 0 for u-ae. ¢t € T). Inparticular, if we consider the space E over a non-atomic
measure, then we shall say that E is a Kothe function space. If we specify the measure
space (T,%, i) to be the counting measure space (N,2",m), then we will say that E
is a Kothe sequence space. In the last case the symbol ¢; = (0,...,0,1,0,...) stands
for the i-th unit vector. If we consider the symmetric Kothe spaces (rearrangement
invariant) we refer to [15] or [19] for the respective definitions.

The set E; = {x € E : x > 0} is called the positive cone of E. For any subset
A CE define A, =ANE,. Forany A, B€X weset A+-~B=(A\B)U(B\A).

A point x € E is said to have order continuous norm if for any sequence (x,,)
in E such that 0 < x,, < |x| and x,, — 0 p-ae. we have ||x,|; — 0. A Kothe
space E is called order continuous (E € (OC)) if every element of E has order
continuous norm (see [11], [19] and [23]). As usual, E, stands for the subspace of
order continuous elements of E. It is known that x € E, iff |xya,||; | O for any
sequence {A,} satisfying A, \, @ (thatis A, D A,41 and u (ﬂ An> =0).

n=1

Clearly, u (ﬂ A,,) =0 iff x4, = 0 u-ae..
n=1

E is saiditobestrictly monotone (E € (SM) ) if ||y||z < ||x||z foreach 0 <y <x
with y # x (see [2], [8]).

We will say that E has the Fatou property if conditions 0 < x, T x € L° with
(Xn)ney in E and sup, ||x,||z < co imply that x € E and ||x||; = lim,, ||x, ]|, -

We say that @ is an Orlicz function whenever @ : R, U {0} — [0,00], @ is
convex, vanishing and continuous at zero, left continuous on (0, co) and not identically
equal to zero. Additionally, if ¢ vanishes only at zero, takes only finite values and

fim 2%~ o and 1im 2% —o,

U— 00 u u—0 U
then ¢ is called an .4 -function. Denote the class of .4#” functions by O. In the whole
paper we shall assume that ¢ € O.
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It is known that the growth condition A, for the Orlicz function ¢ is a funda-
mental tool in the theory of Orlicz spaces L, and Calderén-Lozanovskii spaces E.
In particular it is necessary and sufficient for order continuity of E, (L, ). Recall
that an Orlicz function ¢ satisfies condition A;(0) (@ € Ay(0)) if there exist K > 0
and uo > 0 such that @(up) > 0 and the inequality ¢(2u) < K¢(u) holds for all
u € [0,up]. We say an Orlicz function ¢ satisfies condition Ax(c0) (@ € Ay(o00)) if
there exist K > 0, up > 0 such that @(up) < co and the inequality ¢(2u) < K¢o(u)
holds for all u > ug. If there exists K > 0 such that ¢(2u) < K@(u) forall u > 0,
then we say that ¢ satisfies condition Ay(Ry) (@ € A (Ry)).

DEFINITION 1. We will say that a function p : R U{0} x R, U{0} — R, U{0}
belongs to the class U provided:

(i) p is positively homogenous, that is, p (au,av) = ap (u,v) foreach a,u,v >
0.

(ii) p(0,v) =p(u,0) =0 foreach u,v > 0.

(iii) p(-,v) and p(u,-) are continuous, concave functions of one variable for
any u,v > 0.

(iv) lim,— o p (1, v) = lim,—,o, p (v, u) = oo foreach v > 0.

It is easy to see that each function p € U is concave on R? .

REMARK 2. For each ¢ € O one can associate a function pyr € U by

—1 (v :
uQ x) it u>0,
Po.r (I/L, V) = { 0 ( ) for u=0.

Conversely, given any p € U, if we set @g(v) = p~!(1,v), then @r € O (g -from
the right hand) . Analogously, given @ € O we define

v~ (%) if v>0,
pq"L(u’V):{ (po(V) for v=0

with p,; € U. Finally, for p € U setting ¢ (1) = p~' (u,1), we get ¢, € O
(@ -from the left hand).

DEFINITION 3. We will say that p satisfies the A, condition from the left side for
all values u € Ry (p € Ay (L,R;) shortly) if there is K > O such that

w <p(Xul
plu,v)s p 2M72V

for all (u,v) € ]Ri. Analogously, p satisfies the A, condition from the right side for
all values (p € Az (R,R.) shortly) if there is K > 0 such that

wv <p(iuX
plu,v)s p 2M72V

forall (u,v) € R2.
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It is easy to see that
Por € M (L,Ry) ifandonlyif ¢ € Ay(Ry).

NOTATION 4. We shall write p € Ay (L,R,R,) if p € Ay(L,R;) and p €
AZ (R ) R+) .

We can define, by the analogy to Orlicz functions, the appropriate A, conditions
for p at zero and at infinity.

DEFINITION 5. We will say that p satisfies the A, condition from the left side at
infinity [at zero] (p € Ay (L,00) [p € Az (L,0)] shortly) if there are numbers K > 0

and ug > 0 such that
( )< :
pu,v) < p 2u,2v

forall (u,v) € R% with % > ug [% < ug).

Like above it is easy to see, that Py € Ay (L, 00) [P € Ay (L,0)] if and only
if @ € Ay(00) [@ € Ay (0)], respectively. The case p € Ay (R,00) [p € Ay (R,0)] s
understood analogously but with the quotient 7 in place of .

Moreover, the appropriate lemmas from the theory of Orlicz functions remain true
(see [4] for the respective proofs for Orlicz .4 functions).

LEMMA 6. Let p € U. The following conditions are equivalent:
(i) pe A (L,00).
(i) for each ug > 0O there is K > 0 such that p (u,v) < p (5u,1v) for all
(u,v) € RZ with “ > u.
(iii) foreach K > 1 and any up > 0 thereis 1 < 0 < K such that p (u,v) <

o (&u,Lv) forall (u,v) € RZ with “ > u.

NOTATION 7. Let X, Y be Kothe spaces and 1 < p < co. We denote by X @, ¥
the p-product of X and Y with the norm

l .
e, = 1 )llxg,y = (ly +IyIF) " if 1<p <o,
I = I@D oy =max {xlx. Iy} i p=oc.
DEFINITION 8. Suppose that p € U and X, Y are Kothe spaces over the same
measure space (we will also say in this situation that a couple (X,Y) is compatible).
Let 1 < p < oco. By the Calderén-Lozanovskii construction p (X,Y) we mean the
space
pX.Y)={z€L’: |z <p(r,y) forsome x€X.y€eV,}

equipped with the norm

vzl o) = inf{||(x,y)Hp xeXy,yeY, with |z < p(x,y)} .
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REMARK 9. (i) The case p = co. Itis easy to see that
p(X,Y)={z€L: |z <Ap(x,y) forsomex € B(X), ,y€B(Y),, A >0}

and o ||z|| p(xy) = inf A, where the infimum is extended over all possible 4 > 0 for
which one canfind x € B (X), and y € B(Y)_ satisfying the inequality |z| < Ap (x,y)
(the space p (X, Y) with the norm considered in this way has been considered by
Lozanovskii, see [20]). This construction plays an important role in the theory of
interpolation spaces and for the special functions ¢ (s,7) = s'~%% (0 < 0 < 1) it is
related to the complex interpolation method of Calderdn (see [3]). If Ey and E; have
the Fatou property (or both Ey and E; are separable), Ovchinnikov proved in [21] that
¢ (Eo, E1) is an interpolation space between E and E;.

(ii) The case of spaces Ey,. If p =00, X = L>®, Y = FE and p € U, then
p(L>®,E) = E, and |wl]|, = [wl|,, where ¢(v) = p~'(1,v) (note that ¢ = ¢
according to Remark 2),

[ lleox|y if @oxe€E
Ip(x) = { 00 otherwise

)

Ep={x€L°:Iy(cx) < oo forsome ¢ > 0}

and

1 =inf {1 >0:1,(x/A) <1}.

If E=L" (E=1"),then E, isthe Orlicz function (sequence) space equipped with the
Luxemburg norm. If E is a Lorentz function (sequence) space Ay (A ), then Ej, is
the corresponding Orlicz-Lorentz function (sequence) space (Ay)ey ((Aw)e ) equipped
with the Luxemburg norm (see [6], [7], [8], [10], [12]).

THEOREM 10. ([22, Proposition 1]) Ler (X,Y) be couple of Kithe spaces with
Fatou property and 1 < p < oo. Then forany z € p (X,Y) we have

ol = inf {1Vl t 18 =0 0v), (00) € (X V), }
_ min{H(u, Wl el =p(wv), (u,v) € (X Y)+} :

In the following, considering a couple of Kothe spaces (X, Y) we will understand
that both X and Y have Fatou property and are compatible.

3. Results

3.1. Order continuity
Since order continuity is topologically invariant and all norms , ||-|| p(xy) are

mutually equivalent we may consider only the space (p (X, Y) 00 ||l p(x,y)> . We shall

write shortly (p (X, ¥),[|],) and v )| = 1063) gy = max {xly. ¥l
The proof of the following lemma is immediate.
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LEMMA 11. Let (X,Y) be a couple of order continuous Kithe spaces. Then
p(X,Y) € (0C).

It is possible that the space p (X,Y) can be order continuous even when neither
X nor Y is order continuous. In order to discuss the case we introduce the following
notion.

DEFINITION 12.  'We shall say that a couple of Kothe spaces (X, Y) is jointly order
discontinuous ((X,Y) € (JOD) shortly) if there exist elements x € X\ X,, y € Y\ Y,
and a sequence of measurable sets A, \, & such that for any sequence (B,) in X with
B, C A, (n € N) there are a number a > 0 and a subsequence (n;) in N such that
either

> a forall k
Y

Hx)(B,,k B > a and Hy)(B,,k

or

HxxB/ > a and nyB/ > a forall k,
s s

where B, := A, \ B,.

‘X ‘Y

THEOREM 13. If p € U, then:
(i) (X,Y) ¢ (JOD) whenever p(X,Y) € (OC).
(ii) p(X,Y) € (OC) provided (X,Y) ¢ (JOD) and p € Ay (R,L,R,).

Proof. (i) Suppose that (X,Y) € (JOD). Take elements x € (X\X,),, y €
(Y'\ Y,), andsequence (A,) from Definition 12. Define z = p (x,y) and the sequence

2 =P (%) Xy = P (Xxan: YXan) -
By Theorem 10 we conclude that for any 7 there exists (u,,v,) € (X @© YY), such that
HZn”p = ||(un7 vn)H and n=2pP (um Vn) .

Put
B,={t€A,:u,(t) >x(t)} and B, = A, \ B,.

We have therefore v, xp > yxp . From assumed condition (JOD) we know that there
exist subsequence (n;) of N and constant a > 0 satisfying

X > aand H >a> or (Hx > aand H ‘ >a>. 1
(H %Bnk X = yXBnk Y/ XB;’IJ x = y%B'/"k Y/ ( )
Because of symmetry we are allowed to consider just one case, say Hx)(B,,k > a and
X
Hy%B"A > a for all k. Then
Ay
el = G ) [ ) 2| 2 o [ > [, |, >

for all k and therefore z ¢ p (X, Y), .

(if) Take any z € p(X,Y). By Theorem 10 there is (x,y) € (X®Y), with
|zl = p(x,y) (see [22]). We can consider only the case where x € X \ X,, y € Y\ ¥,
(since the other case can be found in [22]). Take any sequence (A,) with A, \, & .
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Without loss of generality we can assume that u (suppx = suppy) = 0 and A, C suppx
for any n. Since (X, Y) ¢ (JOD) there exists a sequence (B,) such that B, C A, for
any n and

Y—>0>7

= 0) or (v, ly — 0 and

(28,1 = 0 0r vz Iy —0) and (x| = 0or vz,

where B, = A, \ By 1f (g, ly — 0 and ||y,

HyXB;,
assume that

— 0) the proof would follow as that of Proposition 4 in [22]. Therefore,
Y

ol — O and |y || 0. @

If instead of (2) we would have Hx)(B/ ' — 0 and ||yxs,|/y — O, the proof is similar.
n X

From p € A; (R,L,R,) there exist constants K, L > O such that for any u,v > 0 and

any m € N . .
owr<of(5)'+()7)
<ol (o (5)).

Moreover, there exist sequences m (n) — oo and k (n) — oo satisfying

m(n)
K
(E) ||xxBnHX <]‘47

k(n)
L /
= || <N,
(2) HyXB" Y

for some constants M, N > 0. Put i (n) = min (m (n) ,k (n)) — oo. Setting z, = z)a,,
we get

= p,y)xa, =P 6y) Xg, + 0 (x,¥) X,

K i(n) 1 i(n) 1 i(n) L i(n)
<p <§> X, <§> Y| X8, +p <§> X, (5) Y| Xs,-
Finally

K i(n) 1 i(n) L i(n) 1 i(n)
alp < (5) bomdit () b (5) P+ (3) o

X
1 i(n) 1 i(n)
<mflandcr (3) Mol 3o+ (5) o], -
Since z € p (X, Y) is arbitrary, we conclude that p (X,Y) € (OC). O

REMARK 14. Obviously, when X is isomorphic to Y and they are not order
continuous, then (X,Y) € (JOD). However, there may exist spaces X, Y both of them
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not being order continuous such that the couple (X,Y) ¢ (JOD), and in view of the
above theorem, the space p (X,Y) can be order continuous. The following example
presents such a case.

EXAMPLE 15. Let T = (0,00) and @,y be Orlicz .4 functions such that
@ € Ay(0)and @ € Ay(o0) as well as ¢ & Ay(0) and w € Ay(00).

We will show that (Ly,Ly) € (JOD). Of course Ly,L, ¢ (OC) (see for example
[17]). Take any 0 < x € Ly \ (Ly),. 0 <y € Ly \ (Ly), and arbitrary sequence
(A;) in X such that A, \, @ (i.e. xa, \, O u-ae.). Notice that for a set A =
{teT:x(¢t) > 1} wehave u(A) < co. We claim that

xxra € LY.

We have [, (Ax) = ||¢ o (Ax)||,; < oo forsome A > 0 because x € L,. Suppose that
0 < zy <xxpa and z, — 0 p-ae.. Then I, (Az,) — O since o (Ax) € L' € (OC).
Fix k € N. By ¢ € A»(0) and ¢ € O we conclude that there is a number Ky > 0

such that @ (%u) < Koo (u) forany u € [0,A]. Thus
2k
I(p (2an) = I(p (I)LZn) < KOIw (A’Zn) - 07
as n — oo. This means that [|z,|[, — 0 which proves the claim. On the other hand
yXa € LZ/7
since Ly (A,ZNA,u|a) € (OC). For
Bn = An mA;
le1 = Ay \ By,

we have HxxB/ — 0 and ||yxs, ||z — 0. Finally (L?,LY) ¢ (JOD) and taking any
"lle
5 €(0,1), p(u,v) = u®»'~?% we have by Theorem 13 (ii) that

p(L?,LY) = (L?)’ (L¥)'° € (00).

REMARK 16. This should be pointed out that if one of X or Y is isomorphically
equal to L and the second is not order continuous, then the couple (X,Y) € (JOD).
Clearly, (L>), = {0} but there are Kdthe spaces X with X, = {0} and X is not
isomorphically equal to L>°. It is enough to take X = L' N L> ([0, cc]) with the norm
llx]| = |lx|l .+ + ||x|| oo - This leads to the following

REMARK 17. Does (X,Y) € (JOD) when X, = {0} and Y ¢ (OC)? The
answer is “no” in general. Indeed, let X = L! (R, 2, u) N L> (R, X, u) with the norm
Xl = []x[l; + [|*]|o, and ¥ = L? (R,Z, u) be the Orlicz space with the Luxemburg
norm such that ¢ € A; (00), @ € A, (0) and ¢ isan .4 -function. We have X, = {0}
and Y ¢ (OC). We shall show that for any couple (x,y) € (X\X,), ® (Y \Y,),
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and any sequence (A,) C X satisfying A, \, @ and A, C A,, for n > m, there exists
sequence (B,) with B, C A, and

HxxB;, . 0 and iy, [ly — 0,

where B, = A, \B,. Let 0 < x € X\ X,, 0 <y € Y\Y, and (4,) be like
above. There are two possibilities: 1 (A,) — 0 or u(A,) = oo for any n. Since
Lo (A,ZNA, 1 ja) € (OC) while u(A) < oo, only the second case need to be
considered. Define

1
Ck:{teR:x(Z)Z%},

1
B} = {teAn cx(t) = §} and (B})' =A,\B}.

Then u (B}) < oo and u(Cy) < oo for any k,n € N. Moreover, u (B}) "= 0
for any k since By C Cy and xp < 21, \. O p-ae.. Therefore, ‘yxgz "0
Y

(since Ly (Ct,2NCi, 1 |¢,) € (OC)) for any k and consequently we can find a

nondecreasing sequence of natural numbers i (n) such that H yxsr, "Z2°0 and
n

,
i (n) — co. Finally, we get

_|_

T (B?Oz)) / X o (B?@)), 1 x% (B?(n)) / 0o

N

1
llexa,ll, + m —0

as n — 0o . So we conclude that (X,Y) & (JOD).

It is proved in [22] that the appropriate (left or right) A, condition for all values
is enough for Calderén-Lozanovskii space p (X, Y) to be order continuous even if one
of X or Y is not. However, the theory of Orlicz spaces and generalized Orlicz spaces
E, shows that A, condition on the whole R is not necessarily in some cases. It
is sometimes enough to assume A, condition at zero or at infinity as the following
theorem shows.

THEOREM 18. (i) p(X,Y) € (OC) if X C Y, X € (OC) and p € Ay (L,0).
(i) p(X,Y) € (OC)if Y CX, X € (OC) and p € Ay (L, ).

(iii) p(X,Y) € (OC) if XC Y, Y e (OC) and p € Ay (R,0).

(iv) p(X,Y) e (0OC) if Y CX, Y€ (OC) and p € A (R,0).

Proof. (i) Take any z € p(X,Y). By Theorem 10 there is (x,y) € (X®Y),

with |z| = p (x,y) (see [22]). We have |z] < p(x,xVy) € p(X,Y) because xVy € Y.
Thus, by Lemma 6, there exist K; > 0 such that for any # € suppx Vy

P06 ) <p (50 F 6 ). o)
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since % < 1. By the induction, applying Lemma 6, we can define a sequence K;

satisfying for any n

n
&
i=1

2}1

(1)) (V) (1)

px(),(xvy) (@) <p ' n

Take any sequence (A,) in £ with A, \, @ and define z, = p (x}a,,y V xXa,) . Itis
enough to check that [|z,[|, — 0 because p (xxa,,¥X,) < zx - Since X € (OC) so
X2, |lx . 0. Moreover, there are a nondecreasing sequence (i,) with i, — oo and a
number M > 0O such that )

[

i=1
ol < m

for each n. We can continue our proof like in Theorem 13 .
(if) Let z € p(X,Y). Then |z] = p(x,y) forsome x € X, ,y e Y. If y € ¥,
then the proof is obvious. Suppose that y € (Y \ ¥,), . We have

2<p(xVy,y)
and x Vy € X. By Lemma 6 (ii) for up = 1 there is K > 1 such that p (u,v) <
0 (%u, %v) forall (u,v) € R2 with £ > 1. Since the inequality K" )%)(suppy Z Xsuppy
is true for any n,s0 p(x Vy,y) < p ((%)nx vy, %,,y) . We follow as in proof of (i).
The proofs of (iii) and (iv) are similar. O
Recall that given Koéthe spaces X and Z the generalized dual X# is defined by
X*={xeL’(T,Z,u):xy € Z foreach y € X}

(see [18]). For Z = L! the space X-' = X’ is the Kothe dual of X. We shall need the
following generalization.

DEFINITION 19. Let X and Z be a real Kothe function spaces over measure space

(T,Z, u) and take an unbounded set K C R, . Set
Xk ={xeX:x[T] CKU{0}}
and
(Xk)” = {x € [°(T, 2, p) : xy € Z foreach y € Xx} .

If K =R, then clearly Xx = X.

LEMMA 20. (see [18]) If X is a Kithe space, then XX = L°>°.

We will need a generalization of the above lemma.

LEMMA 21. Let X be an order continuous Kothe function space such that

X ¢ L*°. Suppose that the set K C R is unbounded. Then we have the equality of
sets

(xg)* =r>.
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Proof. The inclusion D is evident. Suppose that there is x € (Xx)* \ L . Define
An:{teT:n3 < (n)] < (n+1)3}.

Since x ¢ L>°, wehave u (A4,) >0 forinfinitely many n. Set M= {n € N : u (A,) >0} .
If X € (OC), then the function y : ¥ — R, defined y (A) = |xally has Darboux

property (see [5]). Consequently there exist sets B, C A, with W € K for each
n Bn || x

n € N. Put |
y= 77 XBn-
2 n? || xs, |l

neM
We have of course y € X by completeness and y € Xg. On the other hand

3

n
H'xyH = XBH =n,
=l sl
for any n € M. The contradiction proves the lemma. ]

REMARK 22. The above Lemma is also true if we assume, in place of X € (OC),
that X is a symmetric Kéthe function space and p (7') < co. Inorder to go analogously
in the proof it is enough to show that x4 € X, for any A € Z. First, notice that, since
X ¢ L, there exist x € (X \X,), with x ¢ L>. Furthermore, we shall show
that /x € X,,. Defining A, = {r € T : x(¢) > n} we get M > ||xxa,|| = a for some
M,a > 0 and any n (such a choice of (A,) is optimal because of symmetry). However,
|Vxxa,|| — O because /xxa, < ﬁxmn . But \/xxa, > xa, and consequently
XA, € Xq. Since X is symmetric we conclude that x4 € X, forany set A € 2. Lemma
21 can be proved as before.

Itis known that, under certain assumptions, the A, condition is necessary for order
continuity of E, (see [7]). We shall present an independent proof of this fact applying
the above Lemma.

THEOREM 23. ([7]) Ler @ € O and L™ C E with E being a Kithe function
space . Supposethat E € (OC) or E is a symmetric space over the finite measure space.

If @ & Ay (00) (equivalently p “ Por & Mo (R, 00) ), then p (L™, E) = E, ¢ (OC).
Proof. Since p € A; (R, 00) so

limsup K (f) = oo,

—o0

where K is the function defined by the equality
1 K(1)
1,t) = -, —=t]. 4
p(l,)=p (2, 3 ) (4)

Since K is continuous, there exists a nonempty set H C R such that K (s) < K (¢)
whenever s < ¢t for any s, € H. Moreover, H may be chosen to be unbounded,
0 € H and such that K [H] is unbounded too. Define

Ey={x€E:x[T\A] C H forsome A € X with u(A)=0}.
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Suppose for the contrary that p (L>°,E) € (OC). Notice that E ¢ L. Indeed,
otherwise L™ C E C L*° and E is isomorphic to L>°, whence, by Theorem 13 and
Remark 16, p (L, E) ¢ (OC) . Let x € Ep be such that the sets

A, ={t:x(t) > n}
have positive measure for all n € N. Of course u (A,) — 0. Setting

in = p (XTVX:) xAn

we get |z, "\, 0. Moreover, in view of Theorem 10, for any n there exists a couple
(tn, vy) with
”Zan = [|(n, va)|| and zu = p (4, va) .

Therefore, there exists ng satisfying u,, < % Xan, - Applying equality (4) we have

p(Lx(1) = p (% K(’;(’”x(z))

for u-a.e. t € A,,, and consequently

Kox
TXXA”O <y, €E.
Define the function
Kox
M = 2 XA"U'

Of course M is unbounded. We would like to show that M &< (EH)E to get the
contradiction with Lemma 21. It is enough to show that for any y € Ey with x < y,
yM € E. Let y be arbitrary, x < y and put

= pQry),
fn = p (XAmyXAn) °
Take couples (r,,s,) satisfying

Hf"Hp = H(rmsn)H and fn = p(rmsn) .

Consequently ||f, ||, — O and therefore, ||7[|, — 0. We conclude as before that there
exists n; > ng such that r,, < 324, . But

oty ) =p (3. 55 0)

for pu-a.e. t € A, and finally

Koy
2

Furthermore, by the monotonicity of K in H, we get

yXAnl < snl € E'

1 1
EK O'xxAnl < EK © yXAnl °
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Therefore
Koy
MxAnly < TyxAnl 6 E'

Moreover, xxr\a, < nixr\a, and

Kox K (n)
XT\A,, S T X\ ©

o0

Mxr\a,, =

Thus we get My = Myxr\a,, + My)a, € E and because y was arbitrary, M € (EH)E
which contradicts Lemma 21. (|

3.2. Strict monotonicity

When we consider the space ,p (X, Y) with p = oo we shall write p (X, Y) instead
of oop (X, Y) and |||, instead of o ||z|, for short.
Given an ./ function ¢ we set

A .
Wi = {WELO 1z@ o (—W) €Y forsome A > 0,z€ B (X), with suppw C suppz},

Z
(w)
zpo | —
Z

[w|ly = inf {4 >0:

I§ (w) = inf {

:z€B(X), ,suppw C suppz}
Y

and

Ig (w/A) < 1}
|

/\ew

foreach w € WR We define the function z¢ o —‘) €Y by
i@y s
0o (M) (1) = z(t)<p< 0 ) ?f t € suppz,
Z 0 if + ¢ suppz.

Analogously one can set

A
WE = {WELO:z(po (_w) €X forsome A > 0,z€B(Y), with suppw C suppz}7

Z
(W)
2o | —
Z

Iwlly = inf {A > 0: 15 (w/A) < 1}

I (w) = inf {

:2€B(Y), ,suppw C suppz}
X

and

for each w € Wy,

REMARK 24. If ¢ € O, then:

. R R
(i) (WEIH15) = (Por (X ¥). 11, ) and [Iwll§ = [wl,,, for each w e
Por (X,Y), where

—1 (v .
uQ x) it u>0,
p(P.R (I/L, V) = { 0 ( ) for u=0.
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(i) (W IF115) = (002 (X 1), 11l ) and ]y = [hwll,,, for each w e
Po.r (X,Y), where
—1 (u :
e (—) if v>0,
p(p,L(u,v)—{ 0 for v=0.

Proof. (i) Let w € W5 and Hw||$ < A. Then I§ (w/A) < 1, so we find
@ o (%)Hy — I (w/A) < 1 and suppw C
|

|w
] -

- Wl [w|
|W| = )LZn(P o ¢o (lZn = )LZn,Otp,R Xsuppw> @ © e

[w]
w Zn w Zn(p o (ﬂ)
= APpr (ansuppw,Zn(P o (AZ )) = a, APy Xsupp : 2

al’l an

a sequence (z,) C B(X)

4 with ’

supp z,- Denoting a,, = max {1,

for each n. Thus w € Py (X,Y) and ||w|| por S a,A for each n. Consequently
HWH‘)@R < lima,A = A. Since A can be taken arbitrarily close to ||WH$, ) Hw||pw‘R <

HWHZ. Suppose that w € pyr (X,Y) and ||w||pr < A. Then |w| < Apyr (x,y) for
some x € B(X), and y € B(Y), . Without loss of generality we may assume that
suppx = suppy = suppw. Then

Wl < Apgk (x,3) = Axpy (XS“PP*" ;y_c> =Axp~" o (%) '

Consequently x¢ o (%) <y € B(Y),. Then w € W5 and ||w||$ < A. Thus

R
Il < [l , -

The proof of (ii) is analogous. O

DEFINITION 25. Let p = co. We shall say that the space p (X,Y) satisfies the
nmg (nmy respectively) condition provided the implication |jw[|, =1 = Iy (w) =1
(Iwl,=1= I, (w) = 1, respectively) holds foreach w € p (X, Y) (w € p(X,Y)).
We shall write p (X,Y) € (nmg) and p (X,Y) € (nmy), respectively.

Notice that in the above definition we may equivalently use notations Py, ¢ for
nmg and Py, @ for nmy.

REMARK 26. Recall thatif p = o0, X = L*°, Y = E and p € U, then
p (L, E) = Ey and [lw[|, = [jwl|,, where @(v) = @r(v) = p~'(1,v) (see Remark
9 (ii) in Section 2). Moreover, p (L, E) € (nmg) iff |x]|, =1 = I, (x) = 1 for
each x € E, (the last condition has been considered in [12] as necessary and sufficient
for strict monotonicity of Ey).
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Proof. Suppose that p (L*°, E) € (nmg) and let |[x||, = 1. By the assumption

po 209 ©
Z 20

where zp = Xr is the strong unit in L°°. On the other hand, given any element
z € B(L*>), wehave z < xr, by the convexity of ¢, we get

o ()

whence 1 = inf,ep(ro0), Hz(p o <@> HY > I, (x). Thus I, (x) = 1 as required. The

<
Y

1=1%(x)= inf
o) Z€B(L®),

:I(P (.X),

=
Y

= [l o (xDlly
Y

1
2z o (Ix))
Z

proof of the second implication is obvious since we have seen above that I, (x) = I (x).
O

LEMMA 27. Suppose that X and Y have the Fatou property and p = co. Then:
(i) p(X,Y) € (nmg) if and only if

l2ll, = ¥l (+)

whenever 2 € p (X, Y), 2l = p (x,y) and |lzll, = [[(,9)]l.
(i) p(X.Y) € (nmy) if and only if |ll, = x|y whenever z € p(X.¥),
el = p (xy) and Jzll, = [1(e )]l -

Proof. (i) Clearly, condition (+) can be considered equivalently for z €
S(p(X,Y)). Indeed, suppose that (+) holds on the sphere S(p(X,Y)) and take
z1 € p(X,Y)\ {0}. We find x; € Xy, y1 € Yy with |z1] = p(x1,y1) and [|zi]|, =
|(x1,y1)||,, (see Theorem 10). Setting z = =— € S(p(X,Y)) we get |z] =

Tall,

p< X I ) and [|z], = H( X1 X )H . By the assumption we get 1 =

HZIHp7 HZIHp HZIHp’ HZIHp

HZ”p: szllH

o My
Necessity. Assume that condition (+) doesnothold. Thenthereis z € S (p (X, Y))

with [z = p(xy), 1 = [lzll, = 0yl and [Iyly < [xlly = 1. We have

lz|

Izl = p(x,y) = xp (Xsuppx>¥/x) . Hence EL = p ()suppx,y/x) and consequently
y=xp ! <l7 %) with [|y||, < 1. Thus
()
WQg ©
w
whence p (X,Y) ¢ (nmg) .

Sufficiency. If p(X,Y) ¢ (nmg), then we find an element w € p (X,Y) with
[wl[, =1 and I§ . (w) < 1. Thus there is an x € B (X)_ such that Hx(pR o (li—|> H <
Y

, whence ||21Hp = HYIHY'

<1,
Y

¥ (z) = inf
PR (Z) WEIBH(X)Jr

1. Setting y = x@g <M> =xp~! <1, ‘;”—|> we get |w| = p(x,y). Then ||x|, =1,

X

because 1 = [w|, < |[|(x,y)|l,, and [[y[|, < 1. Thus condition (+) is not satisfied.

oo
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The proof of (ii) is the same. O

COROLLARY 28. p(X,Y) € (nmg) and p (X,Y) € (nmy) if and only if ||x||y =
[ylly whenever z € p(X,Y), |z = p(x,y) and |z||, = [|(x, )]l -

DEFINITION 29. Let p = oco. We shall say that the space p (X,Y) satisfies the 'nm’
condition (p (X,Y) € (nm) shortly) provided ||x||, = |||, whenever ||p (x,y)

REMARK 30. It may happen that X,Y € (SM), p(X,Y) € (nmg), p(X,Y) €
(nme), fzl = p(xy), Iyly = Ixllx and [izll, < [lxlx. To see this take X =

Y = L! [O, 1}7 p(u,v) = Vuv, x = 2}{[0%] + %X[%’ly X = %X[O%] —|—2X[%71} and
2= p(x,y).Then |ly[l, = [|xlly = 5/4. However, z = xo.1) = p (X0.1: Xo.1)) > S
]|, < 1. Obviously, p (X, Y) € (nmg), p(X,Y) € (nmy), because p € A (R,R)
and p € Ay (L,Ry) (see Lemma 31 below). The same is possible when X = Y =
1200,1].

lp =

LEMMA 31. If p = oo, then:

(l) pr €A (Lv R+)7 then p(X7 Y) € (nmL) .

(i) If p€ My (R, RY), then p (X,Y) € (nmg) .

(iii) If X € (SM) , then p (X, Y) € (nmg) .

(iv) If Y € (SM), then p(X,Y) € (nmg) .

Moreover, the converse of any above implication is not true in general.

Proof. (i) Suppose that p € A; (L,R,). This means that

K 1
Vis1Fi<cck Yupso p(u,v) < p (Eu’ E") . (5)

If p(X,Y) ¢ (nmy), then we find z € p(X,Y), such that
z=p ), llzll, = eyl and [lxfly < Iylly-
Let 0 = ||y, — |lx|ly - Take K > 1 small enough to satisfy
o)
(K—=1)[xllx < 2l

Then

2]l <

Ko I <1yl
nycy - Xy 00 !

where C > 1 is from (5), a contradiction.
(iii) Let X € (SM). If p(X,Y) ¢ (nmg), then there is z € p (X, Y), with

z2=py), llzl, =Gyl and [ixl[y > [lylly -

Let 0 = ||x||y — |[y|ly - One canfind aset A € X, A C suppz, of finite measure such
that
a<xya<band c<yya<d
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for some a,b,c,d > 0. Then p(a,c) < zxa < p(b,d). Consequently, for each
0 < &< % thereis & (¢) > 0 such that the function / (g,-) € L° given by the equality

XA Zp(an)XA :,D()C—E,h(g,') +y)%A

satisfies the inequality

0<h(e,-)<d(e).
Clearly % (¢,-) xa € Y. Moreover, & (&) — 0 if ¢ — 0. We find € > 0 sufficiently
small to satisfy

o
7 (e, ) 2ally < 8 (&) lally < -

Then
zll, < [[(x = &xa,y + 1 (&) xa)ll < 16, 9) s -

This contradiction finishes the proof. The proof of (ii) and (iv) goes analogously.
Furthermore, collecting all implications (i)—(iv) we see that none of them can be
reversed in general. ]

As an immediate consequence of Lemma 31 we conclude

COROLLARY 32. Let p=oco. If X,Y € (SM), then p(X,Y) € (nm).
REMARK 33. For p = oo the implication
P(X,Y) € (nmg) = [p € A (R,Ry) orX € (SM)]

does not hold in general. Really, take X = L*°, Y - a symmetric Kothe function space
over a finite measure space such that ¥, = {0} and p € U with p ¢ A, (R,00).
Then p (X,Y) € (nmg) by Remark 26 and Lemma 2.3 from [12]. An easy example
of such space Y is Yo = L' [0, 1] N L> [0, 1] with the norm [|y[ly, = [yl + ¥l -
Moreover, p (L™, Yy) € (SM). Indeed, p(L>®,Yy) € (nm) because Y, € (SM)
(see Lemma 31 (iv)). Since (Yp), = {0} then p(L*,Yy) € (nmg) (see [12]).
Hence it is enough to apply Lemma 36 and Theorem 38 below since the condition
(L%, Yo) & (non — SM); ;g is fulfilled by the assumption that Y, € (SM) .

NOTATION 34. Recall thatapoint x € X is said to be a point of upper monotonicity
provided ||x + y||y > ||x||x foreach 0 <y # 0. For any Banach lattice X by Xyy we
denote the set of points of upper monotonicity of X (see [10]).

Clearly, the space p (X,Y) can be order continuous even when neither X nor ¥
is order continuous (this is the case when (X,Y) ¢ (JOD)). Recall that this can not
happen when X = L*°, because in this case if ¥ ¢ (OC) we have p(X,Y) ¢ (OC)
(see Theorem 13 and Remark 16 above). Similarly it turns out that p (X, ¥) can be
strictly monotone even when neither X nor Y is strictly monotone (see Example 40
below). In order to discuss this case we shall introduce the following notion.

DEFINITION 35. (i) We shall say that the pair (X,Y) is jointly non strictly
monotone provided there is a set Tj such that

X(To,=ENTo, 1t |7,) ¢ (SM) and Y (To, =N To, 1t |7,) ¢ (SM).



192 PAWEE KOLWICZ AND KAROL LESNIK

We shall write (X, Y) € (non — SM);y;q. -

(if) Let 1 < p < co. We say that p (X,Y) satisfies the condition A (p (X,Y) €
(A) shortly) provided one of the following conditions is satisfied:

(a) there exist elements x € X \ Xyy, y € ¥, and 0 < uxy # 0 with

U (suppx = suppy) = 0, suppux C suppux,
pllo (), = 1069, and [lx+ uxlly =[xy -

(b) there exist elements x € X, y € Y\ Yyy and 0 < uy # 0 with
u (suppx = suppy) = 0, suppuy C suppy,

pllo e, = 1Ge I, and [ly +urlly = [I¥lly -

(c) there exist elements x € X \ Xyy, y € Y\ Yyy and 0 < uy, uy # 0 with
W (supp uy + suppuy) =0,

pllo @) = 1G9, » Il + uxlly = [lxlly and [y +urlly = [I¥]y -

LEMMA 36. (i) Let p =00, p € U and p(X,Y) € (nm). If p(X,Y) € (A)
then (X,Y) € (non — SM); iy -

(ii) Let L < p <ocoand p € U If p(X,Y) € (A), then (X,Y) € (non — SM); ;g -

Proof. (i) Assume that (X,Y) ¢ (non — SM);;, - The proof of the case X €
(SM) or Y € (SM) goes analogously as below. So assumethat X ¢ (SM), Y ¢ (SM)
and there is no set Ty satisfying Definition 35 (i). Then there are sets

T, T, € %, N, =9, TWUT, =T (6)
such that

X(TlazmTl7“|T1)e(SM)7 Y(TlazmTluu|T1) ¢ (SM)7 (7)
X(TZazmTZUu |T2) ¢ (SM) and Y(Tz,zmTz,H ‘Tz) € (SM)

We show that if x € X \ Xyy, y € ¥, 0 < ux # 0 with u (suppx = suppy) = 0,
suppuy C suppx and ||lx + ux||y = [|x[[x then ||z]|, < [|(x,¥)l|,, , where z = p (x,y).
Suppose that the previous assumption holds. Then z = p (x + ux,y — uy) for some
0 < uy C suppx, uy # 0. Then

l2ll, < 110+ ux, y = uy) [l oo <1106 9) | -

If [|lz]l, = |(x,¥)|l » then [z]|, = ||(x + ux,y — uy)||,, - But this is a contradiction
with p (X,Y) € (nm) because ||y — uyl|, < ||y||, . To provethatcase (b) of Definition
35 (i) is not satisfied we go similarly. Obviously, the case (c¢) can’t be fulfilled.

(ii) The proof is the same as above because having the same notation we would

have || (x+ux,y —uy)|, < [|(e, 9], - 0

EXAMPLE37. (i) Let X;= (L' [0,1] @ L [1,2]), and Y,= (L [0,1] & L' [1,2]), .
Clearly (Xi,Y1) ¢ (non— SM) If additionally p = oo and p (X;,Y;) € (nm)
then p (X1, Y1) € (A).

jointly *
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(ii) Set X, = (L1 [0 1]&L>[1,2]), and Y, = (L'[0,3/2] & L~ [3/2,2]),.
Hence (X2, Y2) € (non — SM),;,y, - Furthermore, taking p = oo, x = (3] ;%H ot

274

Y = X[3] and P(Mﬂ’) = /uv we see that p (X3,Y2) € (A), because [[p (x,y)ll, =
(6,9l = 1 and [|x + ux|ly, = 1 with ux = %x[%vz}.

QUESTION. Is the converse implication of Lemma 36 true? If yes, the following char-
acterization would become more clear, specified and easier to verify in particular
cases of X and Y.

THEOREM 38. (i) Assume that p = co. The space p (X, Y) is strictly monotone
ifand only if p (X,Y) € (nmg), p(X,Y) € (nmr) and p (X,Y) ¢ (A).

(ii) Suppose that 1 < p < oo. The space p (X,Y) is strictly monotone if and
only if p(X,Y) & (A).

Proof. (i) Necessity. Assume that p(X,Y) ¢ (nmg). Then, by Lemma 27,
there are w € p(X,Y), x € X; and y € ¥, with [w| = p(x,y) and 1 = |jw[|, =

16 oo = 11Xl > lI¥lly -
Take 0 < yo # 0,y0 € Y with suppyy C suppy such that ||yo|l, < 1 — [|y[|y
and define wo = p (x,y + yo) . Hence 0 < |w| < wy, |w| # wy. Furthermore

L= wll, < llwoll, < 16y + o)l = llxlly = 1.

Then p(X,Y) ¢ (SM). The necessity of the condition p (X,Y) € (nmy) can be
proved similarly. Suppose that p (X,Y) € (A). Let x,y,ux be as in the Definition
(35) (i) (a) . Define z = p(x,y) and z; = p(x+uy,y). Then 0 < z < 21,2 # 21
Moreover,
2llp < llzill, < NG+ weY)lloe = 106V loe = ll2ll, -

Hence p(X,Y) ¢ (SM). If the case (b) or (c) of Definition (35) (ii) holds we
proceed analogously.

Sufficiency. Let 0 <z <w € p(X,Y) and z # w. Take (x,y) € (X @ Y), with
w=p(x,y) and |w]|, = H(x7y)||oo. We find u € L° such that z = p (u,y). Clearly
u < x, so u € X. Furthermore

U-+x

U<

Similarly, one can find v € L° with z = p (“4*,v). Hence v < y,v#y, so v € Y. If
l2ll, < [[(*5*,v)]|.., - then

u-+x
el < H( )H Nl = I,

whence p(X,Y) € (SM). Assume now that ||z[|, = || (4=, v)|| - Consequently
I, = IIvlly, by p(X,Y) € (nm) and Corollary 28. If ";X € Xyym or v € Yuu,

then
u—+x
Il = | (550)| < Nl = o,
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as desired. Finally, suppose that 4= € X\ Xy and v € Y\ Yyy. Since p (X,Y) ¢ (A)

we conclude that ’”“HX < |lx|ly or [Iv]ly < |lylly- Really,if u (suppw \ suppz) =0
we apply the condition (a) or (b) from Definition (35) (ii). If u (suppw \ suppz) > 0
then case (c) of Definition (35) (if) is applied.

(ii) We follow as in the case (i). O

REMARK 39. If p = oo, the space p(X,Y) cannot be strictly monotone when
X=L>* and Y ¢ (SM) (see Corollary 42 below).

EXAMPLE 40. Let p =00, X = (L'[0,1] @ L [1,2]),
L'[1,2]),. Clearly X,Y ¢ (SM) but (X,Y) ¢ (non —SM); .- If p (u,v) = \/uv,
then p € A> (L,R,R;). Consequently, p(X,Y) € (SM) by Lemma 31, Lemma 36
and Theorem 38.

From Lemma 31, Lemma 36 and Theorem 38 we get the following sufficient
conditions more clear, specified and easier to verify.

and ¥ = (L*[0,1] @

COROLLARY 41. Suppose that p = co.

(i) If X,Y € (SM), then p (X, Y) is strictly monotone.

(i) If X € (SM) and p (X,Y) € (nmy), then p(X,Y) is strictly monotone.

(iid) If Y € (SM) and p (X, Y) € (nmg), then p(X,Y) is strictly monotone.

(iv) If X € (SM) and p € Ay (L,R.), then p (X,Y) is strictly monotone.

(W) If Y € (SM) and p € Ay (R,Ry), then p(X,Y) is strictly monotone.

(i) If (X,Y) ¢ (non— SM)
monotone.

Suppose that p € [1,00).

(vii) If X € (SM) or Y € (SM), then p (X,Y) is strictly monotone.

ioindy @nd P € Ao (L, R,Ry) then p (X, Y) is strictly

COROLLARY 42. (Lemma2.5in[12]) IfX = L% and p = oo, then p (L, Y) €
(SM) iff Y € (SM) and p (L™, Y) € (nmg) .

Proof. Necessity. We claimthatif X = L and Y ¢ (SM), then p (X,Y) € (A).
Really, taking 0 < y,yo € Y with suppyo C suppy, 1 = |ly|l, = |y +yol, and
2 =  (Huppys¥)» We get 2, < 1. IF [, < 1, then [[(ri,y1)ll.c < 1, where
2= p(x,y1). Then [jxi]|;0c <1, so y; >y and ||y(]|, > 1, a contradiction. Thus
lz]l, = 1, which proves the claim. Then ¥ € (SM) by Theorem 38.

Sufficiency. If Y € (SM), then p(L*,Y) € (nmy), by Lemma 31 (iv). The
thesis is obvious by Theorem 38. ]

LEMMA 43. Let p =00, X ¢ (SM), Y & (SM), (X,Y) ¢ (non—SM);;.4y»
z=p(xy) €pX,Y) and |zl|, = ||(x,y)ll« - Let T1,T> be as in (6) and (7). Then:

(i) if suppz C Ti, then HZIIp = Iyl

(ii) if suppz C T, then ||z||, = ||x[|.

(iii) if p (suppz N T1) >0 and p(suppz N T2) > 0, then ||z[|, = [x[| = [lyI|-

Proof. It can be done similarly as the proof of Lemma 31 (iif) . O
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4. Discussion

We have seen that the problem of a full characterization of order continuous
spaces p (X,Y) remains open. The crucial point here is to prove the necessity of A,
condition. Clearly, such criteria for X = L* are known, but L*> is the worst space in
the class 2 of spaces lacking OC. Moreover, Z is quite rich and we have a lot of
possibilities in general case of p (X,Y). Considering the property SM, the respective
criterion is not easy to verify even in the case X = L®, because of the nmg condition
(some clear characterization of nmg condition by properties of ¢ and E is given in
Lemma 2.3 from [12] only in one particular case). Of course, the case X = L™ is
much simpler than the general one because of the fact that L has the strong unit.
Moreover, the main difficulty in looking for a clear characterization of the condition
nmg,nmy, or p(X,Y) € A consists in the fact that we know almost nothing about the

set {(x.9) : @), = lzll, andz = p (x,)}
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