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A SHARP OSTROWSKI-GRUSS TYPE INEQUALITY

ZHENG L1U

(Communicated by C. Pearce)

Abstract. The main purpose of this paper is to use a variant of Griiss inequality to obtain a
sharp Ostrowski-Griiss type inequality for absolutely continuous functions whose derivatives are
bounded both above and below almost everywhere. Thus we provide improvement and general-
ization of some previous results.

1. Introduction

In 1935, G. Griiss (see for example [13]), proved the following integral inequality
which gives an approximation for the integral of a product of two functions in terms of
the product of integrals of the two functions.

THEOREM A. Let h,g : [a,b] — R be two integrable functions such that ¢ <
h(t) < ® and y < g(t) <T forall t € [a,b], where ¢,®,y,T are real numbers. Then

(@—9)(T—7v), (1

4;|~

T (h,8)| <

where

T(h,g) = ba/h t)dt— —a/h dt—/g ()

and the inequality is sharp in the sense that the constant % cannot be replaced by a
smaller one.
From then on, (1) is well known in the literature as the Griiss inequality.

A premature Griiss inequality originated from the work of Griiss (see also [13]). It
is embodied in the following theorem and was also considered and applied for the first
time in the paper [12] by M. Mati¢, J. Pec€ari¢ and N. Ujevi¢ in 2000.
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THEOREM B. Let h,g : [a,b] — R be two integrable functions such that y <
g(t) <T forall t € [a,b], where y,I" € R. Then

-y

STz, 3)

T(h,g)l <

where T (h,g) is as defined in (2).

In 2002, X. L. Cheng and J. Sun [5] have got the following variant of the Griiss
inequality:

THEOREM C. Let h,g : [a,b] — R be two integrable functions such that y <
g(t) <T forall t € [a,b], where y,I" € R. Then

C—y
700)1 < 5750y |

where T (h,g) is as defined in (2).

b
h(t)—ﬁ/a h()dul di, @)

It is not difficult to find that the premature Griiss inequality (3) provides a sharper
bound than the Griiss inequality (1) and the variant of Griiss inequality (4) provides a
sharper bound than the premature Griiss inequality (3).

In [8], I. Fedotov and S. S. Dragomir have used Theorem A to show that if f has
a first derivative on (a,b) and y < f/(¢) <T forall 7 € (a,b), then

(C—A)f(a)+(b—a—B+A)f(x)+(B—C)f(b)— [, f(t)di]

5
< 4T =) (M= m) (b ), ©
where A,B € R, M, =sup{p\(t) :t € (a,b)}, my =inf{p,(t) : € (a,b)},
C=2(b_a)[(x—a)(x—a+2A)—(x—b)(x—b—|—28)}, (6)
Px 1s defined by
[ t—a+A, t€]ax]
p’“(t)_{ t—b+B, t€(x,b )

and M, —m, is expressed in terms of @,b and x and has the following complicated
form:

I.If B—A<O0,then M,—m,=(b—a)— (B—A).

2. If B—A > 0, There are three subcases.

(HIF0KB—-A< 24, then

—x+b for a<x<a+(B—A),
My—my=<( (b—a)—(B—A) for a+(B—A)<x<b—(B—A),
x—a for b—(B—A)<x<b.

(i) If 554 <B—A<b—a,then

—x+b for a<x<b—(B—A),
My—my=¢ B—A for b—(B—A)<x<a+(B—A),
xX—a for a+(B—A)<x<b.
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i) f B—A>b—a,then My —m,=B—a.
In [11], C. E. M. Pearce et al have used Theorem B to prove that
(C—A)f(a)+ (b—a—B+A)f(x)+ (B—C)f(b)— [} f(t)dI]

B (x— 34 (matA)3 A3 2 (o 24 (mat A2 A2 o L
<¥(B ( b+33)(bt(u) +A) A _(B ( b-‘rBz)(b't(u) +A) A )2)2(b—a)

under the same conditions.

In this paper, we will use Theorem C to give a sharp Ostrowski-Griiss type in-
equality for absolutely continuous functions whose derivatives are bounded above and
below almost everywhere. Some sharp integral inequalities of midpoint, trapezoid and
Simpson type are obtained or recaptured as particular cases.

2. The results

THEOREM. Let f: [a,b] — R be a function which is absolutely continuous on
[a,b]. Assume that there exist constants y,I' € R such that y < f'(t) < T a.e. on
[a,b]. Then for all x € [a,b] we have

(C—A)f(@)+(b—a—B+A)f(x)+(B—C)f(b)— [, f(t)di]

3
< S¥1(a,b,A,B,x),

where A,B € R, C is as definedin (6), and I(a,b,A,B,x) has the following complicated
form.
1. If B—A<O0, then

[55¢ - 82 (x—a)?, a<x<§,
I(a,b,A,B,x) = (%—g:ﬁ)[(b—a)z—(x—a)z—(b—x)2]7 E<x<n, 9)
(b - =2 (b —x)P, n<x<b,
with , , ) ,
—da —a
52“‘2{(3—(A>—)<b—a>]’ ”:b+2[<B—(A>—)<b—a>r 1o
and a< & <n <b.
2. If B—A > 0, there are three subcases.
(i) If0<B—A< 254, then
[53¢ - 84 (x—a)?, a<x<m,
I(a,p,A,B,x) = [F+ (G —EA[(x—a)®+(b—x)?], n<x<E, (11)
254 — 54 (b =), E<x<b,

with €,m as definedin (10) and a < n < & < b.
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(#—x)“‘i:ﬁ(x_a)]z: < \C:
I(a,b,A,B,x) = [%—I—(g:’z—%)2][(x—a)2+(b—x)2]7 {<x<0,
[(x— )+ EA(b—x)]%, 6 <x<b,
with - )2 - )2
C=b—mmay PTetagmay

and a< <0 <b.
(iii) If B—A > b—a, then

[(#_x)"f'g:ﬁ(x_a)}a <x< 5
I(a,b,A,B,x) = (lg:ﬁ—%)[(b—a)2—(x—a)2—(b—x)2}, 0<x<,
[(X—Ll;r—b)+§:2(b—x)}27 {<x<b,

with £,0 as defined in (13) and a < 0 < { <b.
Proof. Integrating by parts produces the identity

[ por @ =Br0) - as@ - [ r0ai~ (B -) - -0

where p, () is as defined in (7). Moreover,

%fbpx( )dl _ (x—a)(x—a+2A)—(x—b)(x—b+2B)

= 2(b—a)
= (1- 3t Pt — gt

12)

13)

(14)

15)

(16)

Applying the variant of Griiss inequality (4) by associating g(¢) with f'(z) and h(z)

with py(¢) and multiply through by (b —a) gives
|7 () f () dt — 5 [ pae)dt [ f'(¢) dlt|
<L L7 1pa(0) = 55 [ pa(s) sl dr.
Then for any fixed x € [a,b] we can derive from (15), (16), (6) and (7) that
(C—A)f(a)+ (b—a—B+A)f(x)+(B—C)f(b)— J7 f(t)dt|
< S1(a,b,A,B,x),
where
I(a.b,A,B.x) = [t —a+A—(1-5=)x— ety aibiqy
[t —b+B— (1 - B2 )y bB=ad | aibi gy

a

a7)

= Jolt = (520 —x) +x =254 dt + [t = [554 +x = 54 (x—a)]| dr.

a

(18)
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The last two integrals can be calculated as follows:
For brevity, we put

qi(t) =t — B2 b —x)+x 254, 1 € [a,x],

@) :=1r—]

>
Q 2
S5

+x—BA(x—a)), 1 € [x,b]

I\-)|

anddenote t; = 54 (h—x) +x— 54, 1 =54 4 x— B4 (x—aq).
It is clear that both g;(¢) and () are strictly increasing on [a,x] and [x,b] re-

spectively. Moreover, we have

qi(a) =42 —x—EA4(pb—x), qi(x) =254 - B4 (p —x);
g(x) = B4 (x—a) — 554, q2(b) = L —x+ 24 (x—a)

‘We further denote

o (bap _ (b-a)? .
S=a—mnoar N=btama ear
b—a)? b—a)?

{=b— {74, 0 =a+ {77

For B—A <0, it is clear that g;(x) > 0, g2(x) <0 and a < £ <71 <b. In case
x € |a,&], we see g1 (a) = 0 which implies that gy (¢) > 0 for ¢ € [a,x], and g2(b) =0
with 1, € (x,b) such that ¢»(#,) = 0. So, we have

[X e —n|de+ [P |t — 1] dr = fj(t—tl)dt—kff(tg—t)dt—l—f,};(t—tg)dt

b—a B—A

(19)
=[5 - —a)l®

In case x € (£,1), we see g1(a) > 0 which implies that g;(¢) > 0 for ¢ € [a,x], and
g2(b) < 0 which implies that g»(¢) < 0 for ¢ € [x,b]. So, we have

(5| —n|dt+ [Pt —to)dt = [F(t —t1)dt + [ (1 —1)dr
_ (17—4&)2 _ (B—A%(b—a) - 2(1179—A)Kx_ athy2  (20)

= (4~ 5D~ @ ~ (=~ (b— 27

which implies that ¢»(¢) < 0 for 7 € [x,b]. So, we have

(Xt —n|dt+ [Pt — 1] dr = f;‘(tl—t)dt+f,’l‘(t—tl)dt+j;f’(t2—t)dt

= [55¢— EA(p— )P,

21

For0<B—AK I%, it is clear that g;(x) > 0, g2(x) <0 and a < n < & <b.
In case x € [a,n], we see g1(a) > 0 which implies that g;(¢) > 0 for ¢ € [a,x], and
q2(b) > 0 with 1, € (x,b) such that ¢g»(t2) = 0. So, we have

Jle=nldi+ [Pt —nld = [t —n)dt+ [ —t)dt+ [0t — 1) dr

= [ - BA(x—q)2

(22)
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Incase x € (n,&), wesee q1(a) <0 with t; € (a,x) suchthat g;(t;) =0, and ¢2(b) >0
with 7, € (x,b) such that g»(t2) = 0. So, we have

(Xt =t dt+ [P |t — 1] dr
=1y —t)dt+j;f(t—t1)dt+f;2(t2—t)dt+jf2’(t—t2)dt
—a)? - —a = a -
= O - A [ - 2 (= 442) 4+ (50) (= @)+ (b~ )]
=[5+ (- 52 —a) + (b —x)7.

(23)
Incase x € [£,b], we see ¢)(a) <0 with #; € (a,x) such that g;(r;) =0, and g2(b) <0
which implies that g2 (¢) < 0 for ¢ € [x,b]. So, we have
(Xt —n|di+ [Pt — 1o dr = [ (1) —t)dt+f,f(t—tl)dt+j;f’(t2—t)dt

a

= [55¢— EA(p— )P,

(24)

For ’% <B—A<b—a,itisclearthat g(a) <0, g2(b) >0 and a < { <O <b.
In case x € [a, ], we see g;(x) < 0 which implies that g;(z) < 0 for ¢ € [a,x], and
q2(x) < 0 with #, € (x,b) such that g,(r,) = 0. So, we have

JXe—nldi+ [Pt —n]dr
= [{(tn=0)di+ [P —t)di+ [ (e —12)di
= (B—A)(252 —x) — [ — 1] (v — 452 + (5=2) (v — )
A

b—a 2
— (4 -0+ A o)

Incase x € (§,0), wesee g (x) >0 with ¢ € (a,x) such that g;(z;) =0, and g»(x) <0
with 1, € (x,b) such that ¢»(#,) = 0. So, we have
[Xe—nldi+ [Pt — 1] dr
= [ —t)di+ [Nt —n)dr+ [P(n—1)dt+ [t — 1) dt
b—a)® ~A)(b—a 2(B— a -
= g - Pl - [N 1= 2P+ (B - @)+ (b))
=3+ (54 -2 —a)?+ ().

(26)
In case x € [0,b], we see g1 (x) > 0 with 71 € (a,x) such that g;(7;) =0, and g2(x) >0
which implies that ¢»(¢) > 0 for ¢ € [x,b]. So, we have
[5|e —t1|de + [P |t — o]
= [N —t)di+ [S(t —n)di+ [ (1 — 1) dr
2(B—A _
= (B—A)(x—442) = P58 — 1] (e 442+ ()7 (b — 2P
= [(x—4G2) + F5 (0 -0

27)
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For B—A >b—a,itisclear that g, (a) <0, g2(b) >0 and a < 8 < { <b. Incase
x € [a,0], we see g1(x) <0 which implies that g;(¢) < 0 for 7 € [a,x], and g2(x) <0
with 7, € (x,b) such that g»(t2) = 0. So, we have

[¥|e —t1|de + [P |t — o]
= [f(n—t)dt+ [2(n—t)dt+ [Pt —1p)dt
— (B—A)(%5L —x) — [HEA) _q)(x— af)2 4 (BAY(x—g)2

= (552 )+ SR - P

(28)

In case x € (0,8), we see gi(x) <0 which implies that g;(¢) < 0 for ¢ € [a,x], and
g2(x) > 0 which implies that g (¢) > 0 for ¢ € [x,b]. So, we have

(5|t — 11| dt + [P |t — 12| dt
= [M(n —t)dt—i—fxb(t—tg)dt

— b= | (B=A)b—a) _ [2(B-A) a+by2 29
=——z +t 2 [T U =%7)

= (5 = Dllb—aP ~ (v= @~ (b -]

In case x € [{,b], we see g (x) = 0 with #; € (a,x) suchthat g;(7;) =0, and ga2(x) >0
which implies that g, (¢) > 0 for ¢ € [x,b]. So, we have

JXe—n|di+ [Pt — 1| de
= [N —t)di+ [S(t—n)di+ [ (1 — 1) dr
= (B—A)(x—252) = (2N — 1] (r— 252)2 4 (B=2)2 (b —x)?

=[(x—G2) + 54 (b —x)

Consequently, the inequality (8) with (9)—(14) follows from (17)—(30).
The proof is completed. [J

REMARK. It is not difficult to prove that the inequality (8) with (9)—(14) is sharp
in the sense that we can construct the function f to attain the equality in (8) with (9)—
(14). Indeed, if B— A < 0 then we may choose f such that

I'(t—a), a<t<ux,
f)=4{ vi—x)+(x—a)l, x<t<n,
INt—tn+x—a)+(—x)y, n<r<b

for any x € [a,&], and
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forany x € (§,1), and

y(t —a), a<t<t,
f)=< Tt—1)+(t —a)y, 1 <t<x,
yt—x+t—a)+(x—1), x<t<b

forany x € [n,b]. If 0 < B— A < 25¢ then we may choose f such that
F(t—a), a<t<x,
f)=¢ yt—x)+x—a)T, X<t <ty,
INt—tn+x—a)+(t—x)y, n<tr<b

for any x € [a,n], and

y(t —a), a<t<ty,
) = [(t—n)+ (1 —a)y, n<tr<ux,
N Yt —x+t—a)+ (x—1)T, x <t <1y,

Nt—tr+x—1)+B—x+t1—a)y, H<t<b
forany x € (n,&), and

y(t —a), a<t<ty,
f)=9 T@—n)+t—a)y, n<t<ux,
yt—x+t1—a)+(x—n)l, x<r<b

forany x € [€,D]. If l% < B—A < b—a then we may choose f such that

y(t—a), a<t<ty,
f(t) =
Ft—tn)+t—a)y, n<r<b

for any x € [a, ], and

y(t —a), a<t<t,
1) = Lt —n)+(h—a)y, 1 <t<x,
] ve—x+n-a)+(x—n)T, x<t<t,

Nt—tr+x—1)+E—x+t1—a)y, H<t<b

forany x € (£,0), and

y(t—a), a<t<ty,
f@) =
Fre—n)+t—a)y, n<r<b

forany x € [0,b]. If B— A > b —a then we may choose f such that

Y(Z_a)a a<l<l2,
f(r) =
Lt—n)+(n—-ay, n<t<b
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for any x € [a, 6], and

forany x € (0,{), and

ﬂﬂ:{qm—ax a<t<ty,

Le—n)+m—a)y, n<t<b

forany x € [{,b].
It is clear that the above all f(z) are absolutely continuous on [a, b].

COROLLARY 1. Let the assumptions of Theorem hold. Then for all x € [a,b], we

have
b_g[f(x)dx—“?if” ( —“;b>| < (F_wg(b_“). 31)

fx) -

Proof. Letting A =B =0 in (8) readily produces the result (31) from (9) on noting
2
that I(a,b,0,0,x) = %.
It should be noted that (31) is a sharp perturbed Ostrowski inequality with a uni-

form bound independent of x which provides an improvement of the main result in [7],

and in particular, if we choose in (31), x = “;’b we get a sharp midpoint inequality

/f fydi— (b— )f<a+b)‘<(F—y)éb—a)2,

which has been given in [9] and improves the results in [3] and [11]. O

COROLLARY 2. Let the assumptions of Theorem hold. Then for all x € [a,b], we
have

L f(6)dt = 3[(x—a)f(a) + (b~ a)f(x) + (b —x)f(D)]

< T (x—a) + ()2

(32)

Proof. Letting B—A = bT in (8) readily produces the result (32) from (11) on

noting that C—A =%, B—C="* n=a, £ =b, and then forall x € [a,b] follows
1(a,b,4,B,x) = }[(x @) + (b—x)7.

It should be noted that we can find the inequality (32) in [4] and [15] with different
proofs. However, we here have pointed out that the inequality (32) is sharp in the sense
that we can find f such that the equality in (32) holds. Taking x = “%b in (32) produces
a sharp simple three point inequality as

/ahf(t)dr—b%’[f(a>+2f(“+b>+f( )H W (33)

O



252 ZHENG LIU

COROLLARY 3. Let the assumptions of Theorem hold. Then we have

/abf(t)df—b%a{f( )+4f<a+b>+f(b)”<%§b_a)2. (34)

Proof. Letting B—A = 2% and x = %2 in (8) readily produces the result (34)

from (11) on noting that (a,b,A, B, “$2) = S(b—a)®

It is interesting to note that from (33) and (34) we can conclude that an average of
the midpoint quadrature rule and trapezoidal quadrature rule has a better estimation of
error than the well-known Simpson quadrature rule when we estimate the error in terms
of the first derivative f’ of integrand f. The same conclusion can also be found in the
previous papers [1], [6] and [14]. However, we here provide a generalization of the
result in [6], and since both (33) and (34) are sharp, our assertion is more convincing
than that stated in [1] and [14]. O

COROLLARY 4. Let the assumptions of Theorem hold. Then we have

/bf(l)dl— gw

8
Proof. Letting B—A=b—a and x = # in (8) readily produces the result (35)

from (12) on noting that I(a,b,A, B, “t2) = b 4“)

Thus we recapture the sharp trapezmd inequality which has been given in [10] and
improves the resultin [2]. [

21f@)+ 1 b))

(33)
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