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ON CERTAIN SUBCLASSES OF MEROMORPHICALLY
MULTIVALENT FUNCTIONS INVOLVING A LINEAR OPERATOR

J. PATEL AND A. KU. PALIT

(Communicated by R. Mohapatra)

Abstract. The purpose of the present paper is to derive some inclusion relationships and other
interesting properties of a certain subclass E,f (a,c,A,B) of meromorphically p-valent functions
with positive coefficients which are defined by means of a linear operator. The familiar con-
cept of neighborhood of analytic functions is extended and applied to meromorphically p-valent
functions considered here. We also derive many interesting results on the Hadamard product of
functions belonging to the class E:,r(a,c,A,B) .

1. Introduction and Definitions

Let 21, be the class of functions of the form:

fle)=z"+ iakzk"’ (peN={1,2,3,---}), (1.1)
k=1

which are analytic and p-valent in the punctured unit disk U* = {z€ C:0< |z] < 1} =
U\ {0}.

If f and g are analytic in U, we say that the function f is subordinate to g,
written f < g or f(z) < g(z), z € U, if there exists a Schwarz function @ in U such
that f(z) = g(w(z)), z € U. If g is univalent in U, then the following equivalence
relationship holds true:

f(2) < 8(z) <= f(0) = g(0) and f(U) C g(U).
Given two functions f,g € 3, where f is given by (1.1) and g is defined by

gr)=z"+Y, hP (peN;z e UY),
k=1
the Hadamard product (or convolution) of f and g, denoted by f g, is defined by the
power series:

(Fr)@) =2+ Y by = (g5 f)(2) (e V).
k=1
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We note that fxg€ Y.
In terms of the Pochhammer symbol (or shifted factorial) (x), given by
1 n=0
() = (n=0)
x(x+1)---(x+n—1) (neN),

we define the function ¢, by

Opla,c;z) =2~ p—|—2 (c)k AP (a€R,ceR\Zy; Zyg ={0,—-1,-2,---}; z€U").
k=1 \/k
(1.2)

Corresponding to the function ¢, , we consider the linear operator .Z),(a,c) : Y, p—— 2p
defined by

Zy(a,0)f(0) = 9pla.c:2)+ f&) (f€,) (13)

The linear operator %) (a,c) was introduced and studied by Liu and Srivastava [9].
From (1.2) and (1.3), it follows that

2(Zp(a,0)f(2) =a Lpla+1,0)f(2) = (a+p)Zpla,c)f(z) (zeU). (1.4
‘We note that for f € Ep,
ZLpla,a)f(z) = f(z), £p(2,1)f(z) = (p+1)f(z) +zf'(z) and for any integern > —p,
Ly(n+p, 1) f(z) = D" P71 f(z) = P % f(z), where 2P~ is the differen-

tial operator studied by Uralegaddi and Somanatha [12].
Making use of the operator .Z)(a,c), we introduce a subclass of ¥, as follows:

DEFINITION 1.1. A function f € ¥, is said to be in the class f € Zl,(a,c,A,B),
if it satisfies

p(l+Az)

~ (G0 f@) < g

(aeR,ceR\Z,,-1=B<A<1;z€l),
(1.5)

where the symbol ” <" stands for subordination. For the sake of convenience, we write

Zp (a,c,l—%“,—l) :Zp(a,c;oc), (1.6)

where ¥, (a,c; o) is the class of functions in ¥, satisfying the condition
~R{(ZLpla,e)f(2)} >a (0L a<p;zel)

and for a = c =1 in (1.6), we get the subclass Zp(oc) consisting of functions in ¥,
and satisfying the inequality:

~R{Mf (D)} >a 0L a<p;zel),



ON CERTAIN SUBCLASSES OF MEROMORPHICALLY MULTIVALENT FUNCTIONS 351

i.e., the class of meromorphically p-valent close-to-convex functions of order o in U*.
Further, we write by 31 the class of functions of the form:

f@)=z7+ iakzk (ax 20,p €N) (1.7)
k=p

that are analytic and p-valent in U*. We say that a function f € E;,r is in the class
E; (a,c,A,B), if it satisfies the condition (1.5). We denote

zg(a,c;a) = zljmzp(a,c;a) and ¥ (a)=Y NY (@) 0=a<p)

In particular, we have the following observations:

() Yi(a,a;a) =MC(a) (0 < o < 1), the class of meromorphic close-to-convex
functions of order « studied by in [7].

(ii) Z:,r (a,a,A,B) = 7 (p;A,B), the class introduced and studied by Mogra [10].

(i) ¥, (n+ p,1,A,B) = 6,»(A,B), the class introduced and studied by Urale-
gaddi and Somanatha [12].

iv) %, <n+p7 1,1— 27a7_1> =Yup(a) (0 = a < p), the class considered by
Cho and Nunokawa [6].

Meromorphically multivalent functions with positive coefficients have also been
extensively studied by (for example) Uralegaddi and Ganigi [11] and Aouf [3, 4, 5].

In the present paper, we derive an inclusion relationship of the subclass E;,’ (a,c,A,B)
which is defined here by means of the linear operator .%},(a,c). The familiar concept
of neighborhoods of analytic functions is extended and applied to the functions belong-
ing to the class 2; (a,c,A,B). Some interesting results on the Hadamard product for
functions in the class Z;’ (a,c,A,B) are also obtained.

Unless otherwise mentioned, we assume throughout this paper that a > 0, ¢ >
0,peNand -1SB<AS1(-1<B<0).

2. Inclusion relationship of the class 3} (a,c,A,B)

To prove our results, we need the following lemma. A more general form of this
lemma can be found in [5, Theorem 4].
LEMMA 2.1. Let f € Elf be given by (1.7). Then f € Z;(a,qA,B), if and only
if
§ HL-B@pr, g
& PA—B) ()t

The result is the best possible for the functions f, given by

k(1 —B)(@)ptk &

fi@) =27+ PA—B)(0)pk|

(k= p; zeU").
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THEOREM 2.1. We have

Syt teanc Bwenn (v=p UB)

2p+a
The result is the best possible.

Proof. Let f, defined by (1.7) be in the class Z;,r (a+1,c,A,B). Then by Lemma
2.1,

y Biat Dpie, < 2.1
2 pA-B)pu * .

To prove that f € Z;,r (a,c,A’,B), we need to find the largest A’ such that

& 1= B
2 a By “ =t

In view of (2.1), it is enough to show that

k(1—B)(a)psk k(1 —B)(a+1)pik
pA' =B)(¢)prx — P(A=B)(c)ptk

which is equivalent to

(k2 p),

(A—B)(@)p+k
B+ ——F—F——=<A (k2p). 2.2
e, sS4 kzp) (2.2)

Since (a),1k/(a+ 1), is a decreasing function of k, putting k = p in (2.2), we get
the required result. [

It is easily seen that the result is the best possible for the function

. (A-B) *
f(Z) =z p+Wa+ll)72pr (ZGU ) (2.3)

Settinga=c=1,A=1—(2a/p) and B= —1 in Theorem 2.1, we get

COROLLARY 2.1. If f € 3} satisfies
R [T (p+2)f @) +zf" (@)} >a (0L a<p;zel), (2.4)
then f € 3} (B), where

_ p—_«
= 2p+1°

The result is the best possible.



ON CERTAIN SUBCLASSES OF MEROMORPHICALLY MULTIVALENT FUNCTIONS 353

3. Neighborhoods results

Following the earlier work (based upon the familiar concept of neighborhoods of
analytic functions) by Goodman [8], Ruscheweyh [13], Altintas [1] and also by Altintas
et al. [2], we define here the T§™ and Ny neighborhoods of a function f € 3 of the
form (1.7) as follows:

+. .V <o k(1-B)(a)px )
Tgr(f) = {g IS Zp 1g(z) =z ”+k=2pbkzk and k%mwk—aﬂ <66 > O}.

3.1
and
N§(f) = {g € 2: g =27+ biZ* and N kb —a < 8:6 > O}. (3.2)
k=p k=p

For a function f € ¥, given by (1.1), we define a linear operator .7, : ¥, — ¥,
by

A 2 _ &S A _
T _ +p—1 - k—p . *
Z5(Nz) Ty t f@)dt =z +,Zj/l+kakz (A >0, zeU").
(3.3)
If f is given by (1.7), then from (3.3), it follows that
< A
F =z 7 ————adf (A >0;zeU). 34
2 () == +k§p“p+kakz (A >0:z2€l7) (3:4)

Now, by employing the techniques that proved Theorem 2.1 and using (3.4), it can
be shown that

THEOREM 3.1. If f € Z;(a—f— 1,¢,A,B) and %, (f) is defined by (3.4), then

Aa(A—B) )
2p+a)2p+Ar))”

The result is the best possible for the function f, given by (2.3).

Fi(f) € X' (a.c.A".B) (A* B

Lettinga=c=1,A=1-(2a/p) (0< a < p) and B=—1 in Theorem 3.1, we
get

COROLLARY 3.1. If f € Z:,r satisfies the condition (2.4), then the function %, (f) €
Z;(y), where

Alp—a)

YEP T e D2pt A)

The result is the best possible.
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THEOREM 3.2. Under the hypothesis of Theorem 3.1, we have
+
T(;l_(g/l (f)) - Zp (a7C7A7B)»

where

2p(2p+a+A)
2p+a)2p+A)
The result is the best possible in the sense that 8, cannot be increased.

Proof. Let f, defined by (1.7) be in the class 2: (a+1,c¢,A,B). By Theorem
3.1, we obtain

8 = (3.5)

& M-B@ps . a
< . 3.6
2 oA Bk Ayt S Bp @G ) 30
Suppose that
g =27+ Y b (b=20;z€U) (3.7)
k=p
and g € Tgl“ (Z;.(f)) for 8 given by (3.5). By (3.1), we get
o k(1—B)(a)p+k A <
— <6 3.8
YT el e B 8
Using (3.6) and (3.8), we deduce that
= k(1= B) (@),
——b
oA B0
= K- BA@w = k(1= B) (@), A
< + -
22 A B A A B * T p TR A
Aa
<———+§ =1
=prapra) 0T

which in view of Lemma 2.1 implies that g € z; (a,c,A,B).
To show that the result is the best possible, we consider the functions f,g defined
in U* by

(A=B)(c)2p

J& = T Bt
and
o 2(A—B)(0), (A~ B)(c)2,0 ,
sle)=z p+{<2p+1><1—3><ap+1>2p T=B){a)ny }Zp (67> 1),

It is easily seen that f € ZZ(a—i- l,c,A,B) and g € Ty, (Z,(f)). But, g ¢
2: (a,c,A,B). This evidently completes the proof of Theorem 3.2. [
Substituting a=c=1,A=1—(2a/p) and B= —1 in Theorem 3.2, we get
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COROLLARY 3.2. If f, given by (1.7) satisfies the condition (2.4) and g defined
by (3.7) satisfies the inequality

=

3 kb

k=p

A

a“ 2p2p+A+1)(p—)
pt+A+Ek

2p+1)(2p+4)

A

k— 0L a<p; A>0),

then g € 2:(0(). The result is the best possible.

For the subsets <7, % of 3, we denote
A RQB={f*g:f € and g € B}.

Making use of this notation, we now prove Theorem 3.3 below.

THEOREM 3.3. If a 2 ¢ > 0, then
) Ty ()@ T (= CZ (a,c,A,B) &= (1=B)(a)z
% _
and
(ii) T3 (z77) ® Ny (=~ CZ (a,c,A,B) (83 =/p).
The result in (1) and (ii) are the best posszble

Proof. Let f be given by (1.7) and g be defined by (3.7). Assuming that f,g €
ngr (z7P), it follows from (3.1) that

c KBy & k(1= B)(a)pu
2 oA B, =% M B0, =

Since a 2 ¢ >0, {k(a)p4x}/(c)p+x is an increasing function of k, so that the first
inequality give

“E By, *5P
Thus
o K1 -B)(@)pik 2 (A=B)(e)2p _
k;)p(A—B)(C)p-&-k (b 5 8 (1=B)(a)ap b

which in view of Lemma 2.1 implies that (f*g) € Z; (a,c,A,B).
In order to show that the result in (i) is the best possible, we consider the functions
f and g defined by
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Clearly, f,g € T(;Zr (z7P)and (f*g) € 2; (a,c,A,B). This proves the assertion (i).
Next, we assume that 63 = /p,f € Tg (z7P) and g € N(;; (z7P). Then, by (3.1)

and (3.2), we have

> k(1—B)(a)

ptk <$ < <
ap = 03 and kbk = 53.
P P

Thus, by < 83 /p for k = p, and

= k(1-B 2
§H-B @y, 8

S, PA=B)(C)psk ~ T P

The above inequality, again by virtue of Lemma 2.1 implies that (fxg) € 2; (a,c,A,B).
Considering the functions f and g defined in U* by
VPA—B)(c) i

22 and gr)=zP+—,

(1=B)(a)2p VP

we note that f € T3 (z77),g € Ny (z77) and (f*g) € Z; (a,c,A,B). This proves that
the assertion (ii) is the best possible and the proof of Theorem 3.3 is completed. [

f@) =77+

Puttinga=c=1,A=1-(20/p) (0 < a < p) and B= —1 in Theorem 3.3, we
obtain

COROLLARY 3.4. Let f be given by (1.7) and g be defined by (3.7). If
(i) 3 kae £ \/p(p— &) and 37 kb < /p(p— @), then (frg) € Y, (a)
(if) 7 ka < \/p(p— o) and 3T, kbx = /P, then (fxg) € 3, (@)

The result in (i) and (ii) are the best possible.

4. Hadamard product
In this section, we consider the functions f; € Z; defined by
file)=2"+ Z a;w-zk (arj20,j€N; z€U").
k=p

THEOREM 4.1. Ifa2c¢>0,-1SB<A;=1(-1=B<0)(j=1,2,---,n) and
fi€ 2 a,c,Aj,B), then the function (fi* fax---* fy) € ZZ(a,c,p,B), where

P STV L
p‘B+{<1—B>fa>2p} [1a,=5).

Jj=1
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The result is the best possible.

Proof. For n=1, we note that p =A;. Let n =2. Then by Lemma 2.1, we get

i%ak.<l (j=l72)7

& A B)()pui ™ =
which with the help of the Cauchy-Schwarz inequality yields

S k(1-B)(@)w

arans < 1.
i=p PV (Al —B)(AZ—B)(C)erk\/m_ 1

We need to find the largest p such that

4.1)

S, k1= B) (@)
2 plo B (el 2= 42

In view of (4.1) and (4.2), it is sufficient to show that

k(l_B)(a)p+kaklak2 < k(1 —B)(a)p+k

(0 =B)(@)pri = V- By B)(e)prr ¥

that is,

p—B
(A1 —B)(A2—B)

\Vak14k 2 < (k 2 P)~

On the other hand, (4.1) implies that

ak,lak,2§pv(Al_B)(Az_B)(c)Hk (k= p)
k(1—=B)(a)px

Consequently, we need to find the largest p such that

P/ (A1 —B)(A2 — B)(¢)p+x p—B
k(1—=B)(a)p+k ~ /(A —B)(A,—B)

which is equivalent to

(k= p),

P~ B)(A2 — B)(¢)px

TR B @ -

(k= p). (4.3)

Setting

p(A1 = B)(A2—B)(c)px

00 =B T B @)

(k= p),
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we observe that ¢ is a decreasing function of k, so that by putting k = p in (4.3), we
get

(A1 —B)(A2—B)(c)2p
(1=B)(a)2p

This proves the result for n = 2. Now, suppose that the result is true for any positive
integer m. Then by using the above argument

(fl *fZ*"'*fm*fm+l) € 2:(‘176’.0/73)’

p=9(p)=B+

where

I _ (p*_B>(Am+1_B)(C)2p % M m=1_m o
p=br (1—B)(a)2p and p _B+{(1_B)(a)2p} Jl:[l(Aj B).

A simple calculation yields

r L B ) )
g _B+{(1_B)fa)2p}(p B)(Amt1 B)_B+{

This proves the result for n =m+ 1.
By taking the functions f; defined in U* by
(4 =B)O)
(1-B)(a)2,

(C)zp mm+1 o
<1—B><a>zp} [164;=5).

j=1
fj(Z):Z_p+ (j:l727"'7n)7 (44)

it is easily seen that

(fixfox-xfu)z) =27+ {Hi

which shows that

(1=B)(c)2p 7y (Ai=B)(c)2p _
(0 =B)(a)2p j—j (1=B)(a)2p

This completes the proof of Theorem 4.1. [

Putting A; =1— (2¢j/p) (j=1,2,---,n) and B= —1 in Theorem 4.1, we get
COROLLARY 4.1. IfaZc>O0and f; € 2:(“76905./') 0=aj<p;j=1,2,---,n),
then the function (fi* fa*---% fy) € 2;(51,0; V), where

v po { (c)2p }"‘lﬁ(p_aj).

pla)zy j=1
The result is the best possible.

In the special case when a = ¢ = 1, Corollary 4.1 yields
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COROLLARY 4.2. If f; € ZZ(O‘J') (0= aj<p;j=1,2,---,n), then the function
(fixfax--xfu) € Z;(H), where

[Tj-1(p— )
pnfl

The result is the best possible.
THEOREM 4.2. Let a>c¢ >0 and —1 <B<A; <1 (—1<B<0)(j=1,2).
If fi1 € 2:(51—1— 1,¢,A1,B) and f, € 2:(51,07A2,B), then the function (fi  f>) €
+
Zp (a,c,p,B), where

(AL = B)(A2 = B)(¢)ap
(1-B)(a+1),,

p=B+

The result is the best possible.

Proof. We need to find the largest p such that

k(1—-B
=B @pik o<1,
=p p(p —B)(C)p+k

From Lemma 2.1, we get

o0 k(l—B)(a-ﬁ-l)erka oo wa
;Z} p(AL=B)()pri =1 and k%p(Az—B)(c)erk k2 =1,

which in view of the Cauchy-Schwarz inequality yields

& k(1= B) /(@) pealat Dok

ariars < 1.
i=p P/ (A1 —B)(A2 = B)(c)p1k Vaia =1

Now, by following the techniques used in the proof of Theorem 4.1 (for the case n =2)
and using the fact that (c),4x/{k(a+1),1«} is a decreasing function of k, we get the
required result.

By taking the functions

(Al _B)(C)Zp
(1=B)(a+1)p

(AZ - B) (C)Zp P

7 and fo(z) =z "+ (1=B)(a)zp )

i) =77+

defined in U*, it is easily seen that the result is the best possible. [

Letting A; =1 —(20j/p) (0= aj < p;j=1,2) and B= —1 in Theorem 4.2, we
obtain
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COROLLARY 4.3. Leta=c>0.1If fi € ZZ(a—l-l,c; oq) and f» € ZZ(a,c; %),
then the function (fi * f2) € Z; (a,c;0), where

(p—oa1)(p—)(c)y
p(a + 1)21?

oc=p-—

The result is the best possible.

The proof of the following theorem is much akin to that of Theorem 4.2 and we
choose to omit the details.

THEOREM 4.3. Ifa2¢>0,—1SB<A;=1(-1=B<0;j=1,2) and f; €
2:(51—1— 1,c,A;j,B), then the function (fi* f>) € Z:(mc,nB), where

(A{ —B)(A2 —B)(a)2p(c)2p
(1-B)(a+1)3,

T=B+

The result is the best possible for the functions f; defined in U* by
4 =By,

(I=B)(a+1)

Using Theorem 4.2 and Theorem 4.3, we deduce the following result.

THEOREM 4.4. If a 2 ¢ > 0 and fj € Z;(a+ 1,¢,Aj,B) (<1 <B<A; <

1,—1<B<0;j=1,2,---,n), then the function (fi x fa*---*f,) € Z:(a,c,K,B),
where

film)=zP+ (j=1,2).

NP SCCTL S ) (P
B (1-B)"1a+1);, o

j=1

The result is the best possible for the functions f; defined in U* by
(Aj_B)(C)2P 7P (:12

(I1=B)(a+1)z

Settinga=c=1,4;=1—-(20/p) (j=1,2,---,n) and B= —1 in Theorem 4.4,
we obtain

COROLLARY 4.4. If f; € 2: satisfies

fil@=z7"+

_g{ [Zp+1 {(p+2)fj/(z)+zfj//(z)}:| > aj (0 g aj < p?] = 1727"'7’1; zZ€E U)7
then the function (fi* fo*---* fy) € 2;(5), where

M= (p— )

ST pt2p+ 1)

The result is the best possible.
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THEOREM 4.5. Ifazc¢ >0, f; € ZZ(a,c,A,B) (j=1,2,---,n) and

h(z)=z 7+ i (2”: a,%j) * (zeU"), 4.5)
k=p \J=1

then the function h € 2; (a,c,,B), where

»=B+ 7n(A — B)z(c)zp .
(1—=B)(a)zp
The result is the best possible.
Proof. Since by Lemma 2.1,
2
S (KI-B)@)y ) o [ KI-Bap, |
LA B, WS E A B e, =
Z\pA-B)(©)pi p(A—B)(c)
for j=1,2,---,n, we have
d 1-B 2fa
2 l{k( )(a)p+k} Zal%j <1I. (4.6)
Zn\pAa—B)(c) ,
We have to find the largest o such that
< [ k(1—B L
2{ ( )(a)p+k} Za]%j g 1.
k=p p(G_B)(C)p+k j=1 ’
In view of (4.6), we need to find the largest o such that
k(1= B) @)k _ 1 { k(1= B) (@)1 }2
p(0=B)(¢)psx — n | p(A—B)(c)p+k
which is equivalent to
np(A—B()pii _
k(1=B)(@)p+k

Since (c)p4x/{k(a)p+x} is a decreasing function of k, putting k = p in (4.7), we get
the required result.

It can be easily verified that the result is the best possible for the functions f; (j =
1,2,---,n), given by (4.4). This proves Theorem 4.5. [

Puttinga=c=1,A=1—(2a/p) and B= —1 in Theorem 4.5, we obtain

B+ (k= p). 4.7

COROLLARY 4.5. If fj € Z;(a) 0 a<p;j=1,2,---,n) and h is given by
(4.5), then the function h € 2:(71) where

The result is the best possible.
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