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NEW BOUNDS FOR SOLUTIONS OF A SINGULAR
INTEGRO-DIFFERENTIAL INEQUALITY

SAID MAZOUZI AND NASSER-EDDINE TATAR

(Communicated by J. Pecari¢)

Abstract. New bounds for solutions of an integro-differential inequality with weakly singular
kernel are established using a weighted version of the Hardy-Littlewood-Sobolev inequality.
Besides, some applications to real world problems are presented.

1. Introduction and Preliminaries

We would like to give in this work one more application of the famous Hardy-
Littlewood-Sobolev inequality. We first establish bounds for the solutions of some
integro-differential inequality with weakly singular kernel and then give some imme-
diate applications to real world problems. The inequality we intend to look at is the

following
!

0'(0)+a(0)9 (1) <b()+<t) [ (1=5) “F(5)9"(5)ds, (1)

where ¢(¢) is a nonnegative continuously differentiable function and a(r), b(z), c(t)
and F(r) are continuous functions on (0,o0).

We recall that the reader can encounter in the literature a great deal of results
coping with the following inequality

v(t) <a(t) +b() /Ot (t— )P F (s)y™ (s)ds, B> 0,7 >0, (2)

where m > 1, the linear case (m = 1) can be found, for instance, in [6]. To overcome
the problem of singularity Medved’ [11, 12] used the decomposition

/O (1 — )P R ()W (s)"ds

1/2

' 12 7
< (/ (¢ —s)z(ﬁ_l)ezmds) (/ sz(y_l)F(s)ze_zm‘{‘(s)zmds) 3)
0 0

Mathematics subject classification (2010): 42B20, 26D07, 26D15.
Keywords and phrases: Hardy-Littlewood-Sobolev inequality, weakly singular kernel, integro-
differential inequality, analytic semigroup.

© M, Zagreb 427

Paper MIA-13-32



428 SAID MAZOUZI AND NASSER-EDDINE TATAR

and Lemma 1.2 below. On the other hand, Kirane and Tatar improved the previous
results in [7] by using the decomposition

Akp—gﬂ*ﬂ*F@ngmm
1/2

' 12 /0
</ (r— s)z(ﬁ_l)sz(y_l)e_zsds> (/ F(s)zezs‘{‘(s)zmds) 4)
0 0

and Lemma 1.1 (see also [17, 18]).
Furthermore, we can cite the work done by the present authors in [10] dealing with
the integro-differential problem

N

{ % +Au= f(t,u(t))+ o g (t,s,u(s), 5 K(s,7,u(t))dt, t € [ = [0,T]
u(0) =up € X,

and where again an exponential decay result was proved using in a crucial manner the
integral inequality given in Lemma 1.1. The global existence is proved, in a more
general setting in [9] for a problem with non-local conditions of the form

u(0) +h(ty,....1p,u) = uo

and with delays in the arguments of the solution u. Namely, the problem treated there
was

{ % +Au=F (t,u(o‘l(t)),fég(t,s,u(dg(s)) ,ISK(S,T,u(G3(T)))dT)dS)
u(O)—l—h(tl,...,tp,u(.)) =ug €X.

LEMMA 1. If A, v, @ > 0, then for any t > 0 we have
t 2 )
tlf"/ (t—s)" W e ®ds < C,
0

for some positive constant C independent of t given by
C=max {127V} TA)(1+A/v)o "
(see [13]).

LEMMA 2. Let e €[0,1) and B € R. There exists a positive constant C=C(a., )
such that
. CePrifp>0
/ sT%ePds < { Ct+1),if =0
0 C,if B<0.

LEMMA 3. Let a(t), b(t), K(t), w(t) be nonnegative, continuous functions in
the interval I = (0,T) (0 <T <o), ®:(0,00) — R be a continuous, nonnegative and



NEW BOUNDS FOR SOLUTIONS OF A SINGULAR INTEGRO-DIFFERENTIAL INEQUALITY 429

nondecreasing function, ®(0) =0, ®(u) > 0 for u> 0, and let A(t) = maxo<s<; a(s),
B(t) = maxo<s<, b(s). If

v(1) t)+b(t /K )ds, t €1,
then
w(t) <w! [W(A(t)) +B(t)/0tK(s)ds} 1 (0,T),
where )
W= [

forall v=vy >0, W™ being the inverse function of W and Ty > 0 is such that
W(A(1)) +B(t /K )ds € DW=1), Vi € (0,T).
The proof of this lemma may be found in [1] for instance (see also [1, 14]).

2. The main result

In this section we intend to give an appropriate bound for the solutions ¢(¢) of
the integro-differential inequality (1). In order to avoid the use of the standard desin-
gularization, we need the following weighted Hardy-Littlewood-Sobolev Lemma (see

(8D

LEMMA 4. Let p>1,1>1/p—1,t7 f (t) € LP(0,00), 0<k< < 1/p; o >0,
ifk=0,and q=1/(1/p+k— ), then

|, < ]l 9)

P
for some K depending only on a, k, |, p and q. Here

— [=ss5)a
— - s)ds
I'(a) Jo

Note that fy(¢) is the (Riemann-Liouville) fractional integral of order 1 — oz. Our
main result is the following estimate,

foc(t) =

THEOREM 1. Letp>1 I>1/p—1,0<k<a<]l/p, a>0,ifk=0; g=
1/(1/p+k—a) and ¢ its conjugate exponent. Assume that a(t) is a continuous
Sunctions in (0,00) and that b(t), ¢(t) and F(t) are nonnegative continuous functions
in (0,00) such that

(1) exp (/Ota(s)ds) er? (0,00) and t~'F(t) € L? (0,0).
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If ¢(t) is a nonnegative continuously differentiable function in (0,e0) satisfying
the integro-differential inequality (1), then

@) < (Co(z)lpm +(1 —pm)Do(t)/Ots*PlFP (s) ds) v ; (5)
Sorall t € (0,T1) provided that
Co(t)=P" + (1 — pm) Do) /0 " PLEP (5)ds > 0,
forallt € (0,T), where

)= max {2 (@) (000)+ b1 E% (05

0<o<t
p 1/d
sHe(s)E*T (s)' ds) }

q
and
Do(t) = max 4 “KT(a)E~ (o) /U’Hl & E ()| d v
0 _Ogcét » o ste(s N N ,
with

E* (1) = exp (/Ota(s)ds> VE™ (1) = exp (—/Ota(s)ds>

and K a positive constant.

Proof. Multiplying both sides of (1) by E™ (1) = exp ([ja(s)ds) we obtain

!/ ’

[ET 0o 0] =a)ET([1)e@)+ET(1)e (1)
SOUET(1)+e()ET (t)/t(t—S)“F(S) @" (s)ds.
Next, integrating both sides from 0 to #, we ﬁ(I)ld
ET(1)¢(r)—¢(0)< /tb(S)E+ (S)dsﬂL/IC(S)E+ (S)j(S—Z)_“F(Z)wm (2) dzds.
0 0 0

Setting E~ (1) = exp (— [y a(s)ds), we see that

o) <E <z>{<p<o>+/b<s>E+<s>ds}+E <t>{/c<s>E+ (5
0 0

X [ (s—2) “F(z) " (z)dzds
j }
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which we can rewrite as

o(1) <A(t)+E7(t)/B(s)/(s—z)faF(z) 0" (z)dzds,
0

0

t

where A(t) =E~ (t) {(p (0)+ [b(s)ET (s) ds} and B(t) =c(t)E" (¢). On the other
0

hand, thanks to Holder Inequality we find

P <AWM+E (1) [B(5)ss k*’/ " (2) dads
0 0

: 1/4
(/‘B et |7 )
0
q 1/q

X / k”/ 0" (z)dz| ds
0

Now, since s~/ F(s) € L? (0,), it follows that s~'F (s)@™ (s) € L? (0,1), for every
t > 0, then applying Hardy-Littlewood Inequality for f(z) = F (z) " (z), and next
Young’s Inequality we get

Ve 1/p
0 (1) <A(1)+KT (o /‘B [ /(s_lF(s)(pm(s)>pds
0
1/4 ‘
<A(t)+KT (a (/‘B "+’ ) (;4—%/(S_ZF(S)>p(P'np(S)ds).
Denoting O
¢ ) 1/
Ct)=A()+ ~KT (@) E~ (1) /‘B(s)sk+lqu :

and

¢ ) 1/4
D(1) = I%KF(OC)E‘ () (/‘B(s) sk ds) :

we obtain the Gronwall’s type Inequality

o(1) <C(t)+D(1) j (ylF(s))”(me (s)ds.
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Finally, applying Lemma 3 with @ (x) = x”™, we get at once

v

—pm 1 1—pm 1—pm
W(v):/xpdx:m<v P —v0p>

vo
with v > vy > 0 and

—om 1/(1—pm)
wl(z) = (v(l) P —i—(l—pm)z) !

forall z > 0.
Next, defining

Co(t) = max C(s), Do(t) = max D(s)

0<s<r 0<s<t
we obtain
¢ 1/(1—pm)
@) < Co(t)l‘p’"+(1—pm)Do(t)/S"’lF” (s)ds ;
0
forall r € (0,71) provided that
t
Co(t)P" + (1 — pm) Do (1) / s PP (s)ds > 0,
0
forall r € (0,T7).
REMARK 1. Of course one can use the usual desingularization as in Medved [11,
12] or in Kirane and Tatar [7, 17, 18], then we integrate both sides. In doing so, we get

crude bounds involving polynomials in ¢ (and therefore unbounded terms) instead of
constants. It is also possible to rewrite (1) in the form

W 0)+at D0 <a @ 0)+50)+c() [ (1-5) “Fs)g"(s)as

If ¢'(t) < @'(t)+a*(t)p(t), then we lose the term a™ ()@ (¢) unless a(t) is non-
positive in which case the term a(¢) @ (¢) can be shifted to the right hand side of the
inequality.

3. Application

Let us consider the following weighted Cauchy-type problem:

{DO‘ [ (t)+a(t)u(t)] = f(t,u), t>0,
lar, (6)
N (1) +a(t)u()] l—o =bER,
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where f is a continuous function in two variables satisfying
[f ()| S F@)u"(1), m>1

for some continuous function F(r).
Here o is a real number such that 0 < o < 1.

DEFINITION 1. If f(x) € L' (a,b), the integral

a Lo f)
(I%f)(x) == )/a ( —dt, x>a

[(a x—t)l-o

where o > 0, is called the Riemann-Liouville fractional integral of order cr.

DEFINITION 2. The expression

a __ L dr f0
0“0 = Fr—gr e o e

is called the Riemann-Liouville fractional derivative of order ¢« when the right hand
side is pointwise defined on (a,b).

We refer the interested reader to [15, 16] for more on fractional calculus.
Let us define the space

c2(j0,n)) == {v € C°((0,h]) : lim ¢"v(t) exists and is ﬁnite} .

t—0t

Here C°((0,%]) is the usual space of continuous functions on (0, 4]. It turns out that the
space C%([0,4]) endowed with the norm

Py r
VI, := max 1" |v(z)

is a Banach space. Next, we define the space
Cf o([0.]) i= {v € C_ (10,1]) : there exist c € Rand v* € €Y, ([0,])
such that v(t) = ct® ! +1%v* (t)}
The space (C{_,[0,h],]| - |[1-a,a), Where
V- g = [Vl 1DV g and > 1/2,

is also a Banach space. We refer to [3, 4, 5] for these facts and also for the question of
local existence of solutions.
We can conclude by Theorem 2.1 that any local solution u satisfying

u/ S ( ?—06[07}1]’ || . Hl—oc,a)
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is bounded by a function like that of the right hand side of the estimate (5) within the
stated interval. Indeed, this follows from the fact that we can then write

W' (t) +a(t)u(t) < bt + ﬁ /Ot(t — )% LR (s)u™ (s)ds.

This inequality is of the form (1) with a — 1 instead of —¢ (note that both are between
—1 and 0).
One can also notice that if

o Co(oo)lfpm
Dy (oo PLEP ($\ds <« 227
o) [ 5 () <
then the condition
t
Co(t)' 7" + (1 — pm) Do(t) / STPUEP (s)ds > 0
0

holds for all # > 0 and therefore solutions exists globally in time.
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