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WEIGHTED VERSION OF GENERAL
INTEGRAL FORMULA OF EULER TYPE

S. KovaC AND J. PECARIC

(Communicated by I. Peric)

Abstract. The weighted generalization of the integral formula with m nodes is introduced, and
some sharp and the best possible inequalities for the functions whose higher order derivatives
belong to L, spaces are given. Specially, the general one-point integral formula is established.
Special cases of the well known weights are considered and generalizations of the Gaussian
quadrature formulae with one node are obtained.

1. Introduction

J.Pecari¢ and S.VaroSanec considered in [8] the following situation. Let m,n € N
be fixed and let {ij}keN be harmonic sequences of polynomials, i.e. Pj’-k =Pji1,
keN, Pjp=1, j=1,....,m.Let 0 = {a=xp <x; <--- <X, =b} be asubdivision
of the interval [a,b]. Set

Pin(t), t € [a,xi]

Po(t), t € (x1,x2]
Su(t,0) = : (LD

Pun(t), t € (Xp—1,b].

By successive integration by parts they proved the following formula:

1y [ seorar v = [ port §<—1>k[pmk<b> FED ()
a a =~

m—1

+ Y (Pi(xj) = Prvr k) fE 0 () = Pula) fE V(@) [ (12)
=

The aim of this paper is to establish the general weighted version of the identity
(1.2). Further, we observe functions f whose higher order derivatives belong to L,
spaces, and for such functions we obtain error estimates.

Mathematics subject classification (2010): 26D15, 65D30, 65D32.
Keywords and phrases: harmonic polynomials, weighted integral formula, one-point formula, w-
Appell sequences, w-harmonic sequences, weight functions, L” inequalities, Gauss rule, Euler identity.
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580 S. KOVAC AND J. PECARIC

Now, let f : [a,b] — R be an arbitrary function such that f("~1) is continuous
function of bounded variation on [, b] for some n > 1 and let x € [a,b]. The following
two identities hold ([3]):

1
b—a

b
F) = / F(0)dt + Ty(x) + R (x), (1.3)
and

1
b—a

b
Flx) = / F(0)dt + Tyt (%) + R2(), (1.4)

where

Rl(x) = —(”_—“)"_I/abB:; (Z:;) afr=),
) s ()

Here By (), k > 0 are Bernoulli polynomials, By = B(0), k > 0 Bernoulli numbers,
and B;(r), k > 0 are periodic function of period 1, related to Bernoulli polynomials as

=
)
A

=
=

I

Bi(t)=Bi(t), 0<tr<1, B{(t+1)=B;(t), teR.

From the properties of Bernoulli polynomials Bj(¢) = 1, Bj(t) is a discontinuous func-
tion with the jump —1 at each r € N, and Bz (t) are continuous functions, for k > 2 .
Further, By = By+1(0) =0, for k > 1 and By = —4 (see [6]).

Identities (1.3) and (1.4) are called extended Euler identities. In this paper we will
show that these identities can be obtained from a more general result (1.2).

Let w: [a,b] — R, be some probability density function, i.e. integrable func-
tion satisfying fubw(t)dt = 1. A. Agli¢ Aljinovi¢ and J. Pecari¢ ([2]) have proved the
following two identities

k—1

flx) = /abw(t)f(t)dt+k§n: % x (1.6)

1

(o (322) - [wom (=2) ) [#400)- 540w
_%/j (Bj; (Z:;) —/ahw(s)BZ (Z:;) ds) £ ()
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and

n=1(p_ gk-1
fx) = / hw(t) f@)di+ Y % x (1.7)
a k=1 :

(e (5=2) - [ v (52 ) ar) [1400) - 7]
S L G- ()
=[P (81 (220 ) - (322 ) as)are -,

which are the weighted generalization of (1.3) and (1.4).

In this paper we will show that identities (1.6) and (1.7) can be obtained as special
cases of the general m— point weighted integral formula, for the particular three-point
subdivision {a < x < b}. Also, we will consider the general one-point formulae of
Matié, Pecari¢ and Ujevié¢ [7] where in the approximation of the integral, the values of
the higher order derivatives in the node x are used. From this general formula we will
get the generalizations of the quadrature formulae of the Gaussian type (see [6]) for the
special choices of the weight function w and the node x.

2. The weighted generalization of the integral formula via w-harmonic
sequences and related inequalities

Let us assume that wy : [a,b] — R, k=1,...,n are absolutely continuous functions

sequence of functions (see [1]) if the following conditions are satisfied:

wi(t) =w(t), fort € [a,b], 2.1)
wi(t) =wr_1(t), fort € [a,b], forallk=2,...,n,.
LEMMA 1. Let w: [a,b] — R be an integrable function on [a,b] and {wy}r=1, »

be w-harmonic sequence of functions on [a,b]. If g : [a,b] — R is such that g"~") is
absolutely continuous on [a,b), then the following identity holds

b
/ w(t)g(t)dt = Ay(w,g;a,b) + R, (w,g;a,b), (2.2)

An(w,gsa,b) = 3 (1) [wi(0)g "V () = wi(a)g* ()]
k=1

Rn(w7g;a7b) = (_l)n /abw”(t)g(n)(t)dt~

Proof. We prove (2.2) by mathematical induction. For n = 1 integration by parts
gives

b b
| ws0d =wi B)g0) - wi@g@ - [T mog 0@ @3)
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Let us assume that for / =1,...,n— 1 we have
b !
/ w(t)g()dr =, (= 1)* e (b)g* 1 (b) = wi(@)g* V(@)
a k=1

(-1) /bwl(t)g(l)dt. 2.4)

Further, integration by parts yields

/ab wi(0)gW (t)dt = wiy 1 (b)) (b) = wis1(a)g" (@) - /ub w0 (dr. (2.5)

Finally, we impose identity (2.5) to the relation (2.4) and obtain

1
[ w0 = 3 1) [ 0) i) )]
“ k=1
=1 [wl“ (6)g" (b) = w1 (a)g" (a)

~ (w00
l+1a
= ¥ (-0 [ele)g* ) () — wila)gV(a)|
k=1
a0 0

so the assertion is valid for [+ 1. [

REMARK 1. Dragomir proved in [4] a similar result as (2.2) for the case of w-
Appell sequences of functions.

Let us consider the subdivision 0 = {a = xp < x; < ... < x; = b} of the interval
[a,b], for some m € N. Let w: [a,b] — R be an integrable function. On each inter-
val [x¢_1,x¢], k=1,...,m we consider different w-harmonic sequences of functions
{Wkj}j=1,..n, .. we have

Wiy (2) = w(?) fort € [xp—1,x
(ij)/(l) = Wk7j_1(l) fort € [xk_l,ka forall j=2,...,n. (2.6)

Further, let us define

win(t) fort € [a,x1],
Wy(t,0) = wan(t) fort € (x1,x2], 2.7

Wi (t) fort € (xp—1,b].
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THEOREM 1. If g : [a,b] — R is such thar g""~Y) is absolutely continuous on
(xk—1,xx) for k€ {1,...,m}, then the following identity holds

[, w00 = 3 om0 o8
Zj, [ (k) = wieer (o) | €Y () —le(a)g(j_l)(a)]

/anto " (t)dt.

Proof. Using relation (2.2) on each interval (x;_1,x] for appropriate w-harmonic
sequence, we get the following identity

X
/ W(t)g(t)dt :An(W,g;Xk,I,Xk)+Rn(W,g;Xk,1,Xk)- (29)

Xk—1

By summing relation (2.9) from k = 1 to m we obtain

/*’ _ 2 P! [ (0) 0 0) (2.10)
m—1
+ 3 [wrj k) — wieer, ()] 89V () — le(a)g(jfl)(a)}
k=1

_l’_
M=

Ry (W, 83 Xk—1,X¢)

1|
_

[
M=

(= 1) [ (b)) 1)
1

2 [ () = wic1500)] €7 () = wa ()¢ a)]

~.
Il

/ Wo(t,0)g™ (¢)d. O
The next theorem establishes more general identity (2.8).

THEOREM 2. Let g : [a,b] — R be such that g""~") is continuous function of
bounded variation on |a,b), for some n € N. Then the following identity holds

/h N i 7 o 0) 0 0) @.11)
Ej‘ [wiej () = w1, 000)] 8970 () = wi ()¢~ (a)

/anta )
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Proof. Letusfix k=1,...,m. For j=1,...,n we define

= (=1 [ wy0d )

and let

ho= [ wis@war

Xk—1
By integration by parts formula we obtain

I =(—1)/ (ij(xk)f(";l)(xk) - ij(xk—l)f(jil)(xkfl)> + 1 j-1-

Summing last identity from j =1 to n we obtain
= 21 g9 ) s ) )] + [ 50
j=1 X
Finally, summing this identity from k£ =1 to m we get (2.11) since

m b
ZIkn:(—w"/ Wo(t,0)df" (@), O
k=1 a

REMARK 2. Let us suppose w : [a,b] — [0,00) is some integrable function such
that ff w(t) =1, f"=1 is a continuous function of bounded variation on [a,b] for
some n € N and let x € [a,b] be some fixed point. We consider three-point subdivision
of the segment [a,b]: xo =a, x; =x and x, = b. Let us define function W;,,(z,x),
J € N in the following way

wijr) = S0 0 (B () — By ) wis)ds, 1€ [a,x]
Wf7W(t7'x) = (_l)j—l(b_ )j—l
waj(r) = CU 2 (B () — By (14 32L) ) wi(s)ds, 1 € (x,B].
(2.12)
Obviously, function W, ,,(-,x) can be represent in the following way using periodic

functions B;,

e e A CI (=) R (=) B

Then the identity (2.11) becomes (1.6). In particular, for w(t) = ﬁ, identity (2.11)
becomes (1.3).

For each k = 1,...,m and n € N we define functions u; : [x¢—1,x] — R by
relation . .
uj(t) == G- / (t—s) " w(s)ds, 1€ p_1,x] (2.13)
J— ) Xp—1

It is easy to check that u,En)( ) =w(t) and ug,(x_1) = 0.

functions on [xk 1,x¢], for k= 1
Now we can give the general representation of the w-harmonic sequences.
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LEMMA 2. Let {wy;}j—0,.n be w-harmonic sequences on [xy_1,x], for k =

1,...,m. Then there exist unique sequences {Qy;} j—o,..n of polynomials satisfying
Q;q'(t):Qk,jfl(t)? te[xkflaka deng;S.]_la QkOZOa jzl,...,l’l
(2.14)
such that
wij(#) = uj(t) + Qx;(t), j=0, (2.15)
fork=1,....m.

Proof. For j>1 and k =1...,m the j—th derivative of the function wy;(¢) —
ugj(t) is zero by definition of the function uy;. So, there must exist a polynomial
Qkj(t) of degree at most j— 1 such that

wij(t) = ug;(t) + Ok;(t)-

Evidently, Qy; satisfies properties (2.14), so we have proved the existence. The unique-
ness of Qy; is obvious. [

REMARK 3. The case m = 1 in Lemma 2 was obtained in [1].

REMARK 4. If we put in (2.8) w =1 and wy; = P, where {F;}j—o,. are
sequences of harmonic polynomials on [x;_1,x;], for k= 1,...,m, then we recapture
relation (1.2).

Now we will give the general L, theorem.

THEOREM 3. Let us suppose w : [a,b] — R is an integrable function and
{Wkj}j=1,..n w-harmonic sequences of functions on [xp_1,xt], for k=1,....m. If
g la,b] — R is a function such that g("’l) is absolutely continuous and g(”) eL, for
some 1 < p < oo, then the following inequality holds

[ 0@ =3 (17 o010 0) 216

—_— =

J
+m [wij () — wigr, ()] Y1 () — le(a)g(jfl)(a)} ‘
k=1

< C(I’l,p,W) : Hg(n)”l”

where

ST
Q=

1
b q q oo
[fa (Wo(t,0)] dt} s L<p <o, (2.17)

C(n,p,w) =
suprefap) (Waw(t,0)], p=1.
The inequality is the best possible for p =1 and sharp for 1 < p < oo. Equality is
attained for every function g such that

gt) =M-g.(t) +pn1(t),
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where M € R, p,_ is an arbitrary polynomial of degree at most n— 1 and g.(t) is
function on |a,b] defined by

¢ _ n—1 1
(1) :/u %.sgnwmw(ao).Wn,w(ao)wda 2.18)
for 1 < p <oo, and
t _ n—1
0= [ S0 e (€. o) @.19

for p=oo.

Proof. Relation (2.8) implies

[ v — 3 1 o) ) @20
a =1
m—1

+ Z [Wk, (%) — Wk+1/(xk)]g(j_l)(xk) —le(a)g(j_l)(a)}

/anta ()dt

so, by Holder inequality we get (2.16). For the proof of the sharpness, we need to find
function g such that

wn(t,0)g" ()t | = C(n,p.w) - 18"

for 1 < p<eoand 1 < g < oo suchthat L +1 =1, The function g, defined by (2.18)
and (2.19) is n times differentiable, and its n—th derivative is piecewise continuous
function. Further, g. is a solution of the differential equation

W, G)g(n) (t) = [Waw(t,0)|,

so the above identity holds.
For p =1 we shall prove that

w(t,0)8M (1)dt| < sup |W,,(1,0)|- / 18" (¢)|dr (2.21)

t€(a,b)

is the best possible inequality. Obviously, because of the continuity of the functions
Wia(f) on [xg_1,x¢], for k € {1,...,n}, there exists 7y € [a,b] and k= 1,...,n such
that sup;c(, s [Wa(?)| = [Win(to)|. First, let us assume that wy,(f9) > 0. For & small
enough define g~ V(1) by

0, t<th—¢

n—1 _
g V)= 1 e [ty — £,10)
L, 1>,
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if 1 € (xx_1,xt]. Then, for € small enough,

1o 1 1 o
/ wkn(t)—dt‘ = —/ W (£)dt .
1 £ 1

0—¢€ € Jig—e

b
/ Wn,w(tv G)gg-:n)dt) =

Now, relation (2.21) implies

10 1
Edt = Wi (l‘o).

l/tm Wi (8)dt < Wkn(fo)/

€ 0—E h—¢€

Since
.1 o
lim — Win (£)dt = wiy (10),
e—0 € Jig—¢

the statement follows.
If 1, = x;_1, then we define, for € > 0 small enough, function gé"il)(t) by

0, <
gé"il)(t) =< 21 € [to,10+ €]
1, t>1+e.

Then, for € small enough,

to+¢€

1 1 fo+€
Wn,w(t,cr))gdt) _ —/ Wen(£)d

b (n)
/ Wi w(t,0)ge dt): )
a 0

fo

Now, relation (2.21) implies

1 rlo+e fo+e 1
—/ Wi (£)dt < Wkn(fo)/ Edt = Wi (to)-
1

€ Jy fo

Since
. 1 10+€
lim — Wi (8)dt = wiy (t0),
e—0 € Jy,

the statement follows.
For the case wy, (1) < 0 the proof is similar. [

587

(2.22)

(2.23)

(2.24)

(2.25)

COROLLARY 1. For an integrable function w : [a,b] — R and {wy}i=o.. .. w-
harmonic sequence on [a,b], and g : [a,b] — R such that g") € Ly[a,b], for some

1 < p < oo, we have the following inequalitiy
|Rn(w,85a,b)| < ||WanHg(n)HP7

if wp € Ly[a, D] and%—l—ézL p=>1

(2.26)

Proof. The assertion follows from the Theorem 3 for the case m = 1. This result

was also obtained in [4] for the w-Appell sequences. [



588 S. KOVAC AND J. PECARIC

3. Weighted one-point formula of Mati¢, Pecari¢ and Ujevi¢

In this section we develop the weighted one-point formula for numerical integra-
tion. Let g : [a,b] — R be some function and x € [a,b]. Let w: [a,b] — R be some
integrable function. The approximation of the integral fubw(t)g(t)dt will involve the
values of the higher order derivatives of g in the node x. We consider subdivision
o = {xo <x; <x} of the interval [a,b], where xo = a, x| =x and x, = b. Further, let
{wkj}j=0,1,...n be w-harmonic sequences on each subinterval [x;_;,x], k = 1,2, such
that wyj(a) =0 and wy;(b) =0, for j=1,....n
By Lemma 2 we have that

wiji(t) = ug;(t) + Ok;(t),

for k=1,2 and j=0,1,...,n, where Qy; satisfy properties (2.14). No we can state
the following theorem

THEOREM 4. Let w: [a,b] — R be an integrable function and x € [a,b]. Further,
let us suppose {w;j}j1..n are w-harmonic sequences of functions on [xy_1,x¢], for
k=1,2 and some n € N, defined by the following relations:

1 ! :
- _ )1
wij(t) = G- / (t=s) " w(s)ds, t€]la,x]
)= 7 [ =) wis)as, 1€ (1)
waj G- s) 7 w(s)ds, x,b],
for j=1,....n. If g: [a,b] — R is such that g("’l) is absolutely continuous function,
then we have
b n ,
| wis(rdr = ¥ 4,807 / Woss(t.0)e™ (), (3.1)
a Jfl
where for j =1
T 62
i(x) = — x—s)' " w(s)ds .
’ (=D!Ja
and
B win(t) = (,,_11)! "t —s)"w(s)ds fort € [a,x],
Wn,W(t7x) - { WZn(t) — (njl)! ;(I—S)n71W(S)dS fort c (x,b]. (33)

Proof. We apply identity (2.8) for m =2 and x; = x to get
b n .
/a Z Y w0 = wa; ()] gV ()

+(=1)" [me(%ﬂg(")(t)dn
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since wij(a) =0 and wy;(b) =0, for j=1,...,n. Further, we calculate

b , .
wij(x) —woj(x) = ﬁ/ﬂ (x— )7 Tw(s)ds = (—l)JflAj(x),

so the assertion of the Theorem follows. [

REMARK 5. The identity in Theorem 4. was obtained in [7], so we may call it an
integral formula of Mati¢,Pecari¢ and Ujevic.

REMARK 6. If we want formula (3.1) to be exact for the polynomials of degree at
most 1, such that approximation formula doesn’t include the first derivative, the extra
condition A, (x) = 0 is required. From this condition we get

_ 2 sw(s)ds

f:w(s)ds .

The solution x of this equation yields the generalization of the Gaussian quadrature
formula with one node.

THEOREM 5. Let w: [a,b] — [0,°0) be an integrable function and x € |a,b]. Fur-
ther, let {wkj}jzlwgnﬂ be w-harmonic sequences of functions for k = 1,2 and some
n € N, defined by the following relations:

1 ! :
wij(t) = W/u (t—s)"'w(s)ds, t€la,x]
)= o [ =9 ws)ds, 1€ (b
wyi(t) i= —— — )" w(s)ds X
2j (] — 1)‘ A y y Ul
for j=1,....2n+1. If g : [a,b] — R is such that g(2”) is continuous function, then
there exists 1 € [a,b] such that

2n
[ ws0d - 3 4000 = A (-8 0). G
a i=1

Proof. It is easy to check that W, ,,(¢,x) > 0, for ¢ € [a,b], so we can apply
integral mean value theorem to the | f W (2,%)g?") (£)dt to obtain

b 2n ) b
[ wigd— 34,8000 =) [ Wanlewdr (335)
a j=1 a
‘We calculate

b X b
/ Wa(1,x)dt = / Wi a(0)dt + / Waan ()t = W1.ams 1 () — Waams 1 (x) = Azas (),
a a X

so we get the assertion. [J

Now we can state the L,—inequality for weighted one-point formula
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THEOREM 6. Let g : [a,b] — R and {wy;}j—1,..n be as in Theorem 4, let g

be absolutely continuous on (xy_1,x;), for k € {1,2} and let g(”) €L, for some 1<
p < 0. Then we have

b 7 .
[ wisdi— 3, 4,08V < i pw) - g
a j=1

for %—l—}] =1, where

Ci(n,p,x,w) = (n_ll)! Uax

for 1 < p < oo, and

7 1
dt],

(3.6)

/b[ (t —s5)" w(s)ds } .

(3.7)
The inequality is the best possible for p = 1 and sharp for 1 < p < eo. Equality is
attained for some function g(t) = Mg, (t)+ pn—1(t) where M € R, p,_1 is an arbitrary
polynomial of degree at most n— 1 and g is function on [a,b] defined by

q b
ar
X

/a[ (t—s)""Yw(s)ds

/bt(t—s)"flw(s)ds

, sup
t€[x,b)

/a[ (t — )" 'w(s)ds

1
Ci(n,1,x,w)= mmax { sup

t€la,x]

¢ _ n—1 1
o= [ oS W (€)W E 0 aE G
for 1 < p <o, and
t _ n—1
(1) = / %-sgnwm(g,x)da (3.9)

for p =co.

Proof. This theorem is special case of the Theorem 3. [J

4. Special cases of weight function w for one-point formulae

In this section we will give some examples of the general one-point formula by
choosing different interesting weight functions w. Further, we will show that such
formulae are the generalizations of the well known Gaussian quadrature formulae.

4.1. w(t) =1, € [a,b]
For this case we have by Theorem 4

win(t) = (’;‘f)" for € [a,x],

Wn,w (tax) =

—~
=

won(t) = _nl!’)n for t € (x,b].
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Further, by Theorem 4 we get

so the one-point formula states
b " (h—x J_ a—x J -
/ o(0)dr = 2( ) j'( Y -1 y) (4.1)
a j=1 .

+%[/( dt+/ (1—b dt]

The L, inequality for the general case of the one-point formula states

/g Hd — Zngf V)| <ciln,p,x,1)- g™, 4.2)
where
1
x—a ng+1 b—x)+t17 g
% [%}q forl <p<eo, J47=1
Cl(n»l?»)@l): (43)

L max {(x—a)",(b—x)"} forp=1.

n!

If the assumptions of Theorem 5 hold,we can state the following identity

(b—x) —(a—x)]
/ gl ) " @2 i1 (4.4)
b— 2n+1 _ _ +)\2n+1
+( al (2n+(163! ») ¢?)(n) forsomen € (a,b).
Specially, according to the Remark 6, from the condition A,(x) = 0 we get x = “%”
which gives the generalization of the midpoint rule ([5])
n (b a)2j71 (2j-2) a+b (b_a)2n+1 (20)
S8 = " 4.5
/ 8l 221 22—t 2 e @9
Specially, for n = 1 this formula becomes the well known midpoint rule
b a+b b—a)’
[ st =0-ae (50) + LT @6)

42. wit)=b-0)*r—a)P, re(ab), opf>-1

The general one-point formula for this case is

/b(b—z)a(t—a)ﬁg(t)dz:§")A,( )gU—D / Wy (1,2)8™ (1)dt, (4.7)
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where, according to the Theorem 4, we have

e ™ B 1, p+ )F(L—j B+ 1o+ B +2:29), x#a,
Aj(x) = "
%B(a—kl,ﬁ—i—j), x=a
and
yih
e zn(tl)a - B(B+1,n)F(—a,B+1,B+n+1;;=%) fort € [a,x],
Wow(t,x) =
(1 O B g L) F(— oo+ Lt n+ L) fort € (x,B),
where

1
B(u,v) :/ s"*l(l —s)vflds
0

is the Beta function, and

F(a,B,y:z) = m/oltﬁl(l )P (1 —z) %,

for y > B >0 and z < | is the hypergeometric function. We also use notation of
the hypergeometric function when integral [y t#=1(1—¢)Y~P~1(1 —z)~%dr converges.
Specially, when o < 0, then any z € R is allowed.

Further, if the assumptions of the Theorem 5 hold, we get

b
JROHEGHEOIS ZA — A1 (x)3®(n), for some 1 € (a,b).
(4.8)
Specially, for [a,b] = [—1,1] and from the condition A,(x) =0, we get x = aﬁ%ﬁiz , SO

we have for n =1
1
/1(1 — 0%+ 1)Pg(t)dr = 2 PHB(a+1,8+1) - g(x)

20828 + 1)B(ae+ 2,8+ 1
+ (B ) ( B ) .g//(n), (4.9)
(a+B+3)(o+p+2)
which is the Jacobi-Gaussian quadrature formula with 1 node (see [6]).
Now we consider special cases for o and f3:

421. a=B=-1, wt)=—"—, re(-11)

For this case we have
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and
_1 a1
B (L 3 ) forre[-1,4],
Wow(t,x) =
1
n2 2(1-0"2
(—1)" 2 B3 mF (3, 5,5+ 451) fort e (x,1],
so we have
! g(t) c (Jj— 1
/1 =Y, A8 / W (t,)g™ (1)dr.  (4.10)
- — =
If the assumptions of Theorem 5 hold, then we have
/ m‘”‘ $ 40 — Ao (¥)g®)(n),  for some 1 € (~1,1).
— =
(4.11)
Specially, from the condition A;(x) =0 we get x =0, so we have for n =1
1 t
/1 \/‘%dt =ng(0)+ %g”(n) for some n € (a,b), (4.12)

which coincides with the Chebyshev-Gaussian quadrature formula with 1 node ([6]).
If g € Ly, for n € {1,2}, then Theorem 6 implies

1 t
[ i me0) <l p. 0wl @)
Specially,
Ci(1,00,0,w) =2, Ci(1,1,0,w) = g ~ 1.570796
C>(2,00,0,w) = g ~0.785398, C1(2,1,0,w) = 1.
422. a=f=14%, wt)=V1-12, te[-1,1]

For this case we have

G=n! S |
Ai=9
J .
(ifl)lB(%7J+%)7 x=-1
and
1
22 1n+2
E;tl))' B(%:")F(—%,%,%—Fn;%) forr € [—1,x],
W"7W(t70-)
1
22 (1—-1)""2
(1) B2 B3 mF (- 1,3, 3 +m 15t forr e (x,1],
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so we have
1 n ) 1
/ gV 2dr = 3 A;(x)g D (x) + (1) / W (1, 2)™ (O)dr. (4.14)
1 ~ -1
j=1
If the assumptions of Theorem 5 hold, then we have

1 2n .
[ V=i 3 40850 (0) = A1 () (n), for some n € (~1,1).
—1 =1

4.15)
Specially, from the condition A;(x) =0, we get x = 0, so we have for n =1

1
/ V1—12g(t)dt = gg(O) + %g”(n) for some n € (—1,1), (4.16)
-1

which coincides with the Chebyshev-Gaussian quadrature formula of the second kind
with one node ([6]). If g ¢ Ly, for n € {1,2}, then Theorem 6 implies

1 T
’/ &)V T=d1 = 25(0)| < Cu(m.p. 0.0l 4.17)
Specially,
2 T
Ci(L,e0,0,w) = £ = 066667, Ci(1,1,0,w) = 7 = 0.78538
1
C1(2,00,0,w) = % ~0.19635, C1(2,1,0,w) = 3 ~0.33333,

423. a=4% B=-1 wit)=/1=. te(-11)

For this case we have

=11 x+1
Aj(x) = .
J .
(j31)|B(27]_%)’ x=-1,
and
23 (141) 3
(tntl)y B(%,@F(—%,%,%-ﬂﬁ%) fOI'Z‘E[—lax]a
Wow(t,0) =
1 1
272 (1-1)""2 -
(—)" =BG F (3.3, 3 +m5t) forr € (1],
so we have

1 1—1¢ z . 1
_ . (-1 _1) (n)
/ﬂ01+ﬁ—§&®w @)+ (1" [ Wanlt.0)” 0dr. @18)
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If the assumptions of Theorem 5 hold, then we have

1 1—¢ 2n i ,
[ k0= 3408970 = Aayir (9, Forsome n & (~1,1)
— s

(4.19)
Specially, from the condition A(x) =0 we get x = 2 , so we have for n =1

L1 - 1
[1 \/ 1—+§g(t)dt =g <—§) + gg”(n), forsome 1 € (—1,1), (4.20)

which coincides with the well known quadrature formula with n nodes, with the highest
degree of precision 2n — 1, for the special case n =1 ([6]). If g("> €Ly, forne{l1,2},
then Theorem 6 implies

1 1 1 1
— < .
[0 s —ms (~3) | <m0l @2n
Specially,
1 3v3 1 3
a (1,oo,— ,w) :sz1.29904, a (1,1,—5,\4)) :§+§z1.91322

2
1 1 33
a (2,00,—§,w) _ g ~0.392699, C, (2, 1,—§,w> - Tf ~ 0.649519.

424. a=0, =3 wi)=vi, t€]0,1]

:B(n,3) for ¢ € [0,x],
Ww(t,x) =

— 3 Ln+1;1—1) fort € (x,1],

so we have
1 n ) 1
/ Vig(t)dt =Y Aj(x)gl ™1 (x) + (—1)" / W (£, %)) (¢)dr. (4.22)
0 = —1
Jj=1
If the assumptions of Theorem 5 hold, then we have

/ Vig(t)dr - ZA — Asni1()g®)(n),  for some n € (0,1). (4.23)
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Specially, from the condition A(x) =0 we get x = % , so we have for n =1
4 "
/\/_g +175 g"(n), forsomen € (0,1). (4.24)
If g™ € Ly, for n € {1,2}, then Theorem 6 implies
1 3 3
[ soid~363)| < i, 3 wle (425)
0 37°5
Specially,
3 24 /3 3 2 2 /3
Lo, 2w | = —— /2 ~0.148722 1,1,2,w) =2 —2,/2 ~0.35682
c1<, ,5,w> —S\/2 20148 ,C1<,,5,w> -5y 5 ~0.3568
3 4 3 12 /3
2,00, — = — ~0.022 2,1, - =—1/=-=0.074
c1<, ,5,w> = ~0.02285, c1<, ,5,w> o=\ 5 007436

For this case we have

Ajx) =

and

(nfl)!B(m%) fort &[0,
W (£,%) =
S F 1+ 151—1) fort € (x,1],

so we have
's) N G-1) : ()
/ 2dr =) Aj(x)gV (x)+(—1)”/ Wow(t,x)g"" (t)dt. (4.26)
0 it = -1
If the assumptions of Theorem 5 hold, then we have

/g di — ZA — Aop 1 ()g? (1),  forsomen € (0,1). (4.27)

Specially, from the condition A(x) =0 we get x = % , so we have for n =1

/g dr = () fsg (n), forsomen e (0,1). (4.28)
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If g e Ly, for n € {1,2}, then Theorem 6 implies

1
g(?) 1 1 ’
Elar—2 (%) <Cilnp, 5, : 4.29
|/0 N g(s)‘ 1,2, 5.8/l (4.29)
Specially,

8 1
7w) =——==0.5132 C 1,1,§7w> = ~ 1.1547

93

2
V3
4 4
=~ ~0.08889 C —
)= 1

N
—_

~ 0.25666.

W =
el
W

2

43. w(t)=e¢", t€R

For this case we have

1)l e o
Aj(x) = % /_ w(x—s)/_le_s ds (4.30)

and

ﬁ Sl —s)”’le*“'zds fort € (—oo,x],
Wn7w(t’x) =
(n—ll)!' Jult —S)"_le_szds fort € (x,),

so we have
[ s = 3 a0 W) + (1) [ W00 @3
oo = -
If the assumptions of Theorem 5 hold, then we have
/ B e g(r)dr — %Aj(x)g(j*l)(x) =Aopi1(x)g®)(n), forsomen eR. (4.32)
oo =
Specially, from the condition A;(x) =0 we get x =0, so we have for n =1

/ e g(t)dt = V/7g(0) + ?g”(m, forsomen €R,  (4.33)

which coincides with the Hermite-Gaussian quadrature formula with 1 node ([6]). If
g™ €Ly, for n € {1,2}, then Theorem 6 implies

‘ [ st~ Vrg(0)| < Citmp. 0w I (4.34)

Specially,

Ci(l,00,0,w) =1, Cy(1,1,0,w)= g ~0.88622

NG
e

1
Ci(1,0,0,w) = ~0.44311, C1(171707w):§,
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44. w(t)=t1%", a>-1, 1€(0,)

For this case we have -

5 (0T —k+ )
Aj(x) = E -
i) = K(j—k=1)!

(4.35)

and
1 %y(n—k+ap
ZZ 0 Wl)) fort € (O,X],
Wow(t,x) =
1 " T(n—k+ot
-y 07,{,” . 1)) fort € (x, o),
where

I'(z) = / Fle7ldr, >0
0
is Gamma function,
v(z,a) :/ leTdt, >0
0

is the ”lower” incomplete Gamma function and
[(z,a) = / ledt, >0
a
is "upper” incomplete Gamma function, so we have

/ "ot %etdi = zn:Aj(x)g(j_l)(x)—I—(—l)” / 1 Wi (1) ()t (436)
0 = -1

If the assumptions of Theorem 5 hold, then we have

| e sty zA — A1 (¥)g®)(n),  for some € (0,2).
(4.37)
Specially, from the condition A, (x) =0 we get x = ¢+ 1, so we have for n =1
I'(oe+2
/ t%e"g(t)dt =T(a+1)g(a+1)+ %g”(n), for some ) € (0,e0),
0

(4.38)
which coincides with the Laguerre-Gaussian quadrature formula with 1 node ([6]). If
g™ € L,, for n € {1,2}, then Theorem 6 implies

[ stonean - g2)| < Cinp 20 (439)

Specially,

8
)

3
Ci(Le=2,w) = = ~ 1.08268, Ci(1,1,2,w) =1~ — ~0.59399

4
Ci2.=2w) =1, G(21,2,w)= 5 ~054134.
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