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SOME NEW INEQUALITIES SIMILAR
TO HARDY-HILBERT’S INEQUALITY

S. K. SUNANDA, C. NAHAK AND S. NANDA

(Communicated by R. Mohapatra)

Abstract. In this paper we have studied some new inequalities similar to Hardy-Hilbert’s inequal-
ity. As applications, we have considered the associated integral inequalities.

1. Introduction

If a,, b, >0, p>1, })4—5:1, and 0 < ) ° a,f <00, 0< Y 72 b7 < o0,
then the famous Hardy-Hilbert inequality (see Hardy et al. [6]) is given by

1/q

sz—i-n sin( Z/p){zaz}l/p{;bz} ’ (L)

=1

where the constant factor Sm( ) is the best possible. Inequality (1.1) led to many papers
dealing with alternative proofs, generalizations, numerous variants, and applications in
analysis (Hardy et al. [6]). Recently, Yang, Gao and Debnath [1, 2, 8] gave some
strengthened version of (1.1). By introducing a parameter Yang [3] gave an extension
of (1.1) as

1/q

ZZ )Lsm (m/p) {Zn(P N "}1/p{§:n(qil)(lik)bg} ’

n=1 m=1 n=1

where the constant factor W (0 < A < minp,q) is the best possible.
In 2003 yang [4] gave an extension of (1.1) as

1/

ZZlnmn sin 77:/p {an 1ap} p{inqile} ‘17 (1.2)

n=2 m=2 n=1

where the constant factor is the best possible.

T __
sin(7/p)
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In this paper, we have generalized the results of [4], which is related to the double
series of the form

Sy b (13)

n=2 m=2

For this series Y, > ) lg"’ri’;l’) we have estimated the weight co-efficient of the form

w1 :me (ln")lm (= (proa) > 1, n €N\ {1}). (14)

Inm

2. Some preliminary results

The sequence space [, has been generalized to I(p), in the following manner (see
Maddox [7] and Simmons [9]).

DEFINITION 2.1. Let p = (px) be a bounded sequence of strictly positive numbers,
with 0 < px < sup px = H < oo. Then

Ip) ={x=(x): Z |xe|P* < oo} (2.1

A natural metric on I(p) is

o /M
o) = (D I —w i)
k=0

where M = max(1,H).

DEFINITION 2.2. Let 1 < p < oo, then the function space L, is given by

L=1f: / ¥) Pdx < oo}, (22)

The function space L, has been generalized to L(p) in the following manner.

DEFINITION 2.3. [10] Let p be a bounded measurable function, with 0 < p(x) <
sup p(x) = H < co. Then

={f: / |p Jdx < 00}. (2.3)

Note that L(p) is a linear topological space paranormed by d(f)

ar)= ([ 1repoa)™

where M = max(1,H).
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Das and Nanda [5] have generalized Holder’s inequality in {(p) space, which is
given below.

LEMMA 2.1. (Das and Nanda [5]) Let (pn)2, beareal sequence where p, > 1

foralln. (g,)22, is defined by - qi =1, foralln. Let a,,b, > 0. We write

m m
Am = § anpna B, = § bnqna
n=1 n=1
[eS) [eS)
A= E anpn7 B = § bnqn
n=1

n=1
and whenever the series on the right converge. Then
(i)
m

Zakbk < amﬁm; (24)
k=1

where Oy = Sup1<n<m p + Sup1<n<m q ﬁm - Supl<n<mA1/pnBl/qn .
(ii) If a € l(p), b €lq), then ab €1 and

> i < af, (2.5)
k=1

where 0 = Sup,> -+ Sup,>; o=, B = sup,, (Al/Pnpt/any

If px and qi are constants then (2.4) and (2.5) reduce to standard Holder’s
inequality in I, space.

Sunanda et. al. [10] generalized the Holder’s inequality in L(p) space which is
given below.

LEMMA 2.2. (a) Let p and q be bounded measurable functions such that
p(x)" '+ qx)"t =1 forall x. Let f € L(p), g € L(q). Let

A= / () Py, B= / | g [ dx
0 0

Then for p(x) > 1, fg € Ly and

/0 T W) | dx < of, (2.6)

Al/P( ) gl/a(x)

where o = sup, 1/p(x)+sup, 1/q(x ) B=
+q(x)~"! —l If f € Llp) and g € L(q),

(b) Let 0<p(x)<1and p(x)~!
then

/ooo 1f(x) PV dx < o [sup p(x) + sup (1 = p(x))], (2.7)

where of = sup, Kf | g(x) \qmdx) (f | f(x |dx> (x)}.
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Proof. To prove (a) For a, b > 0, we have

a’®  pa)

ab < — + —— for all x. 2.8
EERTE 2%
Using the above inequality we have
@1 g@ ] 1 @Y 1 g
Al/p) Bl/4x) = p(x) A q(x) B '

Therefore,

10 |8 | = |f () P = | gl [
A R Y el Do

1 1
< sup —— +sup ——. 2.9
T E TS (29)
Also we have
1 > < | f(0)gx) |
sup, Al/P) Bl/a(x) /() | f(x) g(x) | dx < /() AP Bija dx. (2.10)

From (2.9) and (2.10), we get (2.6), that is

/Ooo|f<x>g<x>|dx < ap.

We now prove (b).
Let pi(x) = 1/p(x), so that p;(x) > 1 forall x. Let

Alx) = [ gx) 7770, B(x) = | f (0)g(x) |7,
So by (2.6)

/°° () [P = /OO | A(x)B(x) |dx
0 0
<sup [( /OOO | A) ") Y q‘(")( /O 1B \"‘<x>dx)””‘(">]

1 1
X<Sl;pp1(x) +sgp ql(x)>’ (2.11)

. 1 1 _ 1 _ —
since m+Q1—(X) —1; nm I—P(x) and ql(x) -

Substituting the values in (2.11), we get (2.7)

[ 1 pas = s [ 10 190a8) ([0 500 1)

x {sgpp(x) + Sgp(l —p(x))}

= « [sgp plx) + sup (I —p@))].

1—p(x)
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This completes the proof of the lemma. ]

Note. Equality occurs in (2.6) when

(Do=1.

2) Bl f (x) '™ = y| g(x) |"“), where B and y are constants not all zero.

But o = 1 holds only when p(x) and g(x) are constants.

1 1 _ - _L

If p(x) and g(x) are not constants and ot = 1o then a = sup &5 +
sup ﬁ >1e.g.

For p(x) =1+1> 1 x €[2,3] and g(x) =x+ 1 > 1,x € [2,3] not constants
then o0 = sup ()+sup () > 1.

3. Main results

LEMMA 3.1. Let (pi)2, and (qr)32, be real bounded sequences defined by I’LA +
ql—k =1 where py > 1,0 < e < gy — 1 forall k € N, then we have for any k > 1

1 1
ZZ ln mn m m)(l+s)/pk I’l( (14€)/qx

n=2 m=2 lnn)
> 1[ T 1 o(1)] (as e—0%) (3.1)
| — . .
€ Lsin(m/py)
Proof. Obviously, we have
>y : :
e ln (mn) lnm)(Hf)/Pk (lnn)(1+5)/%
/ / ! ! dyd. (3.2)
'vdx. .
lnx) (1+€)/pi y(ln ) (1+€)/qx
Setting u = % in the following expression, for x > e and 0 < € < gy — 1 we obtain

for k=1,2...

<1 1
dy
/e In(xy) y(1ny)!+/en

_ 1 o0 1 1 d
© (nx) % 1 w9 u

B 1 | 1 Vinxg L
= (T+o/ax | 1+ uuro/a ™™ 1+ o u+o/ ”]
(Inx) 0 0

1 rre 1 1 J 1/Inx 1 J
~ (lnx)(lJrE)/qk Lo 1+ uul+o/a “- o w(1+6) /a u]

1 ron qr 1
= 1 S
(lnx)(Hf)/qk _Sin(TL'/pk) + 0( )} (Qk -1- 6) Inx
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Hence we find for £ > 1

1 1
/ / lnx) 1+F)/pk y(lny)(l+5)/qk dydx
1 T qr /0O 1
> 1)|dx — d
/e x(lnx)(Hf) [sin(n/pk) o )] o (qi—1—¢) J, x(lnx)1+(1+6)/pk x
T 1 9k

= s to(l)| -~ 0), 3.3
[sm(n/pk) of )}e (gr — 1 —¢€)(1 +¢) (€—0) (33)
by (3.2) and (3.3), it follows that (3.1) is valid. Hence the lemma. O

THEOREM 3.1. If a,, b, = 0, (px) and (qi) are real bounded sequences defined
by ka + é =1, where py > 1 forall k € N, and 0 < > >, P gt < oo,
0< > 2, n% bk < 0o, Then

55 <ol S ) (S ). o

n=2 m=2 n=2

— 1 1
where 00 = sup; -+ sup>y -

Proof. By Holder’s inequality and (1.4), we have

o0 o0
Sy e
Inmn
n=2 m=2

0o oo IR/ =L 1/
=23 [ ()™ o) e i)™ )]

n=2 m=2 ~(Inmn) P

< [(L 2 o ()

m=2 n=2

Pk

(“»%zzﬁ&ﬂ*ﬁw}

)
=eson (22 o () (5 ))

k=1 m=2 n=2

(53 o ()™ (5)e0) ]

n=

= asup [{ZW‘H Y pk}l%{zwm )i qk}%} (3.5)

k>1
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Inx

For r; = pi, qx forall k,and n > 2 in (1.4), setting u = = in the following integral,
we find

<1 1 7 e 1
wy, (1) < / <M> kdx=/ ——du= Ll (3.6)
. xInnx\lnx 0 (1+uu sinz(l — r—k)

Since sin(7/py) = sin(m/qy), for all k, by (3.5) and (3.6), we have (3.4). O

THEOREM 3.2. Let a, > 0, (py) and (qi) be real bounded sequences defined by
Ly qu =1, where p; > 1 forall k € N, and 0 < Z;iznpkflaﬁk < 00. Then

oo o) a - ™
- < o®PPk gu { [7] nPk— la”k} 3.7
; <mz_2 In(m ) k; sin(7/px) ; (3.7)

— 1 1
where ot = sup,> ;- +sup, > o-.

Proof. Since >0, Pl > 0, there exists #) > 2, such that for any ¢ > 1,
pr—1
S ldhk > 0, and b, (1) = ;(Z' “—’”) “ > 0. Then we have

m=2 In(mn)

t t

t

n=2

(3.8)

If we set &, = a, and b, = b,(1), for n =2,3,...t; and @, = b, = 0, for n > . By
using (3.4), we may have

ZZam ) ZZ b
n=2 m=2 n=2 m= 2
€1
o sup { {an lam} {ank 1bqk}" H
k>1 sin 7T/Pk - =

- o Lln (7/px) {ank lapk}P_k{ank i) }"_H

k>1 n—2

T

A

Hence by (3.8), we have

t

o0 l t a Pr
0< S m e = 330
s n\‘— Inmn

n=2

t
o Pk .
< sup [7} nPk~ " abk
k>1 Lsin(7/py) nz:; !

t
T Pk
= oSUPPk Sup{['f] E nPkflaﬁk}.
sin( )

3
k>1 [Pk 2
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It follows that 0 < Y7 _, n%~ b (c0) < oo, since 0 < 31, nP~'alk < co. Hence
by (3.4) we have,

Z (Zln (mn) )pk

=2 m=

am il
- ZZ lnmn

n=2 m=2
(o) 1 1
(0% _ Pr 1 ax
< su [7 { n’k laﬁk} { nt bk (0o } }
k>I1) sin(7/pr) ; ;
L 1 o0 a Di L
< e () 1]
i>1 [sm (7t/pi) {Zn “ ;n —~ Inmn
by simplification, we have (3.7). O

4. Associated Integral Inequalities

Define the weight function as in [4] w,(x) as

wi(x) = ﬁmylntxy)(ﬂ—;c)“_”dy (1) =p(r), 400 2, x> 1), (41)

Setting u = 2 in (4.1), we have

(r(x) = p(x), q(x) =2, x> 1).

THEOREM 4.1. Let f,8 = 0,p(x) and q(x) be real bounded measurable func-
tions deﬁned by —) + (L =1 where (x) > 1 foral x > 1, and 0 <
< 00,

plx
0 < [ x4t ) (x)dx < oo, then

SO0 () dx <

¥

|7 iy < aosup [ ][ g}

< / T 1 gao) )dx}ﬂ, (4.3)

and
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0 > f(x) p()
/1 §<1 lﬁ(x}’)dx> @

px)
sup p(x) i ) —Lep(x 4.4
<« f‘iﬂ) [sm (m/p(x) / ST (44)

where o = sup p(1)~" +sup q(1)"

Proof. By generalized Holder’s inequality (2.6), we have

[ = [ [ A <iﬁ’;>“ i

s YL/
X[WGX) L |asay
< oS H/ 1 fli(xif(iﬁji) ” xp(;)l asas} ™

gq(y) lny 75 yq(y) 1 e
// lnx> . dxdy}‘" } (4.5)

From (2.6) equality holds in (4.5), when p(x) and ¢(x) are constants p and ¢, and for
p, g there exists numbers a and b, such that

af P (x) (m_xyx”_‘l _ M(ln_yyﬂ

Inxy \Iny y  Inxy \Inx X

a.e. in (1,00) x (1, 00).
Then we have ax”~'f?(x) Inx = by?~'g%(y) Iny a.e.in (1,00) x (1,00). Thatis
ax’~'fP(x) Inx = by’ 'g%(y) Iny = constant a.e. in (1,00) x (1, 00)

which contradicts the fact that 0 < [ x*~'f?(x)dx < oo and 0 < [ x97"g(x)dx <
oo. It follows that (4.5) takes the form of strict inequality. By eqn. (4.1)

/ / f d dy < ocilill) H /100Wq(x)xp(x)1fp(x)(x) dx}ﬁ
R

Since [ xW=1fP0(x)dx > 0, then there exists Ty > 1 such that for any 7 >
T — . p(y)—1
Ty, [0 PO wdy > 0, and g0, T) = ([ E2ax)" > 0 (v € (1,00),



610 S. K. SUNANDA, C. NAHAK AND S. NANDA

by (4.3) we have

T T r )
0</ YOt (y, T)dy = / 1( o x>mdy
. 1 lnxy
- / [
lnxy
1/p(x)
p(¥)
< [sm (m/p(x) /xp R ()dx}
1/q(x)
/ 1909 . T)dx} ! } (4.7)

Let us denote

T T
BZB(T,q,g)=/ YO =gt0)(y, T)dy, A = A(T,p.f) =/ TP (x T)dx.
1 1

Then (4.7) is

B < sup {7A1/p( )gl/alx >}
=1 sin

If we denote C = A/B, then this is

o »
1 < sup [@CW( )}

x>1

hence dx( such that

and hence )
p{xo
1< |G
s1n(p(X0))
So
T p(x)
B < o**PY) gup { } A
x>1 Sln(_))
(4.4) follows. O
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