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ON A GENERALIZATION OF THE LIZORKIN
THEOREM ON FOURIER MULTIPLIERS

L. O. SARYBEKOVA, T. V. TARARYKOVA AND N. T. TLEUKHANOVA

(Communicated by V. Burenkov)

Abstract. A generalization of the Lizorkin theorem on Fourier multipliers is proved. The proofs
are based on using the so-called net spaces and interpolation theorems. An example is given of a
Fourier multiplier which satisfies the assumptions of the generalized theorem but does not satisfy
the assumptions of the Lizorkin theorem.

Let F and F~! be the direct and the inverse Fourier transforms respectively,
namely,

(F)& = [ e fwax

—oo

~+oo

1 .
Flg)(x) = =— / g (£)dE
(F7g))=5_ | ¢™s(c)dd
Let 1 < p < g < eo. Itis said that ¢ is a Fourier multiplier from L, to L, briefly,
@ € m}, if there exists ¢; > 0 such that for every function f in Schwartz space S the
following inequality holds

1To (|, < et lAll,

where T,(f) = F~'@Ff. This inequality allows defining by continuity 7,(f) for
every f in L.

The set mj, of all Fourier multipliers from L, to L, is a normed space with the
norm

H(p“m?, = HT(P} Ly—Lg"

Our aim is to find smoothness and metric characteristics for a function ¢ to be a
Fourier multiplier from L, to L.
We recall the following properties of m} spaces for 1 < p < g < o (see, for
example, [1]):
!
1. m},=mP,, where Lol —Jandl+d =1,
q pp 4 q
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p roe |l 1 1 1.
2. mp<—>m,,1f’;—§|<)5—§ 5

bedding,i.e. X — Y, where X and Y are normed spaces, means that X C Y and there
exists ¢; > 0 such that for every x € X

Ixlly < eallxllx s

3. m=Lo.

A function f is absolutely continuous on [a,b], briefly f € AC([a,b]), if for any
€ > 0 there exists 6 > 0 such that for any finite system of disjoint intervals (ay,by),k =
1,...,n,suchthat ¥} (b —ax) <6

n
2 ak\<£

If Q C R is an open set, then ACZC'C(Q) is the set of functions f, defined on Q,
such that f € AC([a,b]) for every [a,b] C Q.

THEOREM. (Lizorkin [3]). Let 1 < p < g <o, A >0 and a function ¢ €
AC¢(R\ {0}) satisfy the following conditions

1.1
sup [y|7 7 [o(y)| <A

yeR\{0}
and
1+L1_L1]
esssup [y|' 77 |9 ()] < 4.
yeR\{0}
Then the function @ € m} and
[0llp < cs4.

where c3 > 0 depends only on p and q.

Let 0S a<oo,0<f<o0,a,beR, 0< q,r<oo, Gy ={[a,b]:b—a>t}.
The net space N*P(L,) is the set of all functions f in L; for which

, 1
- |- dr\’
1 lyeesr ) = (/o (taggg[Q—wF lJCQFfIILq> 7) < o,

if0<r<eoo,andif r=-oo

Hf”]va‘liw(Lq) = supt” sup —= HF XQFf”Lq <o,
>0 0eG |Q |

where yo is the characteristic function of Q, |Q| is the length of Q.
Similar spaces were considered in [4].
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LEMMA 1. Let 0 <a<1,0<f<1,0<g< oo
a)lf0<r<r <o, then

Na’ﬁ’r(Lq) — NP (Lg)-
b)If0<o<min{l —a,1 -}, 0<r< oo, then

Noc,ﬁ,r(Lq) PN NOC+G,ﬁ+0‘,r(Lq).

Proof. First we prove that N8 ’r(Lq) < N%P=(L,). Indeed,

£ lyecs =z, = supt” sup IF " xoF £
NEPEL) TR0 oe |0 |B o/t

1
1 4 r 1
_ T ar—1 —1
= (our) 7 sup (/0 X dx) sup —|Q|ﬁ I1F~" xoF fllL,

>0 0€G,;

1
Fol
1 oo dx '
< (ar)r (/0 (x“QSélp| 7 IF~" %o qu> 7)

1
= (@) | flyesrr,)-
Using this inequality and the multiplicative inequality for spaces L, we obtain

1_
r

1Al et Hf”N(xﬁ HfIINa,s < (an)” | fllyesr e,

Moreover,

1
, 1
- 1 _q dr\’
Hf||Na+0"ﬁ+O'.r(Lq) = </0 ( Q.lglg | |ﬁ+o' ”F %QFqu> 7)

1

o dr\’
< / 1 FF e, ) S = 1y -
(0 ( QE,\ |3H [ ||q P || HN,ﬁ (Lg)

Lemma 1 is proved. 0

Let (Ag,A;) be a compatible pair of Banach spaces [1], and

K(T,a;Ao,Al):a:g')lgral(HaoHAo+T||a1||Al)7 acAp+A, >0

be the Peetre functional.
Moreover, let for 0 < g <o, 0 < 0 < 1

_—

T dt
(Ao,Al)eﬂ =<acAy+A;: ||a||(A07A1)9#q = / T K T a; Ao,Al) . < oo
0
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and for g =

(Ag,A1)p00 = {a €Ao+Ar:|allapa)e.. = sup T 9K (1,a3A0,41) < oo}.

<<
LEMMA 2. Let 0< oy <1,0< B <1, 0<r,g<oco. Then
(VL) NI (L))o, = NP (L)

for0<O<land o= (1-0)oy

Proof. Let f = fi+ fo. fo € N07B7°°(Lq), fi € N9B=(L,). Ttis clear that

sup — HF x0F flL,
0¢G, |Q |

1
< 2(" ). (Sup gllE” "xoF fillL, + Sup B |F~ XQFfOLq>7
0<G, |0fP G |0

1
where x4 = x, if x>0 and x;y =0, if x < 0. Denoting v(t) = 7% , 7 > 0, we obtain

sup % sup B”F xoF fllL,
0<t<v(t) Q<G |Q|

1_ 1 _
<2 ”*( sup 1™ sup — Q| gllF™ "XoF fillL,+ sup ™ sup WIIF IXQFfOHL,])

0<t<v(t)  0€G; | 0<t<v(t)  0€G |Q
1_
<2070 supi® sup 5P 0P il + sup sup L F oF Al ).
>0 0€G; ‘Q| ‘ |

Since the representation f = fo+ f1 is arbitrary

sup 1% sup —[|F~ 2oF £z, <27V K (x, fN0 B N0,
0<t<v(t)  Q€G |Q |

Therefore for 0 < r < oo we get

1
o rdr\ 7
(/ (T_GK(T7f;Na1’B7w7NO7B7w)> _T)
0 T
. 1
- = 1 dr\’
>0 GG+ / v % sup ™ sup —B||F_1XQFfHLq =
0 1<v(7) Q€6 |Q‘ T
1 "d
1 -
=270 ([T (w0 supr sup —ﬁIIF’IXQFfHLq n
0 <u QeGy |Q|
1
1 1 i 1 '
> 2—(“,_1)+ar / -0y Suptocl sup F x fHL
! ( 0 e Q€EG, \Q|B e ’

=



ON A GENERALIZATION OF THE LIZORKIN THEOREM ON FOURIER MULTIPLIERS 617

~(3-D+ o7
P 2 a al ||fHN‘1>[3~,’(Lq)a
ie.
(NOCI7B,°°(Lq)’NO7B7°°(Lq))97r [N NOC7B7V(L(1)'
The argument for r = oo is similar. Lemma 2 is proved. [J

Let f be a Lebesgue measurable function on R. The distribution function of f is
defined by
m(o,f) ={xeR:|f(x)] > a].
The function
f(t)=inf{oc >0:m(o,f) <t}
is the non-increasing rearrangement of f.

Let 1 < p <o,0 <7< . Afunction f belongs to the Lorentz space Ly, if f
is measurable on R and for 7 < oo

1= ( (t%f*(t))r?)% <o

and for T = o0 .
[fllz,e = supt? f*(z) < eo.
>0

THEOREM 1. Let1<p<q<0<=,0<‘c<oo,and0<(x<1—;;—!—5.Then

Lpr — N*P7(L,),
gl 1
where § = o+ i

Proof. Let 1 <r < g < eo. Itis well known that the characteristic function o of
a segment Q is a Fourier multiplier from L, to L,. Moreover, there exists ca(r,q) >0,
depending only on r and ¢, such that

IF~ x0F £, < cs(r)| Q)" 7|\ f L., 2)

forevery f €L,.
Let 0<a<1— }—) Then I%—é <B < l—é and there exists po such that
B

1 < po<p and —%—i.ByQ)withr:po
Fllyose,) = sup sup —= ||F ' xoF f]|, <es|if 3
sy = s0p sp 5 [P 20 Sl <eslifl,

forevery f € Ly, , where c¢s = c4(po,q).

Next let p < p; < g and alzl_

o ﬁ . Taking into account (2) with r = p;, we
get

sup sup

r||F - xeF £, < c6llfll,
t>0 QeG; ‘Q|”l
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forevery f € Ly, , where cg = c4(p1,9q).
Since

1 o1
F=xoF f||, = FlyoF
?EOPQSEGpt ‘Q| pll 0 H %Q f”L ?up Sup Q‘ﬁ || X0 fHLq

1
> supt™ sup —= ||F'xoF £, = |Ifllyer s 1 »
>0 0€G; ‘Q|B H ¢ HL,, v L)

we have

Al ez, < collFl,, )

for every f € Ly, . Inequalities (3) and (4) mean that
Ly, — NO’B’w(Lq),

Ly = NP (L),

and consequently
Lpy +Lp, — NOP=(L,) + N1 P=(L,).

Let us denote by I the corresponding embedding operator. By (3) and (4) we have
I:Ly, — N*P=(L,),

and
I:L, — N%P=(L,).

Moreover, in both cases the operator / is bounded.

1 _1-64 6 gj
Let 6 € (0,1) such, that 5= 5+, Since

1 1 1
o= B—— —=——=—=(1-0)my
P g9 Ppo P
By the interpolation properties of L, we get
I:Lye = (LpysLpo) g — (NP = (L) NP =(Ly) )
T
and the operator / is bounded. Thus,

LPT - <Na1ﬂﬁ7w(Lq)7NOﬁ7w(Lq)>9 ’
T

and hence the statement of theorem follows by Lemma 2.
If1— i <o < 1— i + L then the statement of theorem follows from (1). Indeed,

let 0 < & < 1 — —, then by proved above and by (1) we have

Lp‘L' ‘—>NOC oc+——577:( q) <—>Na’ﬁ’T(Lq).

Theorem 1 is proved. [
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THEOREM 2. Let 1 <p<g<e, 0<a<l-1+il B=a+i-1 Jfa
function @ € AC"°(R\ {0}) satisfies to the following conditions
1_1
suply[?" @ [p(y)| <A
yeR

and .
supr' = (' () (1) <,

t>0
then @ € m}, and
19l < .

where c7 > 0 depends only on p,q and «.

Proof. Let f €S, 0<a<b<e. Since ¢ € AC([a,b]), by applying integration
by parts and the Minkowski inequalities for sums and integrals, we get

/abqv(y) (/Oy(Ff)(g)efézdg>;dy .
_ H(P(y) /Oy(Ff)(i)eiéng‘b /b o )< [ dg) "

o) (F ' 2o nFf) (z / 0 ) (F ' 20,F f) (2)dy

)(Ef)()e™ Zdy

Ly

=2r

Lq
<2n(||o(a) (F~ xpaFf) @), +lo®) (F 2o Ff) @,
4 [ 10 NP0 1], a0 =22 (1 + 12 1),

Taking into account (2) we have

Ilzafl’_élw( : 1HF anFfHL <Ac|lfll,

al"{

where c¢g = c4(p,q).
Similarly,

L <Acg||fl,-
Furthermore,

b, 1
L =/a Wi (y)l—ﬁ HF_IX[OMFfHLq dy

< /0 Yo' )] <sup op I xQFfHLq> dy

sup

Since

|Q|[3 H %QFfHLq
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is a nonincreasing function, by using the inequality [;"FGdy < [y F*G*dy, we get
I < /w (z%'(Z))*(y) sup —— |F ' xoF fl|, | dy
0 0<G, [0 L

o , *
— [ (o @) o (52& o HF‘leFfHLq> o
<Al llvap 1) -
By Theorem 1 there exists c9 > 0, which depends only on p, g, &, such that
I <Aco|fll,, -

Since L, < L, there exists c1o > 0, depending only on p, such that

A0, <collfllL,, -

Hence, there exists ¢1; > 0, depending only on p,q and «, such that

NENG) | <enalfl,

forevery f €S andany 0 <a < b < co.
Let couples of numbers (pg,qo) and (p1,q1) be such that 1 < pg < p < p; <
00,1 < qo < g<q) <e and

1 1 1 I 1 1
e m o 5)
Po 4o pl q1 P q

Similarly, one can prove that there exists cj2 > O such that

Y)(Ff)(y)e” dy

< C12A||fHLp01

Ly,

and

F f tyZ dy

C12A||JCHL,,ll

for every f € S. Choose 6 € (0,1) such that . 5= % + %. According to (5) we have

1 1 1 1 1-6 6 1 1
+—= +
g P Po 9 P Pl P00

1 1 1 1 1 1 1-6 6
PL Po q0 q1 4o q0 q0 q1

By the Marcinkiewicz interpolation theorem we have that for every 0 < r < oo

Ff lyZdy

<cAlfl,,
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where c12 > 0 depends only on p,q,o and r.
If, in particular, r = p, then for some c;3 > 0, which depends only on p,q and o,

forall f € S and for all 0<a<b<oo because L,y — Ly if p <gq.
Since |@(y)| <Aly|” »t ‘1 y € R\ {0} and Ff € S, the integral

NENOIdy| < enalfl,

| emEnmeay

absolutely converges for every z € R.
Hence, for every z € R

lim

n—oo

[ ewEnmea| | "o e,

and by the Fatou theorem

|[ovrenoea] < [“ownmera| <coalr,.

Similarly,
[ ewEnmeras] <,

and therefore q

17l = 1F0F fl,, = 5| [ o) ENBI H <A,
for every f € S. This means that

170, < 222051,
for every f € L,. Hence ¢ € m}, and
lollg < <22

Theorem 2 is proved. [J

The function
@) =inf{oc > 0:m(o,f) =1},
where

m(o,f) ={xeR:|f(x)] <al,

is the non-decreasing rearrangement of f.
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LEMMA 3. Let f,g be measurable functions on R such that f*(t),g*(t) < oo for
all t > 0. Then

sup f*(¢)g"(1) < esssup |/ (x)g(x)].

>0 xeR

Proof. Let 1 < p <eo. Since (|g|”)*(1) = (¢"(1))”, (If|7)*(1) = (f*(1))?, we have
by the well-known inequality [2] that for every a > 0

||f*g*||L,,(O,2a) = || (fX[—a,a])*g*HLp(O’w) < ||fX(—a,a)g| L,,(—oo,oo) = HngLp(—a,a) .

Passing to the limit as p — oo by the Riesz lemma, we get

esssup f*(t)g"(r) < esssup |f(x)g(x)].

0<t<2a —a<x<a

Passing to the limit as @ — 4-e, we obtain the required inequality because

esssup f*(1)g (1) = sup f*(1)g(1):

>0 t>0

Lemma 3 is proved. U

REMARK 1. Note that the assumptions of Theorem 2 are weaker than the assump-
tions of the Lizorkin theorem, since

!

® ()

)

’ * 1_1
sup 1'% (y% (y)> (1) <2'“esssup [y| "7
teRT yeR

and there exists a function ¢ satisfying the assumptions of Theorem 2, but not satisfy-
ing the assumptions of the Lizorkin theorem, i.e.

1_1
sup [y[? 4 |@(y)] < oo,
yeR

sup 1% (9 () (1) < o
teRT
but

1 1 ’
€sssup |Y|1+;75 ¢ ()’)| =c°.

yeR

Since (|y|'=%)" (1) = (%) "% by Lemma 3 the first statement of the remark fol-
lows.
Let us prove the second statement. Let 1 >y > 8 and

1

= (kl—ﬁ +k‘V—(k+l)‘V>q7 keN.

We define the function ¢ by the following formula

keN,

o() = KBk —x1B xelk,wl],
(k+1)77, x€[m,k+1],
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forx>1.If0<x<1,

andif x <0,
P (x) = ¢(—x).
The function @ € AC'‘(R\ {0}), because it is continious on R, is even by definition
and is absolutely continious on any interval [0,1], [k, t], [,k + 1], where k € N.
We show that the function @ satisfies the first condition. Let x € [k,k+ 1]. Since
Yy > % - é we have

1 1
11 111 k+1)r a
W F oGl < (kb L < $EDP Ty
kY kv~
Note that 8 ( )
B ./ _ 1-p, xe ka.u'k )
)’””(’“))_{ 0, xe(uk+1),FEN
If
1={x: W' (0] =1-8},
then

1= () Zk(( B<k—y—<k+1>-y>)llﬁ—1)<

Indeed, by using inequality (1 +x)¥ —1<v2" Ix for v>1 and 0 <x < 1, we have

\|m
=

1l <

giﬁ( (k1))

Since the series Y7, k~(1=B+v) converges, by the limit comparison test the series

le*ﬁ (k7= (k+1)77)

Mg

k=1

also converges.
Since the function ’xﬁ (p’(x)’ takes only two values 0 and 1 — f3, it follows that

(0'(0) ()= { L Bxe ol

x> |1].
Therefore,
’ * _ _
supr' - (' (1)) (1) = sup 17 (1=B) = (1-B) (1))~ <=,
>0 0<t<2d

i.e. the second condition holds.
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On the other hand, if we choose an arbitrary sequence of points {x;};"_, such that
Xi € (k,Mk) , then

. 1.1 ’ . 1_1_ ’
fim bl 73 [ )| = Jim 20 o )
= lim |70 (1 - B) =
Hence, the last condition holds.
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