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SCHUR’S INEQUALITY FOR THE DIMENSION
OF COMMUTING FAMILIES OF MATRICES
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Abstract. We present an elementary proof for the above inequality. This in particular leads us
easily to see that the maximal linearly independent sets of commuting n x n matrices, for n >4,
necessarily consist of either nilpotent elements or units.

1. Introduction

In [7], Schur proved that the cardinality of any linearly independent set of com-

muting n X n complex matrices is less than or equal to g(n) = L%J +1. He also
determined linearly independent sets with cardinality g(n), consisting of commuting
matrices. Later, Jacobson [4] proved the same inequality for any field K. Using repre-
sentation theoretic methods, Gustafson in [2] gives an elegant proof of this inequality
and by applying the same methods he also finds a lower bound for the dimensions of
maximal commutative subalgebras of n x n matrices over a field K. Some authors
have proved Schur’s inequality by explicit manipulation of matrices, see [8], [9] and
for a more recent one see [5]. Using the methods in [2] and in answering a question in
[2], Cowsik [1] gives an upper bound for the length of a commutative Artinian ring in
terms of the length of a faithful module and automatically provides a short proof for a
generalization of Schur’s inequality. Our aim in this short note is to give a very simple
proof of this inequality. But before presenting the proof, let us give some reasons for
our claim of its simplicity. Suppose that S is a maximal linearly independent set of
commuting linear transformations on a finite-dimensional vector space V over a field
K. Let I be the identity transformation and R = K[SU {I}] be the algebra generated
by SU{I} over K. R is a commutative K -subalgebra of Homg (V,V) and Schur’s in-
equality asserts that dimgR < g(dimgV'). Generally, in proofs of this inequality which
are not by manipulation of matrices, the authors first consider the case that R is a local
ring and then go to the general case. In order to be allowed to do so, they usually apply
the result which says every commutative Artinian ring R is a direct product of Artinian
local rings and also decompose each faithful finitely generated R-module as a direct
sum of submodules which are faithful over local components of R, see for example [1],
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[2], for two clever proofs of this kind. But in our proof, by just using some elemen-
tary facts from linear algebra we are left with the case that R is forced to be local and
we make no use of its Artinian property. Finally, as a consequence of this proof, we
trivially observe that if S is a maximal linearly independent set of commuting n X n
matrices, where n > 4, then its elements must be either nilpotent or units. The latter
fact can also be obtained essentially, from Theorem 2, Lemma 3 and Theorem 3 in [4].

2. Schur’s inequality revisited

We need the following trivial fact, see also [2], [4].

LEMMA. Let g(n) = L%J +1 and n=dy+dy+ ... +di, where each d; is a
positive integer. Then g(n) > g(dy) + g(da) + ... +g(dy).

Proof. An easy inductionon k. [J

THEOREM. (Schur) Let S be a set of mutually commuting linearly independent
matrices of order n over a field K. Then | S |< g(n).

Proof. First we recall that if K is a subfield of a field L, then whenever a sys-
tem of homogeneous linear equations with coefficients in K, has a nontrivial solution
in L, it has also a nontrivial solution in K. This immediately implies that S is also
linearly independent over L. Thus without loss of generality one can assume that
K is algebraically closed and S is maximal with respect to the above property. Let
V =K" and R = K[SU{I}] C Homg(V,V). Clearly, R is a maximal commutative
subalgebra of Homg (V,V). We proceed by induction on n. For n =1 the claim is
trivial. Suppose that the theorem is true for matrices of order less than n. First, let
us assume that an element A € S has at least two distinct characteristic values and
P(x) = (x— A1) (x — A42)"...(x — Ax)"* be its minimal polynomial, where we assume
the A; distinct. Then we can write V = W; W, @ ... © W, where each W; is the null
space of (A — A, D). Clearly, each W; is invariant under every element of R. Now for
each element x € V we have the unique representation x = wy 4 ... +wy with w; € W;.
Given B € R define B; = B;(B) by Bi(x) = B(w;). If C € R the fact C(W;) CW; for all
I =1,...,k implies for all admissible i # j, B;C |w,= CB; |w, and B;C |W,-= 0=CB; |W,--
So B; € R. Letting R; = the span of all B;(B) as B ranges over R, we have R = @é‘le,-.
So by induction hypothesis, dimg (R) = XX dimg (R;) < XX g(dimg (W;)) < g(n) and we
are done. Therefore we may assume that no element of S has two distinct character-
istic values. This means that for each A € § there exists r, € K such that A — r,[ is
nilpotent. But each element 7' of R is of the form T = Aol + 34,c5A;A;, where Ao,
Aj € K. Hence T may be written as T = ol + ¥4 ,e5A;(Aj — r;jl), where o € K and
A;—r,l is nilpotent. Clearly Y A;(A; —r;I), as a finite sum of commuting nilpotent
elements, is nilpotent. Consequently, T is either nilpotent or a unit element of R. This
immediately implies that R is a local ring and in fact its maximal ideal, M say, is its
only prime ideal which consists of the nilpotent elements of R. We also note that V
is a faithful R-module and it is well-known (by a variant of Nakayama’s lemma) that
whenever {vi + MV, vo+MV ..., v, + MV} is a basis for MLV as a vector space over
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% then vy,v;,...,v,, generate V as an R-module, see for example [6, Proposition 9.3]
or [3, p390]. Observe that % is a finite extension of K, i.e., K = % or, more sim-
ply, even without invoking that K is algebraically closed, we have R = KI+ M ; hence
% =~ K. Thus dimgMV = dimgV — dimK% =n—m. We also note that for each v;,
i=1,...m, Mv; is a K-subspace of MV and therefore dimxgMv; < n—m. Now con-
m
sider Mvi ®Mv, & ... & Mv,, as a subspace of VAV @ ...V and define the K -linear
map @ : M — Mv ®Mv, & ... Mvy, by @(A) = Avi +Avy +...Av,, forall A € M and
note that we might have Mv; =0 for some i. Inasmuch as V is a faithful R-module, we
infer that ¢ is injective and therefore dimgM < m(n —m) < ’2—2, ie., dimgM < L”sz .

But dimgR = 1 +dimgM < 1+ L”TZJ and this completes the proof. [

REMARK. In the second part of the previous proof we note that every element of
R is of the form A7+ A, where A is nilpotent. Motivated by this, we see easily that for
each 0#Ajj, 0#A, wjj e K, theset S={ pil+A;jE;j:1<i<mm+1<j<n}uU
{AI}, where m = | 5| and {E;;} are matrix units, is a maximal linearly independent
set of commuting n x n matrices over a field K and | S |= g(n). Therefore R = K[S]
is a maximal commutative local subalgebra of Homg (V,V) with dimgR = g(n). From
this and the simple fact that if n = d| +d, > 4, where d; and d, are positive integers,
then g(n) > g(d;)+g(d); we infer that no commutative subalgebra R’ of Homg (V,V)
of dimension g(n) is decomposable, that is to say, R’ must be local (note, here we are
using the fact that R’ is Artinian), see also [2], [4]. Consequently, every maximal set of
linearly independent commutative elements in Homg (V,V) consists only of nilpotent
elements or units.
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