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A PRIORI ESTIMATES FOR ELLIPTIC
EQUATIONS IN WEIGHTED SOBOLEV SPACES

LOREDANA CASO AND MARIA TRANSIRICO

(Communicated by J. Pecari¢)

Abstract. In this paper we prove some a priori bounds for the solutions of the Dirichlet problem
for elliptic equations with singular coefficients in weighted Sobolev spaces.

1. Introduction

Consider the Dirichlet problem

{uE w2r(@)n W' (Q), (1.1)

Lu=f, feLl(Q),

where Q is an open subset of R”, n >3, p €]1,+eo[ and L is the uniformly elliptic
differential operator defined by

n 82 n 0
L_—w‘}::la,-,-—axiaxﬁ;aia—& +a. (1.2)

If Q is bounded and sufficiently regular, problem (1.1) has been widely investigated by
several authors under various hypotheses on the leading coefficients a;;. Here we just
refer to [10] and [11] where some W%” -bounds for the solutions of problem (1.1) as
well as related existence and uniqueness results have been obtained, assuming the a;;’s
tobein VMO and a; = a = 0. This latter condition has been removed in [15] and [16].
Recently, these results have been extended to the case of unbounded open sets in [7]
and [8].

In this paper we extend the above quoted results to the case of open sets with
singular boundary and coefficients are singular near a subset of dQ2. More precisely,
given a suitable weight function p and denoted by S, the subset of d€Q where p goes
to zero, we assume that there exist extensions a;; of a;; in VMO(L,) ML (L) - where
Q, is aregular open set containing Q -, and the functions (a;;),, , @; and a are singular
near S, . We prove that the following a priori bound holds:

llly 2 gy < € (12allip ) + lelliriay) (1.3)
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Yue Wf’p(g)n ‘f/ffl(g)a Vp € [27—’_00[7

where ¢ € R isindependent of u, € is abounded open subsetof Q, s € R, W_Yz’p (Q),

o]

w Sl’_pl (Q) and LY (Q) are some weighted Sobolev spaces and the weight functions are

suitable powers of p.

2. Notation and function spaces

Let G be a Lebesgue measurable subset of R"” and X(G) be the collection of its
Lebesgue measurable subsets. If F € £(G), we denote by |F| the Lebesgue measure of
F and by © (F) (resp. ©°(F)) the class of restrictions to F of functions { € C=*(R")
(resp. £ € CO(R™)) such that F Nsupp{ C F. Moreover, for any function space X (F),
Xioc(F) stands for the class of all functions g : F — R such that { g € X(F) for each
eD(F).

Let Q be an open subset of R”. Put
Q(x,r) =QNB(x,r) VxeR", VreRy,

where B(x,r) is the open ball of radius r centered at x.
Denote by 27 (Q) the class of all measurable functions p : Q — R, such that

Y oO) <pk) <vo®) VyeQ, VxeQ(yp(), (2.1)

where ¥ € R is independent of x and y. Given p € &/ (Q), we define
Sp ={z€9Q:limp(x) =0}.
X—Z

It is known that

peLr.(Q), pleLy (Q\Sp), (2.2)
and, if Sp # 0,
p(x) < dist(x,Sp) VxeQ (2.3)

(see [9], [13]).

If reN, 1< p<+oo, seR and p € &/ (Q), consider the space W, (Q) of
distributions u on Q such that p**1%="9%y € LP(Q) for |a| < r. Equipped with the
norm

lullgery = 3 10"~ 0% gy

|06Kr
WSk’p (Q) is a Banach space, separable if 1 < p < +oo, Hilbert space for p =2 (see, for
instance, [12], [2] and [14]).

Moreover, denote by W7 (Q) the closure of C*(Q) in W*(Q) and put W (Q) =
L(Q).
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We now recall the definitions of some function spaces in which the coefficients
of the operator will be chosen. For p € [1,+eo[, let KI'(Q) be the set of all functions

g€ LIOC(Q\SP) such that
— s=n/p
=sup|(p X o (x < oo, 2.4
||g||K§’(§z) Xeg( ( )HgHLP(Q( 0 )))) (2.4)

endowed with the norm defined by (2.4). Obviously the space K¥ (Q) is a Banach space
containing L7 (Q) and C°(Q) as well (see [3]). Therefore we denote by K¥(Q) (resp.

K2(Q)) the closure of L(Q) (resp. C7(Q)) in KX (Q).

For any function g belonging to K¥(Q) or to K ?(€), it can be defined a modulus
of continuity. To this aim, we need to introduce a suitable sequence of functions. It is
well known that, if S, # @, then there exists a function o € C*(Q)NC%!(Q) which
is equivalent to dist (-,S),) (see for instance [17]). For any fixed f € D(R;) satisfying
the condition

1
0<f<l, fiHy=1 if <<, fio)y=0 if r>1,

N

we can consider the sequence
YhixeQ— (1 —f(ha(x))) F(lx|/2h),  heN.
It is easy to prove that each y, belongs to ®(Q\ S,) and

O<yn<l, Ve, =1, supp ¥, C Gy,
where G, ={x€ Q : |x| <h, ot(x) > 1/h}. Now, it is useful to recall that for a function
g € K (Q) the following characterizations hold (see [3]):

g€ kP(Q) & lim sup [ gllkr(0) =0,
h—+eo E€3(Q)
o e <

gEKY(Q) & hETw\\(l ) 8llkr () =0,

where Q(x) = Q(x,p(x)) and yx, is the characteristic function of E. Thus a modulus
of continuity of g € K¥(Q) is defined as a function @/[g] : N — R such that

sup |2 8llgr(q) < @F[gl(R) VhEN,  lim &f[g](h) =0
E€3(Q) h—eo
sup ‘Q( mE‘<1/I
XEQ O]

and a modulus of continuity of g EI%{’(Q) is a function (f){’[g] : N — R, such that

10wl + s I8l <GLEIR) VheN,
sup \Q(E ﬂE)\<1/h
XEQ
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lim @” =0.
Jimoflgl(h) =0

Further properties of the spaces K (Q), K/ (Q) and K’ (Q) can be found in [3]
and [9].
If Q has the property

|Q(x,r)| = A" VxeQ, Vrelo,l1], (2.5)
where A is a positive constant independent of x and r, it is possible to consider the

space BMO(Q,1) (1 € Ry) of functions g € L] (L) such that

= su —
[g]BMO(Q,t) Xeg o) \8 7£g «
rel0,t]

g=len " [ e
7%2()(,;’) Q(x,r)
If g € BMO(Q) = BMO(Q,t4), where

; ( r < 1
A = sup supi\—>,
teRy * xcQ Q(x,r)[ ~A

€]0.1]

gl < oo,
.

)

where

we say that g € VMO(Q) if [g]gmo(a,) — 0 for £ — 0F. A function nfg] : Ry — Ry
is called a modulus of continuity of g in VMO(Q) if

[glamoan < nlgl(t)  VieRy, lim n[g](r) =0.

t—0+

3. Preliminary results

In our results certain regularity properties of open subsets of R" will often occur;
for the corresponding definitions we will refer to [1].

Let Q be an open subset of R" with the segment property and fix a function
p € o/ (Q)NL>(Q) such that S, # 0. We suppose that there exists an open subset €,
of R" with the uniform C!! -regularity property such that:

QCQ,, IQ\S,CIQ.. (hy)

REMARK 3.1. We observe that if condition (/) holds, then there exists 6 €]0, 7|
such that
Vx e Q ACp(x) : Co(x,p(x)) CQ,

where Cy(x) is an open indefinite cone with vertex in x and opening 6 and Cg(x,p(x)) =
Cy(x)NB(x,p(x)) (see Remark 3.1 of [9]).

The following density result can be proved.
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LEMMA 3.2. If Q verifies (hy) and p €]1,+oo[, then for every u € Wsz’p(Q)ﬁ
vflffl (Q) (for some s € R) there exists a sequence (uy),cy such that

e € WAP(QNW (Q)NDY(Q\S,) , ue — u in W2P(Q). (3.1)

Proof. Fix u € Wsz’p(Q) N VE}SI_I’I(Q) From (%) and Remark 3.1 we get the exis-
tence of a sequence of functions (&), C D(Q\ Sp) such that

kliIJIrl 0“(1—8(x))=0 ¥xeQ , VYaeNj, (3.2)
sup [0%8¢(x)] <cap ¥(x) VxeQ , VaeN] (3.3)
keN

(see Theorem 4.1 of [13]). Clearly it follows from (3.3) and (2.2) that §u € WP (Q)N
vfll’P(Q) and by (3.2), (3.3) we also obtain that

Su — u in WHP(Q). (3.4)

Denote by (Oxu)o the extension of d;u to R"” with zero values out of Q. Since
D(Q\ Sp) is dense in W>P(Q) (see Lemma 3.2 of [5]), easily we can prove that

(8t)o € W2P(Q0)N W P(Q,). Therefore, from Lemma 4.4 of [6] we deduce that
for any k € N there exists a sequence (yX), .y of functions in W7 (Q,)N W 12(Qo)N

99(Q,) such that
vk — (S in WHP(Q,). (3.5)

With easy computations we yield that §y* € WP (Q)N V([)/ifl (Q)NDY(Q\S,) for
any k,n € N.
Now observe that by (3.3) and (2.2) we obtain

|‘5k11/5_”| |W3”(Q) < H(Sszlc_(skz”d ‘WYZP(Q)—H ‘6162u_5ku| ‘WYZP(Q)—H ‘6ku_u| ‘WYZP(Q)
(3.6)
< b1t = G lhzsiay + el =y

where c(k),c € R;.
On the other hand, by (3.5) we get that for any k € N there exists n; € N such that

1
k
||Wnk - (5ku)0‘|w2‘p(go) < ke(k) (3.7)
Therefore it follows from (3.4), (3.6) and (3.7) that
Sy, — u in WHP(Q), (3.8)

and then the statement follows putting u; = & u/,’fk O
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Observe that, if condition (4;) holds, then it is possible to find a function o €

o (Q)NC=(Q)NC*(Q) which is equivalent to p and such that

10%6(x)| <ca o' %)  VxeQ, VaeN!,

(3.9)

where ¢y is independent of x (see [13]). Now we introduce a sequence of functions
Nk, k € N, related to the function o. Consider a function g € C7(R ) satisfying the

condition
0<g<l, gt)=1if r>1, g@)=0 if ¢<

For any k € N put

MW = LG+ (1-G)ok),  reQ,

where §(x) = g(ko(x)),x € Q. Clearly n; € C*(Q) and

{% if xeQ

() = o(x) if xeQ\Qy,

where
Qk:{xEQ :o(x) > %}

It is easy to show that for each k € N

o(x) <m(x) <20(x), xEQ\Qk,
cpo(x) <Me(x) < o(x), X €y,
(M), <1 (o)), x€Q,

where ¢} € R, depends on k and 0, and ¢; € R, depends only on n.
For any p € [2,4oo[ and ¢ € R, we put:

V2(Q) = {ue WAQ)| nf ulu e WA(Q) vk € N},

VI(Q) = {uew ()| [n,'ulu ew (@) Vk € N}.

N =

(3.10)

(3.11)

(3.12)

We can prove the following result, which is one of the main tools in the proof of

Lemma 4.2.

LEMMA 3.3. If (hy) holds and u EVE}M(Q) ND%(Q\Sp) for some t € R, then

u belongs to X;f(Q) forevery p € [2,4o0].
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Proof. Fix u GV;tm(Q) ND%(Q\S,). From (2.2) we deduce that u also belongs

to V([)/l’z(Q) N L>(Q) and supp u C Q\ Sp. Let u, be the extension of u to R" with
zero values out of Q. Again from the density of (Q\ S,) in W>P(Q), we deduce that

U Evf.fl’z(Qo) N L*(L;). Thus, from Lemma 3.2 of [6], it follows that the function

|uo|P~2 u, lies in vf/lﬂ(go) for any p € [2,4oo[. Then there exists a sequence (g,),cN
of functions in CZ°(Q,) such that

g — luel? 2 usllyiz,) — 0 for n — oo, (3.13)

First we observe that, since p and p~! are locally bounded in Q\Sp and suppu C

Q\ S, then u € L*(Q) and thus |nt_1u|1”2u ew'?(Q).
Now we prove that |0} 'u|P~2u EWIOC(Q\Sp) for any k € N. In fact, if { is
a fixed element of D(Q\ Sp), since Q has the segment property, then the functions

w = (0P g, n e N, belong to C(Q); moreover, by (3.10), (3.11), (2.2) and
(3.13) we have

1y — Sl 2ul i) = 11En ,E n = SNl 2ullyiz g
(-
k

= HQTI ( 8n — ‘uo|p721/lo)‘|wl,2(go)

< cllgn — |uo|P™ uoHWm(go) — 0,

where ¢ € R, depends only on k,{,p,¢ and p.
Hence the statement follows applying Lemma 3.3 of [5]. O

4. An a priori bound

From now on we assume that n > 3 and we consider the following conditions:
lim ( sup O'x> =0, (hy)
k=t davgy

aijj=a; €L>(Q), i,j=1,....n,r

n
Jv>0 : Z a,'jééjZ V|§‘2 a.e. in Q,V&ER", (h3)
ij=1

be KV (Q), ess inf 6% b=b; > 0. (hs)

LEMMA 4.1. Assume that (hy)—(h4) hold and consider the bilinear form

a(v,w) = /Q( 2 a,-jvxiwxj—kbvw)o'z’dx , teR, (4.1)
ij=1
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with v,w € th’z(Q); then for any p € [2,+oo[ there exists ko € Ry, depending only
on n, p,t, ||aij|| =), Vs bo, such that

1 4 1 b, 1 p2| it
a (v, | Wp=2y) > (p—l)z/gmlt{ Ly Z\O'tVX\zdx'i_E/Qm;i P2 6" 1y 2dx
(4.2)
Vv eVl (Q), Vk = k.

Proof. Fix p>2 and v € V/(Q). Then we easily have

a(v, [~ vP %) / (zauvx, g vIP 20 b P oMax (43)
i,j=1

> v(p=1) [ Imvl” 2o vdx+b, [ vl 2o vPar

Fp-2)(-1) / 3 ayugvo® vl 2n (1) .
i,j=1

On the other hand, since (nk)xj =0 on Q; and Tl_ <1 on Q\Qk, we also have
k
T,
| ave™ i 2 2 ()] (4.4)
Q Nk '

1 1oipe 1 1ope2y e
3 [ Ini e iat P+ 5 [ it P ).

Therefore, from (h,), (3.12) and (4.4), it follows that there exists k., depending only
on n, p,t, ||aij|| =) V; bo, such that

n
_ _ N
(=20=1) [ 3 amro® P2 ) (43)
Qo1 Nk

\% bo
p—1) / g P2 0" Pdx+ = / g P2 o Py, Yk > ke
2 Jo 2 Jo

Hence we obtain the statement by (4.3) and (4.5). U
Now let us consider the operator

n 82
L,=— a; a.e. in Q
l.;::l i )axlax,

and suppose that the following further hypotheses are verified:
(aij)xh Ekil(g)7 ivjahzlr":na bekg(g)7 (hS)
where

. . n
nhzn,tyz2p,h>pif p=n, H> tg}p,t2>p1fp:§,

NS
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there exist extensions a;; of a;; to . such that

@ =a% € L™(Qu) NVMO(R), i,j=1,....n,
>0 0 Y EE > vlEP aein Q. VEER". (s)
ij=1

Then we define

=

-

0
-1
1((ai.j)xj+2tajj0-xjo- )>(9_xl+b y teR.

i=1"j

Note that, by (hy) and Lemma 2.1 of [9], oy belongs to K o (Q). Thus, under the
assumptions (h;) - (hs), forany p €]1,+eo[ and ¢ € R the operator L; : Wf;f(sz) —
L’ +1(€Q) is bounded (see for instance [9], Theorem 3.1).

We are now able to prove the main result of this section.

LEMMA 4.2. If conditions (hy),(h2), (ha) - (he) hold, then for any p € [2,+eo|
and s € R, there exists a constant ¢ € R, such that

Ol,
lellyzoigy < cllle il YueWr@NWH (@), (46)

Where c dependson 97 n, p7 s, ,0, t17 t27 b07 VO’ H(aij)xh | ‘Kil (Q)a (Dil [(aij)xh]’ I |afj| ‘L"“(QO)7

TI[";,L ||bHK;2(Q) and (D;z [b]

Proof. First suppose u € Wy (Q)N vi)/ifl (Q) ND°(Q\ Sp). From Theorem 4.1
of [4] it follows that

HMHWSZ‘IJ(Q) S (|\Ls—1u\|L§.’(Q)+ HMHLQZ(Q))’ (4.7)

Where Cl depends on Qa n7 pa S, pa t17 t2a VO? H(al‘j)thKil (Q)a {Dil [(al‘j)xh}? Ha?jHLw(Qo)a

n [a?j]a | |b‘ |K;2 Q) and {D;z [b] .
We now provide a bound for ||u|| 17 (q)- Forany k> ko, where ko is that defined
in Lemma 4.1, by Lemmas 3.3 and 4.1,‘ we deduce that

\% _ _ _ b, _ _ _
(=13 [ i 2ul 20" x5 [ 0 2u 2o 2uPa (4.8)
< a2l )

= [ (X gt (521”2, + bl )02Vt

ij=1

= / Ly qu |r),‘:72u|p72 w5 Vdx.
Q
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For k = k., since 1,0 and p are equivalent, by (4.8) we also have that

/ \p“;zu\pdxgcz/ Le_1up®|p*2ulP~dx, (4.9)
Q Q
where ¢; € Ry depend on n, p, s, p, v, bo, ||aij||1=(q) - Therefore

el (@) < eallls—rullppq) - (4.10)

Applying (4.7) and (4.10), the proof in the case u € WP (Q)N V[.};_pl (Q) ND%(Q\Sp)
is complete.

Now suppose u € W, ()N W sl_pl(Q) By Lemma 3.2 there exists a sequence
(ur)reny of functions satisfying (3.1), and hence it follows from the previous case that

il gy < llLo-riellziay KEN. (4.11)

Relations (4.11) and (3.1) yield the statement also in this case. [

5. Main result

In this section we consider the operator

n 2 a
2 a;j(x 8x E +2az ™ +a(x) ae.inQ. (5.1)
i,j=1 1 J i

i=1

We suppose that the coefficient a has the form a = @’ + b, where b satisfies the hy-
potheses () and (hs), as well as the functions (ajj)y, , a; and @’ verify the following
condition:

(aij)xm a; GKtll(Q)v i7j7h =1,...,n, d GK?(Q)7 (h7)

where #; and 1, are asin (hs).

Under the assumptions (1), (hs) - (h7), for any p €]1,4oo[ and s € R the
operator L : WP (Q) — LF(Q) is bounded (see [9], Theorem 3.1).

The following a priori estimate for the operator L can be stated.

THEOREM 5.1. If conditions (h),(h2), (hs) - (h7) hold, then for every p €
[2,+oo and s € R, there exist a constant ¢ € Ry and a bounded open subset Q| CC Q,
with the cone property, such that

2 gy < € (I1Lllzzi) + llllirca) (5.2)

Yue WA (Q)n w'P (@),
t

where ¢, Q1 dependon Q,n,p,s,p, tl,tg,bo,vo,H(a,J)XhHKrl o8 [(ai,')xh},Ha,-HKil @
1. gy @2 ). 1Bl 2 g G2 8] i and ).
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Proof. Let u € WP (Q)n vfli’f’l (Q). By Lemma 4.2 we get

2 gy < ¢(11Eullzi@) + 11 Y, dit +a'ull pgy) (5:3)
i=1

where
di =

!

((a,-j)xj +2(s— l)a,‘jO'xjo'*l) +a; , i=1,...,n.
1

J

On the other hand, it follows from Theorem 3.1 of [9] that for any € € R, there exist
a constant c¢(g) € Ry and a bounded open subset Q; CC Q, with the cone property,
such that

n
I Z'idiuxi +aullpi) < €llullyzn g+ (@) (Il + ullr@n),  (5:4)
=

where c(¢) and Q. depend on &, Q,n, pvs7p7t17t27||(aij)xh||Kil(Q),(f)tll[(aij)XhL

t.

oy , o ’ .
Ha"”Ki' @)’ o al, ||a HK;Z @)’ w7 [a']. Relations (5.3) and (5.4) complete the proof

of the theorem. [
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