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A PRIORI ESTIMATES FOR ELLIPTIC

EQUATIONS IN WEIGHTED SOBOLEV SPACES

LOREDANA CASO AND MARIA TRANSIRICO

(Communicated by J. Pečarić)

Abstract. In this paper we prove some a priori bounds for the solutions of the Dirichlet problem
for elliptic equations with singular coefficients in weighted Sobolev spaces.

1. Introduction

Consider the Dirichlet problem{
u ∈ W 2,p(Ω)∩ ◦

W 1,p(Ω) ,
Lu = f , f ∈ Lp(Ω) ,

(1.1)

where Ω is an open subset of R
n , n � 3, p ∈ ]1,+∞[ and L is the uniformly elliptic

differential operator defined by

L = −
n

∑
i, j=1

ai j
∂ 2

∂xi∂x j
+

n

∑
i=1

ai
∂
∂xi

+a . (1.2)

If Ω is bounded and sufficiently regular, problem (1.1) has been widely investigated by
several authors under various hypotheses on the leading coefficients ai j . Here we just
refer to [10] and [11] where some W 2,p -bounds for the solutions of problem (1.1) as
well as related existence and uniqueness results have been obtained, assuming the ai j ’s
to be in VMO and ai = a = 0. This latter condition has been removed in [15] and [16].
Recently, these results have been extended to the case of unbounded open sets in [7]
and [8].

In this paper we extend the above quoted results to the case of open sets with
singular boundary and coefficients are singular near a subset of ∂Ω . More precisely,
given a suitable weight function ρ and denoted by Sρ the subset of ∂Ω where ρ goes
to zero, we assume that there exist extensions a◦i j of ai j in VMO(Ω◦)∩L∞(Ω◦) - where
Ω◦ is a regular open set containing Ω -, and the functions (ai j)xh , ai and a are singular
near Sρ . We prove that the following a priori bound holds:

||u||
W2,p

s (Ω) � c
(||Lu||Lp

s (Ω) + ||u||Lp(Ω1)
)
, (1.3)
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∀u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω), ∀p ∈ [2,+∞[,

where c∈R+ is independent of u , Ω1 is a bounded open subset of Ω , s∈R , W 2,p
s (Ω) ,

◦
W

1,p
s−1(Ω) and Lp

s (Ω) are some weighted Sobolev spaces and the weight functions are
suitable powers of ρ .

2. Notation and function spaces

Let G be a Lebesgue measurable subset of R
n and Σ(G) be the collection of its

Lebesgue measurable subsets. If F ∈ Σ(G) , we denote by |F| the Lebesgue measure of
F and by D (F) (resp. D0(F)) the class of restrictions to F of functions ζ ∈C∞◦ (Rn)
(resp. ζ ∈C0◦(R

n)) such that F ∩suppζ ⊆ F . Moreover, for any function space X(F) ,
Xloc(F) stands for the class of all functions g : F → R such that ζ g ∈ X(F) for each
ζ ∈ D (F) .

Let Ω be an open subset of R
n . Put

Ω(x,r) = Ω∩B(x,r) ∀x ∈ R
n, ∀r ∈ R+ ,

where B(x,r) is the open ball of radius r centered at x .
Denote by A (Ω) the class of all measurable functions ρ : Ω→ R+ such that

γ−1ρ(y) � ρ(x) � γ ρ(y) ∀y ∈Ω , ∀x ∈Ω(y,ρ(y)) , (2.1)

where γ ∈ R+ is independent of x and y . Given ρ ∈ A (Ω) , we define

Sρ = {z ∈ ∂Ω : lim
x→z

ρ(x) = 0} .

It is known that

ρ ∈ L∞loc(Ω) , ρ−1 ∈ L∞loc(Ω\ Sρ) , (2.2)

and, if Sρ �= /0 ,

ρ(x) � dist(x,Sρ) ∀x ∈Ω (2.3)

(see [9], [13]).
If r ∈ N , 1 � p � +∞ , s ∈ R and ρ ∈ A (Ω) , consider the space Wr,p

s (Ω) of
distributions u on Ω such that ρ s+|α |−r∂αu ∈ Lp(Ω) for |α| � r . Equipped with the
norm

‖u‖Wr,p
s (Ω) = ∑

|α |�r

‖ρ s+|α |−r∂αu‖Lp(Ω) ,

Wk,p
s (Ω) is a Banach space, separable if 1 � p < +∞ , Hilbert space for p = 2 (see, for

instance, [12], [2] and [14]).

Moreover, denote by
◦

W
r,p
s (Ω) the closure of C∞◦ (Ω) in Wr,p

s (Ω) and put W 0,p
s (Ω)=

Lp
s (Ω) .
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We now recall the definitions of some function spaces in which the coefficients
of the operator will be chosen. For p ∈ [1,+∞[ , let Kp

s (Ω) be the set of all functions
g ∈ Lp

loc(Ω\ Sρ) such that

‖g‖Kp
s (Ω) = sup

x∈Ω

(
ρ s−n/p(x)‖g‖Lp(Ω(x,ρ(x)))

)
< +∞ , (2.4)

endowed with the norm defined by (2.4). Obviously the space Kp
s (Ω) is a Banach space

containing L∞s (Ω) and C∞
o (Ω) as well (see [3]). Therefore we denote by K̃ p

s (Ω) (resp.
◦
K

p
s (Ω)) the closure of L∞s (Ω) (resp. C∞◦ (Ω)) in Kp

s (Ω) .

For any function g belonging to K̃ p
s (Ω) or to

◦
K

p
s (Ω) , it can be defined a modulus

of continuity. To this aim, we need to introduce a suitable sequence of functions. It is
well known that, if Sρ �= /0 , then there exists a function α ∈ C∞(Ω)∩C0,1(Ω) which

is equivalent to dist (·,Sρ) (see for instance [17]). For any fixed f ∈ D(R+) satisfying
the condition

0 � f � 1 , f (t) = 1 if t � 1
2

, f (t) = 0 if t � 1 ,

we can consider the sequence

ψh : x ∈Ω→
(
1− f

(
hα(x)

))
f
(|x|/2h

)
, h ∈ N .

It is easy to prove that each ψh belongs to D(Ω\ Sρ) and

0 � ψh � 1 , ψh|Gh
= 1 , suppψh ⊂ G2h ,

where Gh = {x∈Ω : |x|< h, α(x) > 1/h} . Now, it is useful to recall that for a function
g ∈ Kp

s (Ω) the following characterizations hold (see [3]):

g ∈ K̃ p
s (Ω) ⇔ lim

h→+∞
sup

E∈Σ(Ω)

sup
x∈Ω

|Ω(x)∩E|
ρn(x) �1/h

‖χE g‖Kp
s (Ω) = 0 ,

g ∈ ◦
K p

s (Ω) ⇔ lim
h→+∞

‖(1−ψh)g‖Kp
s (Ω) = 0 ,

where Ω(x) = Ω(x,ρ(x)) and χE is the characteristic function of E . Thus a modulus
of continuity of g ∈ K̃ p

s (Ω) is defined as a function ω̃ p
s [g] : N → R+ such that

sup
E∈Σ(Ω)

sup
x∈Ω

|Ω(x)∩E|
ρn(x) �1/h

‖χE g‖Kp
s (Ω) � ω̃ p

s [g](h) ∀h ∈ N , lim
h→+∞

ω̃ p
s [g](h) = 0

and a modulus of continuity of g ∈ ◦
K

p
s (Ω) is a function

◦
ω p

s [g] : N → R+ such that

‖(1−ψh)g‖Kp
s (Ω) + sup

E∈Σ(Ω)
sup
x∈Ω

|Ω(x)∩E|�1/h

‖χE g‖Kp
s (Ω) � ◦

ω p
s [g](h) ∀h ∈ N ,
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lim
h→+∞

◦
ω p

s [g](h) = 0 .

Further properties of the spaces Kp
s (Ω) , K̃ p

s (Ω) and
◦
K

p
s (Ω) can be found in [3]

and [9].
If Ω has the property

|Ω(x,r)| � Arn ∀x ∈Ω , ∀r ∈]0,1] , (2.5)

where A is a positive constant independent of x and r , it is possible to consider the
space BMO(Ω, t) (t ∈ R+ ) of functions g ∈ L1

loc(Ω) such that

[g]BMO(Ω,t) = sup
x∈Ω

r∈]0,t]

∫
—
Ω(x,r)

|g−
∫
—
Ω(x,r)

g| < +∞ ,

where ∫
—
Ω(x,r)

g = |Ω(x,r)|−1
∫
Ω(x,r)

g.

If g ∈ BMO(Ω) = BMO(Ω,tA) , where

tA = sup
t∈R+

(
sup
x∈Ω

r∈]0,t]

rn

|Ω(x,r)| � 1
A

)
,

we say that g ∈VMO(Ω) if [g]BMO(Ω,t) → 0 for t → 0+ . A function η [g] : R+ → R+
is called a modulus of continuity of g in VMO(Ω) if

[g]BMO(Ω,t) � η [g](t) ∀t ∈ R+ , lim
t→0+

η [g](t) = 0 .

3. Preliminary results

In our results certain regularity properties of open subsets of R
n will often occur;

for the corresponding definitions we will refer to [1].
Let Ω be an open subset of R

n with the segment property and fix a function
ρ ∈ A (Ω)∩L∞(Ω) such that Sρ �= /0 . We suppose that there exists an open subset Ω◦
of R

n with the uniform C1,1 -regularity property such that:

Ω⊂Ω◦ , ∂Ω\ Sρ ⊂ ∂Ω◦ . (h1)

REMARK 3.1. We observe that if condition (h1) holds, then there exists θ ∈ ]0, π2 [
such that

∀x ∈Ω ∃Cθ (x) : Cθ (x,ρ(x)) ⊂Ω ,

where Cθ (x) is an open indefinite cone with vertex in x and opening θ and Cθ (x,ρ(x))=
Cθ (x)∩B(x,ρ(x)) (see Remark 3.1 of [9]).

The following density result can be proved.
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LEMMA 3.2. If Ω verifies (h1) and p ∈ ]1,+∞[ , then for every u ∈ W 2,p
s (Ω)∩

◦
W

1,p
s−1(Ω) (for some s ∈ R) there exists a sequence (uk)k∈N such that

uk ∈W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω)∩D0(Ω\ Sρ) , uk → u in W 2,p

s (Ω) . (3.1)

Proof. Fix u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω) . From (h1) and Remark 3.1 we get the exis-

tence of a sequence of functions (δk)k∈N ⊂ D(Ω\ Sρ) such that

lim
k→+∞

∂α(1− δk(x)) = 0 ∀x ∈Ω , ∀α ∈ N
n
0 , (3.2)

sup
k∈N

|∂αδk(x)| � cα ρ−|α |(x) ∀x ∈Ω , ∀α ∈ N
n
0 (3.3)

(see Theorem 4.1 of [13]). Clearly it follows from (3.3) and (2.2) that δku∈W 2,p(Ω)∩
◦

W 1,p(Ω) and by (3.2), (3.3) we also obtain that

δk u −→ u in W 2,p
s (Ω) . (3.4)

Denote by (δku)◦ the extension of δku to R
n with zero values out of Ω . Since

D(Ω \ Sρ) is dense in W 2,p(Ω) (see Lemma 3.2 of [5]), easily we can prove that

(δku)◦ ∈ W 2,p(Ω◦)∩
◦

W 1,p(Ω◦) . Therefore, from Lemma 4.4 of [6] we deduce that

for any k ∈ N there exists a sequence (ψk
n)n∈N of functions in W 2,p(Ω◦)∩

◦
W 1,2(Ω◦)∩

D0(Ω◦) such that
ψk

n −→ (δku)◦ in W 2,p(Ω◦) . (3.5)

With easy computations we yield that δkψk
n ∈ W 2,p

s (Ω)∩ ◦
W

1,p
s−1(Ω)∩D0(Ω \ Sρ) for

any k, n ∈ N .
Now observe that by (3.3) and (2.2) we obtain

||δkψk
n−u||

W2,p
s (Ω) � ||δkψk

n−δ 2
k u||

W2,p
s (Ω)+||δ 2

k u−δku||W2,p
s (Ω)+||δku−u||

W2,p
s (Ω)

(3.6)
� c(k)||ψk

n − (δku)◦||W 2,p(Ω◦) + c||δku−u||
W2,p

s (Ω) ,

where c(k),c ∈ R+ .
On the other hand, by (3.5) we get that for any k ∈ N there exists nk ∈ N such that

||ψk
nk
− (δku)◦||W 2,p(Ω◦) � 1

k c(k)
. (3.7)

Therefore it follows from (3.4), (3.6) and (3.7) that

δkψk
nk

−→ u in W 2,p
s (Ω) , (3.8)

and then the statement follows putting uk = δkψk
nk

. �
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Observe that, if condition (h1) holds, then it is possible to find a function σ ∈
A (Ω)∩C∞(Ω)∩C0,1(Ω) which is equivalent to ρ and such that

|∂ασ(x)| � cα σ1−|α |(x) ∀x ∈Ω , ∀α ∈ N
n
o , (3.9)

where cα is independent of x (see [13]). Now we introduce a sequence of functions
ηk, k ∈ N , related to the function σ . Consider a function g ∈ C∞◦ (R+) satisfying the
condition

0 � g � 1 , g(t) = 1 if t � 1 , g(t) = 0 if t � 1
2

.

For any k ∈ N put

ηk(x) =
1
k
ζk(x)+

(
1− ζk(x)

)
σ(x) , x ∈Ω ,

where ζk(x) = g(kσ(x)), x ∈Ω . Clearly ηk ∈C∞(Ω) and

ηk(x) =

{
1
k if x ∈Ωk

σ(x) if x ∈Ω\Ω2k ,

where

Ωk =
{

x ∈Ω : σ(x) >
1
k

}
.

It is easy to show that for each k ∈ N

σ(x) � ηk(x) � 2σ(x) , x ∈Ω\Ωk , (3.10)

c′kσ(x) � ηk(x) � σ(x) , x ∈Ωk , (3.11)(
ηk(x)

)
x � c1

(
σ(x)

)
x , x ∈Ω , (3.12)

where c′k ∈ R+ depends on k and σ , and c1 ∈ R+ depends only on n .
For any p ∈ [2,+∞[ and t ∈ R , we put:

V p
t (Ω) = {u ∈W 1,2

t (Ω) | |ηt−1
k u|p−2u ∈W 1,2

t (Ω) ∀k ∈ N} ,

◦
V

p
t (Ω) = {u ∈ ◦

W 1,2
t (Ω) | |ηt−1

k u|p−2u ∈ ◦
W 1,2

t (Ω) ∀k ∈ N} .

We can prove the following result, which is one of the main tools in the proof of
Lemma 4.2.

LEMMA 3.3. If (h1) holds and u ∈ ◦
W 1,2

t (Ω) ∩ D0(Ω\ Sρ) for some t ∈ R , then

u belongs to
◦
V

p
t (Ω) for every p ∈ [2,+∞[ .
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Proof. Fix u ∈ ◦
W

1,2
t (Ω) ∩ D0(Ω\Sρ) . From (2.2) we deduce that u also belongs

to
◦

W 1,2(Ω) ∩ L∞(Ω) and supp u ⊂ Ω\ Sρ . Let u◦ be the extension of u to R
n with

zero values out of Ω . Again from the density of D(Ω\Sρ) in W 2,p(Ω) , we deduce that

u◦ ∈
◦

W 1,2(Ω◦) ∩ L∞(Ω◦) . Thus, from Lemma 3.2 of [6], it follows that the function

|u◦|p−2 u◦ lies in
◦

W 1,2(Ω◦) for any p ∈ [2,+∞[ . Then there exists a sequence (gn)n∈N

of functions in C∞◦ (Ω◦) such that

||gn− |u◦|p−2 u◦||W 1,2(Ω◦) −→ 0 for n → +∞. (3.13)

First we observe that, since ρ and ρ−1 are locally bounded in Ω\Sρ and supp u⊂
Ω\ Sρ , then u ∈ L∞t (Ω) and thus |ηt−1

k u|p−2u ∈W 1,2
t (Ω) .

Now we prove that |ηt−1
k u|p−2 u ∈ ◦

W
1,2
loc(Ω \ Sρ) for any k ∈ N . In fact, if ζ is

a fixed element of D(Ω \ Sρ) , since Ω has the segment property, then the functions

ψn = ζη(t−1)(p−2)
k gn , n ∈ N , belong to C∞◦ (Ω) ; moreover, by (3.10), (3.11), (2.2) and

(3.13) we have

||ψn − ζ |ηt−1
k u|p−2u||W1,2(Ω) = ||ζη(t−1)(p−2)

k gn− ζ |ηt−1
k u|p−2u||W1,2(Ω)

= ||ζη(t−1)(p−2)
k (gn− |u◦|p−2 u◦)||W1,2(Ω◦)

� c||gn− |u◦|p−2 u◦||W 1,2(Ω◦) → 0,

where c ∈ R+ depends only on k,ζ ,ρ ,t and p .
Hence the statement follows applying Lemma 3.3 of [5]. �

4. An a priori bound

From now on we assume that n � 3 and we consider the following conditions:

lim
k→+∞

(
sup
Ω\Ωk

σx

)
= 0 , (h2)

⎧⎪⎨
⎪⎩

ai j = a ji ∈ L∞(Ω) , i, j = 1, . . . ,n ,r

∃ν > 0 :
n

∑
i, j=1

ai j ξi ξ j � ν|ξ |2 a.e. in Ω , ∀ξ ∈ R
n ,

(h3)

b ∈ Kn/2
2 (Ω) , ess inf

Ω
σ2 b = b◦ > 0 . (h4)

LEMMA 4.1. Assume that (h1)–(h4) hold and consider the bilinear form

at(v,w) =
∫
Ω

( n

∑
i, j=1

ai jvxiwxj +bvw
)
σ2t dx , t ∈ R , (4.1)
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with v,w ∈W 1,2
t (Ω); then for any p ∈ [2,+∞[ there exists k◦ ∈ R+ , depending only

on n, p, t, ||ai j||L∞(Ω), ν, b◦ , such that

at(v, |ηt−1
k v|p−2v) � (p−1)

ν
2

∫
Ω
|ηt−1

k v|p−2|σ t vx|2dx+
b◦
2

∫
Ω
|ηt−1

k v|p−2|σ t−1v|2dx

(4.2)
∀v ∈V p

t (Ω) , ∀k � k◦ .

Proof. Fix p � 2 and v ∈V p
t (Ω) . Then we easily have

a(v, |ηt−1
k v|p−2v) =

∫
Ω

( n

∑
i, j=1

ai jvxi(|ηt−1
k v|p−2v)x j +bv2|ηt−1

k v|p−2
)
σ2tdx (4.3)

� ν(p−1)
∫
Ω
|ηt

kv|p−2|σ t vx|2dx+b◦
∫
Ω
|ηt−1

k v|p−2|σ t−1v|2dx

+(p−2)(t−1)
∫
Ω

n

∑
i, j=1

ai jvxivσ
2t−1|ηt−1

k v|p−2 σ
ηk

(ηk)x j dx.

On the other hand, since (ηk)x j = 0 on Ωk and
σ
ηk

� 1 on Ω\Ωk , we also have

∣∣∣∫
Ω

vxivσ
2t−1|ηt−1

k v|p−2 σ
ηk

(ηk)x j dx
∣∣∣ (4.4)

� 1
2

∫
Ω
|ηt−1

k v|p−2|σ t vx|2(ηk)xdx+
1
2

∫
Ω
|ηt−1

k v|p−2|σ t−1v|2(ηk)xdx .

Therefore, from (h2) , (3.12) and (4.4), it follows that there exists k◦ , depending only
on n, p, t, ||ai j||L∞(Ω), ν, b◦ , such that

∣∣∣(p−2)(t−1)
∫
Ω

n

∑
i, j=1

ai jvxi vσ
2t−1|ηt−1

k v|p−2 σ
ηk

(ηk)x j dx
∣∣∣ (4.5)

� (p−1)
ν
2

∫
Ω
|ηt−1

k v|p−2|σ t vx|2dx+
b◦
2

∫
Ω
|ηt−1

k v|p−2|σ t−1v|2dx , ∀k � k◦ .

Hence we obtain the statement by (4.3) and (4.5). �
Now let us consider the operator

L◦ = −
n

∑
i, j=1

ai j(x)
∂ 2

∂xi∂x j
a.e. in Ω

and suppose that the following further hypotheses are verified:

(ai j)xh ∈ K̃t1
1 (Ω) , i, j,h = 1, . . . ,n , b ∈ K̃t2

2 (Ω) , (h5)

where

t1 � n , t1 � p , t1 > p if p = n , t2 � n
2

, t2 � p , t2 > p if p =
n
2

,
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there exist extensions a◦i j of ai j to Ω◦ such that

⎧⎪⎨
⎪⎩

a◦i j = a◦ji ∈ L∞(Ω◦)∩VMO(Ω◦) , i, j = 1, . . . ,n ,

∃ν◦ > 0 :
n

∑
i, j=1

a◦i j ξi ξ j � ν◦|ξ |2 a.e. in Ω◦ , ∀ξ ∈ R
n .

(h6)

Then we define

Lt = L◦ −
n

∑
i=1

( n

∑
j=1

(
(ai j)x j +2tai jσx jσ

−1)) ∂
∂xi

+b , t ∈ R .

Note that, by (h2) and Lemma 2.1 of [9], σx belongs to
◦
K

t1
0 (Ω) . Thus, under the

assumptions (h1) - (h4) , for any p ∈ ]1,+∞[ and t ∈R the operator Lt : W 2,p
t+1(Ω) −→

Lp
t+1(Ω) is bounded (see for instance [9], Theorem 3.1).

We are now able to prove the main result of this section.

LEMMA 4.2. If conditions (h1),(h2) , (h4) - (h6) hold, then for any p ∈ [2,+∞[
and s ∈ R , there exists a constant c ∈ R+ such that

||u||
W2,p

s (Ω) � c ||Ls−1u||Lp
s (Ω) ∀u ∈W 2,p

s (Ω)∩ ◦
W

1,p
s−1(Ω) , (4.6)

where c depends on Ω, n, p, s, ρ , t1, t2, b◦, ν◦, ||(ai j)xh ||Kt1
1 (Ω), ω̃

t1
1 [(ai j)xh ], ||a◦i j||L∞(Ω◦),

η [a◦i j], ||b||Kt2
2 (Ω) and ω̃t2

2 [b] .

Proof. First suppose u ∈ W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω) ∩ D0(Ω\Sρ) . From Theorem 4.1

of [4] it follows that

||u||
W2,p

s (Ω) � c1
(||Ls−1u||Lp

s (Ω) + ||u||Lp
s−2(Ω)

)
, (4.7)

where c1 depends on Ω, n, p, s, ρ , t1, t2, ν◦, ||(ai j)xh ||Kt1
1 (Ω), ω̃

t1
1 [(ai j)xh ], ||a◦i j||L∞(Ω◦),

η [a◦i j], ||b||Kt2
2 (Ω) and ω̃t2

2 [b] .

We now provide a bound for ||u||Lp
s−2(Ω) . For any k � k◦ , where k◦ is that defined

in Lemma 4.1, by Lemmas 3.3 and 4.1, we deduce that

(p−1)
ν
2

∫
Ω
|ηs−2

k u|p−2|σ s−1ux|2dx+
b◦
2

∫
Ω
|ηs−2

k u|p−2|σ s−2u|2dx (4.8)

� as−1(u, |ηs−2
k u|p−2u)

=
∫
Ω

( n

∑
i, j=1

ai juxi(|ηs−2
k u|p−2u)x j +bu|ηs−2

k u|p−2u
)
σ2(s−1)dx

=
∫
Ω

Ls−1u |ηs−2
k u|p−2 uσ2(s−1)dx .
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For k = k◦ , since ηk◦ ,σ and ρ are equivalent, by (4.8) we also have that∫
Ω
|ρ s−2u|pdx � c2

∫
Ω

Ls−1uρ s|ρ s−2u|p−1dx , (4.9)

where c2 ∈ R+ depend on n, p, s, ρ , ν, b◦, ||ai j||L∞(Ω) . Therefore

||u||Lp
s−2(Ω) � c2||Ls−1u||Lp

s (Ω) . (4.10)

Applying (4.7) and (4.10), the proof in the case u∈ W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω) ∩ D0(Ω\Sρ)

is complete.

Now suppose u ∈ W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω) . By Lemma 3.2 there exists a sequence

(uk)k∈N of functions satisfying (3.1), and hence it follows from the previous case that

||uk||W 2,p
s (Ω) � c ||Ls−1uk||Lp

s (Ω), k ∈ N . (4.11)

Relations (4.11) and (3.1) yield the statement also in this case. �

5. Main result

In this section we consider the operator

L = −
n

∑
i, j=1

ai j(x)
∂ 2

∂xi∂x j
+

n

∑
i=1

ai(x)
∂
∂xi

+a(x) a.e. in Ω . (5.1)

We suppose that the coefficient a has the form a = a′ + b , where b satisfies the hy-
potheses (h4) and (h5) , as well as the functions (ai j)xh , ai and a′ verify the following
condition:

(ai j)xh , ai ∈
◦
K

t1
1 (Ω), i, j,h = 1, . . . ,n , a′ ∈ ◦

K
t2
2 (Ω) , (h7)

where t1 and t2 are as in (h5) .
Under the assumptions (h1) , (h5) - (h7) , for any p ∈ ]1,+∞[ and s ∈ R the

operator L : W 2,p
s (Ω) −→ Lp

s (Ω) is bounded (see [9], Theorem 3.1).
The following a priori estimate for the operator L can be stated.

THEOREM 5.1. If conditions (h1),(h2) , (h4) - (h7) hold, then for every p ∈
[2,+∞[ and s∈R , there exist a constant c∈R+ and a bounded open subset Ω1 ⊂⊂Ω ,
with the cone property, such that

||u||
W2,p

s (Ω) � c
(||Lu||Lp

s (Ω) + ||u||Lp(Ω1)
)

(5.2)

∀u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω),

where c,Ω1 depend on Ω,n, p,s,ρ ,t1,t2,b◦,ν◦, ||(ai j)xh ||Kt1
1 (Ω),

◦
ωt1

1 [(ai j)xh ], ||ai||Kt1
1 (Ω),

◦
ω t1

1 [ai], ||a′||Kt2
2 (Ω),

◦
ω t2

2 [a′], ||b||
K

t2
2 (Ω), ω̃

t2
2 [b], ||a◦i j||L∞(Ω◦) and η [a◦i j] .
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Proof. Let u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s−1(Ω) . By Lemma 4.2 we get

||u||
W 2,p

s (Ω) � c
(
||Lu||Lp

s (Ω) + ||
n

∑
i=1

diuxi +a′u||Lp
s (Ω)

)
, (5.3)

where

di =
n

∑
j=1

(
(ai j)x j +2(s−1)ai jσx jσ

−1)+ai , i = 1, . . . ,n .

On the other hand, it follows from Theorem 3.1 of [9] that for any ε ∈ R+ there exist
a constant c(ε) ∈ R+ and a bounded open subset Ωε ⊂⊂ Ω , with the cone property,
such that

||
n

∑
i=1

diuxi +a′u||Lp
s (Ω) � ε ||u||

W 2,p
s (Ω) + c(ε)

(||ux||Lp(Ωε ) + ||u||Lp(Ωε )
)
, (5.4)

where c(ε) and Ωε depend on ε, Ω, n, p, s, ρ , t1, t2, ||(ai j)xh ||Kt1
1 (Ω),

◦
ω t1

1 [(ai j)xh ],

||ai||Kt1
1 (Ω),

◦
ω t1

1 [ai], ||a′||Kt2
2 (Ω),

◦
ω t2

2 [a′] . Relations (5.3) and (5.4) complete the proof

of the theorem. �
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Università di Salerno
via Ponte Don Melillo
I 84084 Fisciano (SA)

Italy
e-mail: lorcaso@unisa.it

M. Transirico
Dipartimento di Matematica e Informatica
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Università di Salerno
via Ponte Don Melillo
I 84084 Fisciano (SA)

Italy
e-mail: mtransirico@unisa.it

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


