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THE FRIEDRICHS–WIRTINGER TYPE

INEQUALITY AND ITS APPLICATION TO THE

TRANSMISSION PROBLEM IN A CONICAL DOMAIN

MIKHAIL BORSUK

(Communicated by V. Burenkov)

Abstract. We formulate the new Friedrichs-Wirtinger type inequality with the sharp constant
and apply it to the investigation of the behavior of weak solutions to the transmission problem
for linear elliptic divergence second order equations in a neighborhood of the boundary conical
point. We establish the precise rate of decreasing of the solution.

1. Main inequalities

Integro-differential inequalities such as the Poincaré, Friedrichs, Wirtinger, Sobolev
inequalities play the important role in the theory of boundary value problems for par-
tial differential equations. Such inequalities with exact constants allow to establish
the best possible estimates of solutions to boundary value problems for elliptic equa-
tions near a conical boundary point (see e.g. [2]). In this article we formulate the new
Friedrichs-Wirtinger type inequality and apply it to the investigation of the behavior of
weak solutions to the transmission problem for linear elliptic divergence second order
equations in a neighborhood of the boundary conical point. We establish the precise
rate of decreasing of the solution.

Let G ⊂ R
n , n � 2 be a bounded domain with the boundary ∂G that is a smooth

surface everywhere except at the origin O ∈ ∂G and near the point O it is a conical
surface with the vertex at O . We assume that G = G+ ∪G− ∪Σ0 is divided into two
subdomains G+ and G− by a Σ0 = G∩{xn = 0}, where O ∈ Σ0.

Let use the following notations:

• Sn−1 : a unit sphere in R
n centered at O ;
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• (r,ω),ω = (ω1,ω2, . . . ,ωn−1) : the spherical coordinates of x∈ R
n with the pole

O :

x1 = rcosω1,

x2 = rcosω2 sinω1,

...

xn−1 = rcosωn−1 sinωn−2 . . . sinω1,

xn = r sinωn−1 sinωn−2 . . . sinω1.

• C : the convex rotational cone {x1 > rcos ω0
2 } with the vertex at O;

• ∂C : the lateral surface of C : {x1 = rcos ω0
2 };

• Ω : a domain on the unit sphere Sn−1 with the smooth boundary ∂Ω obtained
by the intersection of the cone C with the sphere Sn−1 ;

• Ω+ = Ω∩{xn > 0}, Ω− = Ω∩{xn < 0} =⇒Ω= Ω+∪Ω−∪σ0;

• σ0 = Ω∩{xn = 0};
• ∂Ω= ∂C ∩Sn−1, ∂±Ω= Ω±∩∂C , ∂Ω± = ∂±Ω∪σ0;

0 0

O

1x

0

0

Figure 1.

We use also the standard function spaces: Ck(G±) with the norm |u±|k,G± , the
Lebesgue space Lp(G±), p � 1 with the norm ‖u±‖p,G± , the Sobolev space Wk,p(G±)
with the norm ‖u±‖p,k;G± , and introduce their direct sums Ck(G) =Ck(G+)�Ck(G−)
with the norm |u|k,G = |u+|k,G+ + |u−|k,G− ; Lp(G) = Lp(G+) � Lp(G−) with the

norm ‖u‖Lp(G) =

( ∫
G+

|u+(x)|pdx

) 1
p

+

( ∫
G−

|u−(x)|pdx

) 1
p

; Wk,p(G)=Wk,p(G+)�

Wk,p(G−) with the norm

‖u‖p,k;G =

⎛⎝∫
G+

k

∑
|β |=0

|Dβu+(x)|pdx

⎞⎠
1
p

+

⎛⎝∫
G−

k

∑
|β |=0

|Dβu−(x)|pdx

⎞⎠
1
p

.
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We define the weighted Sobolev spaces:

Vk
p,α(G) for integer k � 0 and real α as the space of distributions u ∈ D ′(G) with the

finite norm

‖u‖Vk
p,α(G)=

(∫
G+

k

∑
|β |=0

rα+p(|β |−k)|Dβu+(x)|p dx

) 1
p

+
( ∫

G−

k

∑
|β |=0

rα+p(|β |−k)|Dβu−(x)|p dx

) 1
p

.

We denote Wk(G) ≡ Wk,2(G),
◦
W

1

α(G) ≡ V1
2,α(G).

Let us recall some well known formulae related to the unique sphere:

• dΩ= J(ω)dω denotes the (n−1)-dimensional area element of the unique sphere;

• J(ω) = sinn−2ω1 sinn−3ω2 . . . sinωn−2, dω = dω1 . . .dωn−1;

• dσ denotes the (n−2)-dimensional area element on ∂Ω;

• |∇ωu| is the projection of the vector ∇u onto the tangent plane to the unit sphere

at the point ω , |∇ωu|2 =
n−1
∑
i=1

1
qi

(
∂u
∂ωi

)2
, where q1 = 1, qi = (sinω1 · · · sinωi−1)2 ,

i � 2;

• Δωu = 1
J(ω)

n−1
∑
i=1

∂
∂ωi

(
J(ω)
qi

∂u
∂ωi

)
, the Beltrami-Laplace operator.

1.1. The eigenvalue problem

Let Ω⊂ Sn−1 with smooth boundary ∂Ω be the intersection of the cone C with
the unit sphere Sn−1. Let −→ν be the exterior normal to ∂C at points of ∂Ω and −→τ
be the exterior with respect to Ω+ normal to σ0 (lying in the tangent to Ω plane).
Let γ(ω), ω ∈ ∂Ω be a positive bounded piecewise smooth function, σ(ω) be a pos-
itive continuous function on σ0 . We consider the eigenvalue problem for the Laplace-
Beltrami operator �ω on the unit sphere⎧⎪⎪⎪⎨⎪⎪⎪⎩

�ωψ± +ϑψ± = 0, ω ∈Ω±,

[ψ ]σ0 = 0,
[
a ∂ψ
∂−→τ
]
σ0

+σ(ω)ψ
∣∣∣
σ0

= 0;

a± ∂ψ±
∂−→ν + γ±(ω)ψ±

∣∣∣
∂±Ω

= 0,

(EVP)

which consists of the determination of all values ϑ (eigenvalues) for which (EVP) has
a non-zero weak solutions (eigenfunctions); here:

• a =

{
a+, in Ω+;

a−, in Ω−,
a± are positive constants;
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• [ψ ]σ0 denotes the saltus of the function ψ(x) on crossing σ0, i.e. [ψ ]σ0 =

ψ+

∣∣∣
σ0
−ψ−

∣∣∣
σ0

;

•
[
a ∂ψ
∂−→τ
]
σ0

denotes the saltus of the co-normal derivative of the function ψ(x) on

crossing σ0, i.e. [
a
∂ψ
∂−→τ

]
σ0

= a+
∂ψ+

∂−→τ
∣∣∣
σ0

−a−
∂ψ−
∂−→τ

∣∣∣
σ0

.

DEFINITION 1. Function ψ is called a weak solution of the problem (EVP) pro-
vided that ψ ∈ C0(Ω)∩W1(Ω) and satisfies the integral identity

∫
Ω

{
a

1
qi

∂ψ
∂ωi

∂η
∂ωi

−aϑψ(ω)η(ω)
}

dΩ+
∫
σ0

σ(ω)ψ(ω)η(ω)dσ

+
∫
∂Ω

γ(ω)ψ(ω)η(ω)dσ = 0

for all η ∈ C0(Ω)∩W1(Ω).

REMARK 1. We observe that ϑ = 0 is not an eigenvalue of (EVP). In fact, set-
ting η = ψ and ϑ = 0 we have∫

Ω

a|∇ωψ |2dΩ+
∫
σ0

σ(ω)|ψ(ω)|2dσ +
∫
∂Ω

γ(ω)|ψ(ω)|2dσ = 0 =⇒ ψ ≡ 0,

since a± = 0, σ(ω) > 0, γ(ω) > 0.

Now, let us introduce the following functionals on C0(Ω)∩W1(Ω)

F[ψ ] =
∫
Ω

a|∇ωψ(ω)|2dΩ+
∫
σ0

σ(ω)|ψ(ω)|2dσ +
∫
∂Ω

γ(ω)|ψ(ω)|2dσ ,

G[ψ ] =
∫
Ω

aψ2(ω)dΩ,

H[ψ ] =
∫
Ω

a
〈
|∇ωψ(ω)|2 −ϑψ2(ω)

〉
dΩ+

∫
σ0

σ(ω)|ψ(ω)|2dσ +
∫
∂Ω

γ(ω)|ψ(ω)|2dσ

and the corresponding bilinear forms

F(ψ ,η) =
∫
Ω

a
1
qi

∂ψ
∂ωi

∂η
∂ωi

dΩ+
∫
σ0

σ(ω)ψ(ω)η(ω)dσ +
∫
∂Ω

γ(ω)ψ(ω)η(ω)dσ ,
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G(ψ ,η) =
∫
Ω

aψ(ω)η(ω)dΩ.

We define yet the set K =
{
ψ ∈ W1(Ω)

∣∣∣ G[ψ ] = 1
}
. Since K ⊂ W1(Ω), F[ψ ] is

bounded from below for ψ ∈ K. The greatest lower bound of F[ψ ] for this family we
denote by ϑ : inf

ψ∈K
F[ψ ] = ϑ . We formulate the following statement:

THEOREM 1.1. Let Ω ⊂ Sn−1 be a bounded domain with the smooth boundary
∂Ω . Let γ(ω), ω ∈ ∂Ω be a positive bounded piecewise smooth function, σ(ω) be a
positive continuous function on σ0 . There exist ϑ > 0 and a function ψ ∈ K such that

F(ψ ,η)−ϑG(ψ ,η) = 0 for arbitrary η ∈ W1(Ω).

In particular F [ψ ] = ϑ . In addition, on Ω, ψ has continuous derivatives of second
order, satisfies the equation �ωψ + ϑψ = 0, ω ∈ Ω as well as the boundary and
conjunction conditions of (EVP) in the weak sense (for details see the Remark 2.19
[2]).

Proof. The proof is analogous to the proof of Theorem 2.18 [2] (pp. 56–59). The
smoothness of ψ follows from the theory of the transmission elliptic problem in smooth
domains (see e.g. §16, chapt. III [9] as well as [1]).

Now from the variational principle we obtain the Friedrichs-Wirtinger type in-
equality:

THEOREM 1.2. Let Ω ⊂ Sn−1. Let ψ ∈ W1(Ω) satisfy in the weak sense the
boundary and conjunction conditions from (EVP). Let ϑ be the smallest positive
eigenvalue of the problem (EVP). (It exists according to Theorem 1.1.) Let γ(ω), ω ∈
∂Ω be a positive bounded piecewise smooth function, σ(ω) be a positive continuous
function on σ0 . Then

ϑ
∫
Ω

aψ2(ω)dΩ �
∫
Ω

a|∇ωψ(ω)|2dΩ+
∫
σ0

σ(ω)ψ2(ω)dσ (1.1)

+
∫
∂Ω

γ(ω)ψ2(ω)dσ .

Proof. Consider the functionals F [ψ ],G[ψ ],H[ψ ] described above on C0(Ω)∩
W1(Ω) . We will find the minimum of the functional F [ψ ] on the set K . For this we
investigate the minimization of the functional H[ψ ] on all functions ψ(ω), for which
the integrals exist and which satisfy in the weak sense the boundary and conjunction
conditions from (EVP) . We use formally the Lagrange multipliers and get the Euler
equation from the condition δH[ψ ] = 0. By the calculation of the first variation δH,
we have
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δH[ψ ] = δ

(∫
Ω

a

{
N−1

∑
i=1

1
qi

(
∂ψ
∂ωi

)2

−ϑψ2(ω)

}
dΩ

+
∫
σ0

σ(ω)ψ2(ω)dσ +
∫
∂Ω

γ(ω)ψ2(ω)dσ

)

= −2
∫
Ω

a
N−1

∑
i=1

∂
∂ωi

(
J(ω)
qi

∂ψ
∂ωi

)
·δψ(ω)dω−2ϑ

∫
Ω

aψ(ω) ·δψ(ω)dΩ

+2
∫
∂Ω

a
∂ψ
∂−→ν ·δψ(ω)dσ +2

∫
σ0

[
a
∂ψ
∂−→τ

]
·δψ(ω)dσ

+2
∫
σ0

σ(ω)ψ(ω) ·δψ(ω)dσ +2
∫
∂Ω

γ(ω)ψ(ω) ·δψ(ω)dσ

= −2
∫
Ω

a(�ωψ(ω)+ϑψ(ω)) ·δψ(ω)dΩ

+2
∫
σ0

{[
a
∂ψ
∂−→τ

]
+σ(ω)ψ(ω)

}
·δψ(ω)dσ

+2
∫
∂Ω

{
a
∂ψ
∂−→ν + γ(ω)ψ(ω)

}
·δψ(ω)dσ .

Hence, because of δH[ψ ] = 0 ∀δψ ∈ C0(Ω)∩W1(Ω), it follows the eigenvalue prob-
lem (EVP). Conversely, let ϑ ,ψ(ω) be a weak solution of the eigenvalue problem
(EVP). From the definition of the weak eigenfunction under η = ψ(ω) it follows

0 = F [ψ ]−ϑG[ψ ] =
(on K )

F [ψ ]−ϑ ⇒ ϑ = F [u],

consequently, the required minimum is the least eigenvalue of the eigenvalue problem
(EVP). The existence of a function ψ ∈K such that F [ψ ] � F [v] for all v∈K has been
proved above.

Let us define the value

λ =
2−n+

√
(n−2)2 +4ϑ
2

, (1.2)

where ϑ is the smallest positive eigenvalue of the problem (EVP). Then the Friedrichs-
Wirtinger inequality will be written in the following form

λ (λ +n−2)
∫
Ω

aψ2(ω)dΩ�
∫
Ω

a|∇ωψ |2dΩ+
∫
σ0

σ(ω)ψ2(ω)dσ +
∫
∂Ω

γ(ω)ψ2(ω)dσ ,

(1.3)
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∀ψ(ω) ∈ W1(Ω) satisfying the boundary and conjunction conditions from (EVP) ,
σ(ω) � 0, γ(ω) � 0.

REMARK 2. The constant in (1.3) is the best possible.

Now we will use the following notations:

• Gb
a = {(r,ω) | 0 � a < r < b;ω ∈Ω}∩G : a layer in R

n ;

• Γb
a = {(r,ω) | 0 � a < r < b;ω ∈ ∂Ω}∩∂G : the lateral surface of the layer Gb

a ;

• Gd = G\Gd
0 ; Γd = ∂G\Γd

0, d > 0;

• Σb
a = Gb

a∩{xn = 0} ⊂ Σ0; Σd = Σ0 \Σd
0, d > 0;

• Ωρ = Gd
0 ∩{|x| = ρ}; 0 < ρ < d .

COROLLARY 1.3. Let u ∈ C0(G)∩ ◦
W

1

α−2(G), u(·,ω) satisfy the boundary and
conjunction conditions from (EVP) in the weak sense and λ be as above in (1.2). Let
σ(ω), ω ∈ σ0; γ(ω), ω ∈ ∂Ω be nonnegative bounded piecewise smooth functions.
Then∫

Gd
0

arα−4u2(x)dx � 1
λ (λ +n−2)

{∫
Gd

0

arα−2|∇u(x)|2dx+
∫
Σd

0

rα−3σ(ω)u2(x)ds

+
∫
Γd

0

rα−3γ(ω)u2(x)ds
}

, ∀α.
(1.4)

Proof. Multiplying (1.3) by rn−5+α and integrating over r ∈ (0,d) we obtain the
required (1.4).

LEMMA 1.4. Let Gd
0 be the conical domain and ∇u(ρ , ·) ∈ L2(Ω) for a.e. ρ ∈

(0,d). Assume that for a.e. ρ ∈ (0,d)

U(ρ) =
∫
Gρ

o

ar2−n|∇u(x)|2dx+
∫
Σρ0

r1−nσ(ω)u2(x)ds+
∫
Γρ0

r1−nγ(ω)u2(x)ds < ∞. (1.5)

Then ∫
Ω

a

(
ρu(ρ ,ω)

∂u
∂ r

(ρ ,ω)+
n−2

2
u2(ρ ,ω)

)
dΩ� ρ

2λ
U ′(ρ), (1.6)

where λ is defined by (1.2).
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Proof. Writing U(ρ) in spherical coordinates

U(ρ) =

ρ∫
0

r2−n

⎛⎝∫
Ω

a|∇u(r,ω)|2dΩ
⎞⎠rn−1dr

+

ρ∫
0

r1−n
(∫
σ0

σ(ω)|u(r,ω)|2dσ +
∫
∂Ω

γ(ω)|u(r,ω)|2dσ
)
rn−2dr

=

ρ∫
0

r
∫
Ω

a

(
u2

r +
1
r2 |∇ωu(r,ω)|2

)
dΩdr

+

ρ∫
0

1
r

⎛⎝∫
σ0

σ(ω)|u(r,ω)|2dσ +
∫
∂Ω

γ(ω)|u(r,ω)|2dσ
⎞⎠dr

and differentiating with respect to ρ we obtain

U ′(ρ) =
∫
Ω

a

(
ρ
(
∂u
∂ r

)2

+
1
ρ
|∇ωu|2

)∣∣∣∣∣
r=ρ

dΩ

+
1
ρ

⎛⎝∫
σ0

σ(ω)u2(ρ ,ω)dσ +
∫
∂Ω

γ(ω)u2(ρ ,ω)dσ

⎞⎠ .

(1.7)

Moreover, by the Cauchy inequality, we have ρu ∂u
∂ r � ε

2u2 + 1
2ε ρ

2
(
∂u
∂ r

)2
, ∀ε > 0.

Then

∫
Ω

a

(
ρu

∂u
∂ r

+
n−2

2
u2
)∣∣∣∣∣

r=ρ

dΩ� ε +n−2
2

∫
Ω

au2dΩ+
ρ2

2ε

∫
Ω

a

(
∂u
∂ r

)2

dΩ.

Thus choosing ε = λ we obtain, by the Friedrichs-Wirtinger inequality (1.3),

∫
Ω

a

(
ρu

∂u
∂ r

+
n−2

2
u2
)∣∣∣∣∣

r=ρ

dΩ

� ε +n−2
2λ (λ +n−2)

∫
Ω

a|∇ωu|2dΩ+
ρ2

2ε

∫
Ω

a

(
∂u
∂ r

)2

dΩ

+
ε +n−2

2λ (λ +n−2)

⎛⎝∫
σ0

σ(ω)u2(ρ ,ω)dσ +
∫
∂Ω

γ(ω)u2(ρ ,ω)dσ

⎞⎠
=

ρ
2λ

U ′(ρ).
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We need also the well known inequalities:∫
Γ

v(x)ds � C
∫
G

(|v(x)|+ |∇v(x)|)dx, ∀v ∈ W1,1(G), ∀Γ⊆ ∂G, (1.8)

∫
∂G

v2(x)ds �
∫
G

(δ |∇v(x)|2 +
1
δ

c0v
2(x))dx, ∀v ∈ W1,2(G),∀δ > 0. (1.9)

1.2. Quasi-distance rε(x)

Further, we define the function rε (x) as follows. We fix the point Q = (−1,0, ...,0)
∈ Sn−1 \Ω and consider the unit radius-vector �l = OQ = {−1,0, ...,0} . We denote by
�r the radius-vector of the point x ∈ G and introduce the vector �rε =�r− ε�l, ∀ε > 0.
Since ε�l /∈ Gd

0 for all ε ∈]0,d[ , it follows that rε (x) = |�r− ε�l| = 0 for all x ∈ G . It is
easy to see that rε(x) has the following properties (see for details §1.4 [2]):

1. ∃h > 0 such that: rε(x) � hr and rε(x) � hε, ∀x ∈ G, where

h =

{
1, if x1 � 0 ,

sin ω0
2 , if x1 < 0.

2. If x ∈ Gd , then rε (x) � d
2 for all ε ∈]0, d

2 [ ,

3. lim
ε→0+

rε(x) = r , for all x ∈ G.

4. |∇rε |2 = 1 , and �rε = n−1
rε

.

LEMMA 1.5. Let v ∈ C0(G)∩W1(G) and v(·,ω) satisfy the boundary and con-
junction conditions from (EVP). Let σ(ω) � 0, γ(ω) � 0 . Then for any ε > 0 and
d > 0∫
Gd

0

arα−2
ε r−2v2(x)dx � c

λ (λ +n−2)

{∫
Gd

0

arα−2
ε |∇v(x)|2dx+

∫
Σd

0

r−1rα−2
ε σ(ω)v2(x)ds

+
∫
Γd

0

r−1rα−2
ε γ(ω)v2(x)ds

}
. (1.10)

where c = const(ω0;α) > 0 .

Proof. Multiplying both sides of the Friedrichs-Wirtinger inequality (1.3) by (ρ+
ε)α−2rn−3 and integrating over r ∈ (ρ2 ,ρ) we obtain∫

Gρ
ρ/2

a(ρ+ ε)α−2r−2v2(x)dx

� 1
λ (λ +n−2)

{ ∫
Gρ
ρ/2

a(ρ + ε)α−2|∇v(x)|2dx+
∫

Γρρ/2

r−1(ρ + ε)α−2γ(ω)v2(x)ds
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+
∫

Σρρ/2

r−1(ρ + ε)α−2σ(ω)v2(x)ds

}
, ∀ε > 0

or since ρ + ε ∼ rε∫
Gρ
ρ/2

arα−2
ε r−2v2(x)dx � 1

λ (λ+n−2)

{ ∫
Gρ
ρ/2

arα−2
ε |∇v(x)|2+

∫
Σρρ/2

r−1rα−2
ε σ(ω)v2(x)ds

+
∫

Γρρ/2

r−1rα−2
ε γ(ω)v2(x)ds

}
, ∀ε > 0.

Letting ρ = 2−kd, (k = 0,1,2, ...) and summing the obtained inequalities over all k we
get the desired inequality (1.10).

1.3. The Cauchy problem for differential inequality

THEOREM 1.6. Let U(ρ) be a monotonically increasing, nonnegative differen-
tiable function defined on [0,2d] and it satisfies the problem{

U ′(ρ)−P(ρ)U(ρ)+N (ρ)U(2ρ)+Q(ρ) � 0, 0 < ρ < d,

U(d) � U0,
(CP)

where P(ρ),N (ρ),Q(ρ) are nonnegative continuous functions defined on [0,2d]
and U0 is a constant. Then

U(ρ)� exp

( d∫
ρ

B(τ)dτ
){

U0 exp

(
−

d∫
ρ

P(τ)dτ
)

+
d∫

ρ

Q(τ)exp

(
−

τ∫
ρ

P(σ)dσ
)

dτ
}

(1.11)

with B(ρ) = N (ρ)exp

(2ρ∫
ρ

P(σ)dσ
)

.

Proof. For the proof see §1.10 (Theorem 1.57) [2]

2. The transmission problem for linear elliptic divergence second order
equations in a conical domain

The transmission problems often arise in different fields of physics and technics.
For instance, one of the important problem of the electrodynamics of solid media is
the study of electromagnetic processes in ferromagnetic media with different dielectric
constants. These problems also arise in solid mechanics if a body consists of composite
materials.

In this article we obtain the best possible estimates of the weak solutions of prob-
lem (L) near a conical boundary point. Analogous results were established in [2] for
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the Dirichlet and Robin problems in a conical domain without interfaces. Many math-
ematicians have considered the transmission problems. First, V.A. Il’in [6], O.A. La-
dyzhenskaya and N.N. Ural’tseva [9], Z.G. Sheftel [12], M.V. Borsuk [1] studied gen-
eral interface problems for second order elliptic operators in smooth domains. Later
other mathematicians studied transmission problems in non-smooth domains in some
particular linear cases (see the references cited in [10, 11], [4]). General linear interface
problems in polygonal and polyhedral domains was considered in [10, 11]. Regularity
results in terms of weighted Sobolev-Kondratiev spaces were obtained in [4] for two
and three dimensional transmission problems for the Laplace operator. D. Kapanadze
and B.-W. Schulze studied boundary-contact problems with conical [7] singularities
and edge [8] singularities at the interfaces for general linear any order elliptic equations
(as well as systems). They constructed the parametrix and showed the regularity with
the asymptotics of solutions in weighted Sobolev-Kondratiev spaces. A principal new
feature of this article is the consideration of the estimates for equations with minimally
smooth coefficients in n -dimensional conic domains.

Our assumptions concerning the smoothness of the coefficients are the least re-
strictive possible: leading coefficients of the the equation must be Dini-continuous at
the conical point O , whereas lower coefficients can grow and we indicate the exact ad-
missible order of power growth. In §7 we construct the examples which show that the
Dini condition for leading coefficients of the equation at the conical point as well as the
assumption concerning the lower order coefficients of the equation, are essential for the
validity of the estimates established in the Theorem 2.3. The fact that the exponent λ
in these estimates cannot be increased is shown by constructing particular solutions of
the Laplace equation in the domain with the angular or conical point (see §6, Appendix
as well as §7, Examples). In this sense the derived estimates are the best possible.

We consider the elliptic transmission problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
L [u] ≡ ∂

∂xi

(
ai j(x)uxj

)
+ai(x)uxi +b(x)u = f (x), x ∈ G\Σ0;

[u]Σ0
= 0, S [u] ≡

[
∂u
∂ν

]
Σ0

+ 1
|x|σ

(
x
|x|
)

u(x) = h(x), x ∈ Σ0;

B[u] ≡ ∂u
∂ν + 1

|x| γ
(

x
|x|
)

u = g(x), x ∈ ∂G\ {Σ0∪O}

(L)

(summation over repeated indices from 1 to n is understood); here:

•

u(x) =

{
u+(x), x ∈ G+,

u−(x), x ∈ G−;
f (x) =

{
f+(x), x ∈ G+,

f−(x), x ∈ G−
etc.;

• [u]Σ0 denotes the saltus of the function u(x) on crossing Σ0, , i.e. [u]Σ0 =

u+(x)
∣∣∣
Σ0
−u−(x)

∣∣∣
Σ0

, where u±(x)
∣∣∣
Σ0

= lim
G±�y→x∈Σ0

u±(y);

• ∂
∂ν = ai j(x)cos(−→n ,xi) ∂

∂x j
, where −→n denotes the unite outward with respect to

G+ (or G) normal to Σ0 (respectively to ∂G\O );
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•
[
∂u
∂ν

]
Σ0

denotes the saltus of the co-normal derivative of the function u(x) on

crossing Σ0, i.e.[
∂u
∂ν

]
Σ0

= ai j
+(x)cos(−→n ,xi)

∂u
∂x j

∣∣∣
Σ0
−ai j

−(x)cos(−→n ,xi)
∂u
∂x j

∣∣∣
Σ0

,

Let us recall some well known formulae related to spherical coordinates (r,ω1, . . . ,ωn−1)
centered at the conical point O

• dx = rn−1drdΩ, dΩρ = ρn−1dΩ,

• ds denotes the (n−1)-dimensional area element on ∂G; ds = rn−2drdσ ;

• |∇u|2 =
(
∂u
∂ r

)2
+ 1

r2
|∇ωu|2 ,

• Δu = ∂ 2u
∂ r2

+ n−1
r

∂u
∂ r + 1

r2
Δωu,

C =C(. . .), c = c(. . .) denote the constants depending only on the quantities appearing
in parentheses. In the sequel, the same letters C, c will (generally) be used to denote
different constants depending on the same set of arguments.

DEFINITION 2. The function u(x) is called a weak solution of the problem (L)

provided that u ∈ C0(G)∩ ◦
W

1

0(G) and satisfies the integral identity∫
G

{
ai j(x)uxjηxi −ai(x)uxiη(x)−b(x)u(x)η(x)

}
dx

+
∫
Σ0

1
r
σ(ω)u(x)η(x)ds+

∫
∂G

1
r
γ(ω)u(x)η(x)ds

=
∫
∂G

g(x)η(x)ds+
∫
Σ0

h(x)η(x)ds−
∫
G

f (x)η(x)dx (II)

for all functions η(x) ∈ C0(G)∩
◦
W

1

0(G).

We assume, without loss of generality, that there exists d > 0 such that Gd
0 is a

rotational cone with the vertex at O and the aperture ω0 ∈ (0,2π), thus

Γd
0 =

{
(r,ω)

∣∣∣x2
1 = cot2

ω0

2

n

∑
i=2

x2
i ; r ∈ (0,d), ω1 =

ω0

2

}
. (2.1)

By means of the direct calculation we obtain

LEMMA 2.1.

xi cos(�n,xi)|Γd
0
= 0, and cos(�n,x1)|Γd

0
= −sin

ω0

2
, (2.2)
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LEMMA 2.2. Let u(x) be a weak solution of (L) . For any function η ∈ C0(G)∩
◦
W

1

0(G) the equality∫
Gρ

0

{
ai j(x)uxjηxi +

(
f (x)−ai(x)uxi −b(x)u(x)

)
η(x)

}
dx

=
∫
Ωρ

ai j(x)uxjη(x)cos(r,xi)dΩρ +
∫
Γρ0

(
g(x)− 1

r
γ(ω)u(x)

)
η(x)ds

+
∫
Σρ0

(
h(x)− 1

r
σ(ω)u(x)

)
η(x)ds (II)loc

holds for a.e. ρ ∈ (0,d).

Proof. The proof is analogous to the proof of Lemma 5.2 [2] (pp. 167–170).
Regarding to the equation we assume that the following conditions are satisfied:

(a) the condition of the uniform ellipticity:

ν±ξ 2 � ai j
±(x)ξiξ j � μ±ξ 2, ∀x ∈ G±, ∀ξ ∈ R

n;

ν±,μ± = const > 0, and ai j(0) = aδ j
i ,

where δ j
i is the Kronecker symbol and a =

{
a+, x in G+,

a−, x in G−,
a± are posi-

tive constants; we denote a∗ = min{a+, a−} > 0 , ν∗ = min{ν−,ν+} , μ∗ =
max{μ−,μ+};

(b) ai j ∈ C0(G), ai ∈ Lp(G), b, f ∈ Lp/2(G)∩L2(G); n < p � 2n, for them the
inequalities ( n

∑
i, j=1

|ai j(x)−ai j(y)|2
) 1

2

� aA (|x− y|);

|x|
( n

∑
i=1

|ai(x)|2
) 1

2

+ |x|2|b(x)| � aA (|x|)

hold for x,y∈G± , where A (r) is a monotonically increasing, nonnegative func-
tion, continuous at 0, A (0) = 0 ;

(c) b(x) � 0 in G; σ(ω) � ν0 > 0 on σ0; γ(ω) � ν0 > 0 on ∂G.

(d) there exist numbers f1 � 0, g1 � 0, h1 � 0, s > 1 such that

| f (x)| � f1|x|s−2, |g(x)| � g1|x|s−1, |h(x)| � h1|x|s−1, x ∈ Gd
0

γ(ω) is a positive bounded piecewise smooth function on ∂Ω , σ(ω) is a positive
continuous function on σ0;
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Our main result is the following theorem:

THEOREM 2.3. Let u be a weak solution of the problem (L) and the assumptions
(a)–(d) be satisfied with the function A (r) which is Dini-continuous at zero. Then there
exist d ∈ (0,1) and the positive constants C0 , C1 , C2 depending only on n, ν∗ , μ∗ ,

a∗ , p , λ ,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)
, ω0 , s , meas G, diam G and on the quantity

1∫
0

A (r)
r dr

such that ∀x ∈ Gd
0

|u(x)| � C0

(
‖u‖2,G + f1 +

1√
ν0

g1 +
1√
ν0

h1

)
·

⎧⎪⎪⎨⎪⎪⎩
|x|λ , if s > λ ,

|x|λ ln
(

1
|x|
)
, if s = λ ,

|x|s, if s < λ ,

(2.3)

where λ is defined by (1.2). Suppose, in addition, that

ai j ∈ C1(G), σ ∈C1(σ0), γ ∈ C1(∂G), f ∈ V0
p,2p−n(G),

h ∈V 1−1/p
p,2p−n(σ0), g ∈ V1−1/p

p,2p−n(∂G); p > n

and

τs =: sup
ρ>0

ρ−s
(
‖h‖

V
1− 1

p
p,2p−n(Σ

ρ
ρ/2)

+‖g‖
V

1− 1
p

p,2p−n(Γ
ρ
ρ/2)

)
< ∞. (2.4)

Then for ∀x ∈ Gd
0

|∇u(x)| � C1

(
‖u‖2,G + f1 +

1√
ν0

g1 +
1√
ν0

h1 + τs
)
·

⎧⎪⎪⎨⎪⎪⎩
|x|λ−1, if s > λ ,

|x|λ−1 ln
(

1
|x|
)
, if s = λ ,

|x|s−1, if s < λ .

(2.5)

Furthermore, if u ∈ V2
p,2p−n(G), then

‖u‖V2
p,2p−n(G

ρ
0 ) � C2

(
‖u‖2,G + f1 +

1√
ν0

g1 +
1√
ν0

h1 + τs
)
·

⎧⎪⎪⎨⎪⎪⎩
ρλ , if s > λ ,

ρλ ln
(

1
ρ

)
, if s = λ ,

ρ s, if s < λ .

(2.6)
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3. Global integral estimates

At first we will obtain a global estimate for the Dirichlet integral.

THEOREM 3.1. Let u(x) be a weak solution of the problem (L). Let assumptions
(a)–(c) be satisfied. Suppose, in addition, that h ∈ L2(Σ0), g ∈ L2(∂G) Then the in-
equality

∫
G

ν|∇u|2dx+
∫
Σ0

σ(ω)
r

u2(x)ds+
∫
∂G

γ(ω)
r

u2(x)ds

� C

⎧⎨⎩
∫
G

u2(x)dx+
∫
G

f 2(x)dx+
1
ν0

∫
Σ0

h2(x)ds+
1
ν0

∫
∂G

g2(x)ds

⎫⎬⎭ (3.1)

holds, where the constant C > 0 depends only on p,n,ν∗,
∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)
and

meas G,diam G.

Proof. Setting in (II) η(x) = u(x) and using the classical Hölder inequality, by
assumptions (a),(c), we get∫

G

ν|∇u|2dx+
∫
Σ0

σ(ω)
r

u2(x)ds+
∫
∂G

γ(ω)
r

u2(x)ds

�
∫
G

√
n

∑
i=1

|ai(x)|2|u(x)||∇u(x)|dx+
∫
Σ0

|u(x)||h(x)|ds

+
∫
∂G

|u(x)||g(x)|ds+
∫
∂G

|u(x)|| f (x)|dx. (3.2)

Further, by assumptions (b),(c), as well as by the Cauchy inequality and the integral
Hölder inequality, we have:

∫
G

√
n

∑
i=1

|ai(x)|2|u(x)||∇u(x)|dx

� ε
2

∫
G

ν|∇u(x)|2dx+
1

2εν∗

∫
G

n

∑
i=1

|ai(x)|2|u(x)|2dx

� ε
2

∫
G

ν|∇u(x)|2dx+
1

2εν∗

⎛⎝∫
G

(
n

∑
i=1

|ai(x)|2
) p

2

dx

⎞⎠
2
p

·
⎛⎝∫

G

|u(x)| 2p
p−2 dx

⎞⎠
p−2
p

,

p > 2, ∀ε > 0.
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Now we apply the inequality

‖u‖2
L 2p

p−2
(G) � δ‖∇u‖2

L2(G) + c(δ , p,n,meas G)‖u‖2
L2(G), p > n, ∀δ > 0

(see, for example, (2.19) §2, chapter II [9]); hence it follows that

∫
G

√
n

∑
i=1

|ai(x)|2|u(x)||∇u(x)|dx � ε
2

∫
G

ν|∇u(x)|2dx+
1

2εν2∗

∥∥∥∥∥ n

∑
i=1

|ai(x)|2
∥∥∥∥∥

Lp/2(G)

×
∫
G

(
δν|∇u(x)|2 + c(δ , p,n,meas G)u2)dx,

∀ε > 0, ∀δ > 0. (3.3)

We choose δ = ε2ν2∗∥∥∥∥ n
∑

i=1
|ai(x)|2

∥∥∥∥
Lp/2(G)

. As a result we obtain from (3.2)–(3.3)

(1− ε)
∫
G

ν|∇u(x)|2dx+
∫
Σ0

σ(ω)
r

u2(x)ds+
∫
∂G

γ(ω)
r

u2(x)ds (3.4)

� c
∫
G

|u(x)|2dx+
∫
Σ0

|u(x)||h(x)|ds+
∫
∂G

|u(x)||g(x)|ds+
∫
∂G

|u(x)|| f (x)|dx, (3.5)

where c = const

(
ε, p,n,ν∗,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)
,meas G

)
. Further, by the Cauchy

inequality, in virtue of the assumption (c), we obtain

∫
Σ0

|u(x)||h(x)|ds =
∫
Σ0

(√
σ(ω)

r
|u(x)|

)(√
r

σ(ω)
|h(x)|

)
ds

� 1
2

∫
Σ0

σ(ω)
r

u2(x)ds+
diamG

2ν0

∫
Σ0

h2(x)ds;

∫
∂G

|u(x)||g(x)|ds =
∫
∂G

(√
γ(ω)

r
|u(x)|

)(√
r

γ(ω)
|g(x)|

)
ds

� 1
2

∫
∂G

γ(ω)
r

u2(x)ds+
diamG

2ν0

∫
∂G

g2(x)ds;

∫
∂G

|u(x)|| f (x)|dx � 1
2

∫
∂G

|u(x)|2dx+
1
2

∫
∂G

| f (x)|2dx.

Hence and from (3.4) with ε = 1
2 we get the desired inequality (3.1)

Now we will obtain a global estimate for the weighted Dirichlet integral.
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THEOREM 3.2. Let u(x) be a weak solution of the problem (L) and λ be as in
(1.2). Let assumptions (a)–(c) be satisfied. Suppose, in addition, that

f ∈
◦
W

0

α(G),
∫
Σ0

rα−1h2(x)ds < ∞,

∫
∂G

rα−1g2(x)ds < ∞, 4−n � α � 2.

Then u ∈
◦
W

1

α−2(G) and∫
G

a
(
rα−2|∇u(x)|2 + rα−4u2(x)

)
dx+

∫
Σ0

rα−3σ(ω)u2(x)ds+
∫
∂G

rα−3γ(ω)u2(x)ds

� C
{∫

G

(
u2(x)+ (1+ rα) f 2(x)

)
dx+

∫
Σ0

rα−1h2(x)ds+
∫
∂G

rα−1g2(x)ds
}

, (3.6)

where the constant C > 0 depends only on p, n, ν∗, μ∗, a∗, ν0, α, λ ,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)
,

measG.

Proof. Setting in (II) η(x) = rα−2
ε u(x) , with regard to ηxi = rα−2

ε uxi + (α −
2)rα−3

ε
xi−εli

rε
u(x) we obtain∫

G

arα−2
ε |∇u(x)|2dx+

∫
Σ0

r−1rα−2
ε σ(ω)u2(x)ds+

∫
∂G

r−1rα−2
ε γ(ω)u2(x)ds

=
2−α

2

∫
G

arα−4
ε (xi−εli)(u2)xidx+(2−α)

∫
G

(
ai j(x)−ai j(0)

)
rα−4
ε (xi−εli)uxj u(x)dx

−
∫
G

(
ai j(x)−ai j(0)

)
rα−2
ε uxiux jdx+

∫
G

(
ai(x)uxi +b(x)u(x)− f (x)

)
rα−2
ε u(x)dx

+
∫
Σ0

rα−2
ε u(x)h(x)ds+

∫
∂G

rα−2
ε u(x)g(x)ds. (3.7)

We transform the first integral on the right by integrating by parts∫
G

arα−4
ε (xi − εli)

∂u2

∂xi
dx

=
∫

G+

a+rα−4
ε (xi− εli)

∂u2
+

∂xi
dx+

∫
G−

a−rα−4
ε (xi − εli)

∂u2−
∂xi

dx

= −
∫
G

au2(x)
∂
∂xi

(
rα−4
ε (xi−εli)

)
dx+

∫
∂G+

a+u2
+(x)rα−4

ε (xi−εli)cos(−→n ,xi)ds

+
∫

∂G−

a−u2
−(x)rα−4

ε (xi − εli)cos(−→n ,xi)ds
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= −
∫
G

au2(x)
∂
∂xi

(
rα−4
ε (xi − εli)

)
dx+

∫
∂G

au2(x)rα−4
ε (xi − εli)cos(−→n ,xi)ds

+[a]Σ0

∫
Σ0

u2(x)rα−4
ε (xi − εli)cos(−→n ,xi)ds, (3.8)

because of [u]Σ0 = 0. By elementary calculation we have:

1) ∂
∂xi

(
rα−4
ε (xi− εli)

)
= nrα−4

ε +(α−4)(xi− εli)rα−5
ε

xi−εli
rε

= (n+α−4)rα−4
ε ;

2) because of cos(−→n ,xi)
∣∣∣
Σ0

= cos(xn,xi) = δ n
i ,

(xi − εli)cos(−→n ,xi)
∣∣∣
Σ0

= δ n
i (xi − εli)

∣∣∣
Σ0

= (xn− εln)
∣∣∣
Σ0

= xn

∣∣∣
Σ0

= 0,

since Σ0 = {xn = 0}∩G and ln = 0;

3) from the representation ∂G = Γd
0 ∪Γd and by (2.2),

(xi − εli)cos(−→n ,xi)
∣∣∣
Γd

0

= −ε sin
ω0

2
=⇒

∫
∂G

au2(x)rα−4
ε (xi − εli)cos(−→n ,xi)ds

= −ε sin
ω0

2

∫
Γd

0

au2(x)rα−4
ε ds+

∫
Γd

au2(x)rα−4
ε (xi − εli)cos(−→n ,xi)ds.

Hence and from (3.8) it follows

2−α
2

∫
G

arα−4
ε (xi − εli)

∂u2

∂xi
dx

=
(2−α)(4−n−α)

2

∫
G

arα−4
ε u2(x)dx− ε

2−α
2

sin
ω0

2

∫
Γd

0

au2(x)rα−4
ε ds

+
2−α

2

∫
Γd

au2(x)rα−4
ε (xi− εli)cos(−→n ,xi)ds. (3.9)
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From (3.7), (3.9) with regard to 4−n � α � 2 we obtain following equality:∫
G

arα−2
ε |∇u(x)|2dx+ε

2−α
2

sin
ω0

2

∫
Γd

0

au2(x)rα−4
ε ds+

∫
Σ0

1
r
rα−2
ε σ(ω)u2(x)ds

+
∫
∂G

1
r
rα−2
ε γ(ω)u2(x)ds �

+(2−α)
∫
G

(
ai j(x)−ai j(0)

)
uxj r

α−4
ε (xi− εli)u(x)dx

−
∫
G

rα−2
ε

(
ai j(x)−ai j(0)

)
uxiux j dx+

∫
G

(
ai(x)uxi +b(x)u(x)− f (x)

)
rα−2
ε u(x)dx

+
∫
Σ0

rα−2
ε u(x)h(x)ds+

∫
∂G

rα−2
ε u(x)g(x)ds. (3.10)

Now we estimate the integral over Γd . Because on Γd : rε � hr � hd ⇒
(α−3) lnrε � (α−3) ln(hd) , since α � 2, we have rα−3

ε |Γd � (hd)α−3 and there-
fore:

2−α
2

∫
Γd

au2(x)rα−4
ε (xi− εli)cos(−→n ,xi)ds

� 2−α
2

∫
Γd

arα−3
ε u2(x)ds � 2−α

2
(hd)α−3

∫
Γd

au2(x)ds

� cδ

∫
Gd

u2(x)dx+ δ
∫
Gd

|∇u(x)|2dx, ∀δ > 0, (3.11)

by (1.9). Further, by the Cauchy inequality and because of γ(ω) � ν0 > 0,

u(x)g(x) =
(
r

1
2

1√
γ(ω)

|g(x)|
)(

r−
1
2
√
γ(ω)|u(x)|

)
� δ

2
r−1γ(ω)u2(x)+

1
2δν0

rg2(x), ∀δ > 0;

taking into account property 1) of rε we obtain∫
∂G

rα−2
ε |u(x)||g(x)|ds � δ

2

∫
∂G

rα−2
ε

1
r
γ(ω)u2(x)ds+

1
2δν0

∫
∂G

rα−1g2(x)ds, ∀δ > 0.

(3.12)
Similarly, because of σ(ω) � ν0 > 0,∫

Σ0

rα−2
ε |u(x)||h(x)|ds � δ

2

∫
Σ0

rα−2
ε

1
r
σ(ω)u2(x)ds+

1
2δν0

∫
Σ0

rα−1h2(x)ds, ∀δ > 0

(3.13)
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and∫
G

rα−2
ε u(x) f (x)dx � δ

2

∫
G

ar−2rα−2
ε u2(x)dx+

1
2a∗δ

∫
G

rα f 2(x)dx, ∀δ > 0. (3.14)

Now we use the representation G = Gd
0 ∪Gd . At first we estimate integrals over Gd

0 .
By assumption (b) and the Cauchy inequality, we obtain:∫

Gd
0

{(
ai j(x)−ai j(0)

)(
rα−2
ε uxiux j + rα−4

ε (xi − εli)u(x)uxj

)
+ rα−2

ε ai(x)uxiu(x)+ rα−2
ε b(x)u2(x)

}
dx

� A (d)
∫
Gd

0

a
(
rα−2
ε |∇u(x)|2 + rα−3

ε |∇u(x)| · |u(x)|

+ r−1rα−2
ε |∇u(x)| · |u(x)|+ r−2rα−2

ε u2(x)
)
dx

� 2A (d)
∫
Gd

0

a
(
rα−2
ε |∇u(x)|2 + r−2rα−2

ε u2(x)+ rα−4
ε u2(x)

)
dx. (3.15)

Now we estimate integrals over Gd . By assumptions (a),(c) and the Cauchy inequality
and taking into account the inequality (3.3), we obtain:∫
Gd

{(
ai j(x)−ai j(0)

)(
rα−2
ε uxiux j + rα−4

ε (xi − εli)u(x)uxj

)
+ rα−2

ε ai(x)uxiu(x)+ rα−2
ε b(x)u2(x)

}
dx

� μ∗
∫
Gd

(
3rα−2

ε |∇u(x)|2 + rα−4
ε |u(x)|2)dx+

∫
Gd

rα−2
ε |u(x)||∇u(x)|

√
n

∑
i=1

|ai(x)|2dx

� C
∫
Gd

(
ν|∇u(x)|2 +u2(x)

)
dx, (3.16)

where C = const

(
p,n,ν∗,μ∗,α,d,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)

)
. As a result from (3.10)–

(3.16) we obtain:∫
G

arα−2
ε |∇u(x)|2dx+ ε

2−α
2

sin
ω0

2

∫
Γd

0

au2(x)rα−4
ε ds

+
∫
Σ0

1
r
rα−2
ε σ(ω)u2(x)ds+

∫
∂G

1
r
rα−2
ε γ(ω)u2(x)ds
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� 2A (d)
∫
Gd

0

a
(
rα−2
ε |∇u(x)|2 + r−2rα−2

ε u2(x)+ rα−4
ε u2(x)

)
dx

+C

⎛⎝p,n,ν∗,μ∗,α,d,

∥∥∥∥∥ n

∑
i=1

|ai(x)|2
∥∥∥∥∥

Lp/2(G)

⎞⎠∫
Gd

(
ν|∇u(x)|2 +u2(x)

)
dx

+
1

2δν0

∫
∂G

rα−1g2(x)ds

+
1

2δν0

∫
Σ0

rα−1h2(x)ds+
δ
2

∫
G

ar−2rα−2
ε u2(x)dx+

1
2a∗δ

∫
G

rα f 2(x)dx

+
δ
2

∫
Σ0

rα−2
ε

1
r
σ(ω)u2(x)ds+

δ
2

∫
∂G

rα−2
ε

1
r
γ(ω)u2(x)ds, ∀δ > 0. (3.17)

In virtue of the inequality rε � hr (see the property (1) from §1.2) we have rα−4
ε �

h−2r−2rα−2
ε . Hence, by Lemma 1.5, from (3.17) it follows

∫
G

arα−2
ε |∇u(x)|2dx+

∫
Σ0

1
r
rα−2
ε σ(ω)u2(x)ds+

∫
∂G

1
r
rα−2
ε γ(ω)u2(x)ds

� c(λ ,ω0)(δ +A (d))
{∫

G

arα−2
ε |∇u(x)|2dx+

∫
Σ0

r−1rα−2
ε σ(ω)u2(x)ds

+
∫
∂G

r−1rα−2
ε γ(ω)u2(x)ds

}

+C

⎛⎝p,n,ν∗,μ∗,α,d,

∥∥∥∥∥ n

∑
i=1

|ai(x)|2
∥∥∥∥∥

Lp/2(G)

⎞⎠∫
G

(
ν|∇u(x)|2 +u2(x)

)
dx

+
1

2δν0

∫
∂G

rα−1g2(x)ds+
1

2δν0

∫
Σ0

rα−1h2(x)ds+
1

2a∗δ

∫
G

rα f 2(x)dx, ∀δ > 0.

(3.18)

Now we choose δ = 1
4c(λ ,ω0)

and next d > 0 such that, by the continuity of A (r) at

zero, c(λ ,ω0)A (d) � 1
4 . Thus we get

∫
G

arα−2
ε |∇u(x)|2dx+

∫
Σ0

1
r
rα−2
ε σ(ω)u2(x)ds+

∫
∂G

1
r
rα−2
ε γ(ω)u2(x)ds

� C

⎛⎝p,n,ν∗,μ∗,a∗,α,λ ,

∥∥∥∥∥ n

∑
i=1

|ai(x)|2
∥∥∥∥∥

Lp/2(G)

⎞⎠
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×
{∫

G

(
ν|∇u(x)|2+u2(x)+rα f 2(x)

)
dx+

1
ν0

∫
∂G

rα−1g2(x)ds+
1
ν0

∫
Σ0

rα−1h2(x)ds

}
,

∀ε > 0. (3.19)

We observe that the right hand side of (3.19) does not depend on ε. Therefore we can
perform the passage to the limit as ε → +0 by the Fatou Theorem. Hence it follows
that∫
G

arα−2|∇u(x)|2dx+
∫
Σ0

rα−3σ(ω)u2(x)ds+
∫
∂G

rα−3γ(ω)u2(x)ds

� C

⎛⎝p,n,ν∗,μ∗,a∗,α,λ ,

∥∥∥∥∥ n

∑
i=1

|ai(x)|2
∥∥∥∥∥

Lp/2(G)

⎞⎠
×
{∫

G

(
ν|∇u(x)|2+u2(x)+rα f 2(x)

)
dx+

1
ν0

∫
∂G

rα−1g2(x)ds+
1
ν0

∫
Σ0

rα−1h2(x)ds

}
.

(3.20)

Now applying Theorem 3.1 and Corollary 2.4 (see inequality (1.4)), from (3.20) we get
the desired estimate (3.6).

4. Local integral estimates

4.1. Local estimate at the boundary

By the applying the Moser iteration method (see §8.6 [5] or §1 chapter 4 [3]),
we derive a result asserting the local boundedness (near the conical point) of the weak
solution of problem (L).

THEOREM 4.1. Let u(x) be a weak solution of the problem (L). Let assumptions
(a)–(c) be satisfied. Suppose, in addition, that h ∈ L∞(Σ0), g ∈ L∞(∂G). Then the
inequality

sup
Gκρ

0

|u(x)|� C

(1−κ)n/t

{
ρ−n/t‖u‖t,Gρ

0
+ρ2(1−n/p)‖ f‖p/2,Gρ

0
+ρ

(
‖g‖∞,Γρ0

+‖h‖∞,Σρ0

)}
(4.1)

holds for any t > 0, κ ∈ (0,1) and ρ ∈ (0,d), where the constant C > 0 depends only

on n,ν∗,μ∗, t, p,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)
.

4.2. Local integral weighted estimates

THEOREM 4.2. Let u(x) be a weak solution of the problem (L) and λ be as above
in (1.2). Let assumptions (a)–(d) be satisfied with the function A (r) which is Dini-
continuous at zero.



THE FRIEDRICHS-WIRTINGER TYPE INEQUALITY. . . 701

Then u∈ ◦
W

1

2−n(G) and there are d ∈ (0,1) and a constant C > 0 depending only

on n,s,λ ,a∗,ω0 and on
1∫
0

A (r)
r dr such that ∀ρ ∈ (0,d)

∫
Gρ

0

(
ar2−n|∇u(x)|2 + r−nu2(x)

)
dx+

∫
Σρ0

r1−nσ(ω)u2(x)ds+
∫
Γρ0

r1−nγ(ω)u2(x)ds

� C
(
‖u‖2

2,G + f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·

⎧⎪⎪⎨⎪⎪⎩
ρ2λ , if s > λ ,

ρ2λ ln2
(

1
ρ

)
, if s = λ ,

ρ2s, if s < λ .

(4.2)

Proof. From Theorem3.2 it follows that u(x) belongs to
◦
W

1

2−n(G), so it is enough
to prove the estimate (4.2). Setting η(x) = r2−nu(x) in (II)loc , with regard to the def-
inition (1.5) we obtain

U(ρ) = ρ
∫
Ω

au(x)
∂u
∂ r

∣∣∣∣
r=ρ

dΩ+
∫
Ωρ

r2−nu(x)
(
ai j(x)−ai j(0)

)
uxj cos(r,xi)dΩρ

+
∫
Γρ0

r2−nu(x)g(x)ds+
∫
Σρ0

r2−nu(x)h(x)ds

+
∫
Gρ

0

{
−r2−n (ai j(x)−ai j(0)

)
uxiux j +(n−2)r−nu(x)ai j(x)xiux j

+ r2−nu(x)ai(x)uxi + r2−nb(x)u2(x)− r2−nu(x) f (x)
}

dx. (4.3)

Now we transform some integrals on the right:

(n−2)
∫
Gρ

0

r−nu(x)ai j(x)xiux j dx

=
n−2

2

∫
Gρ

0

ar−nxi
∂u2

∂xi
dx+(n−2)

∫
Gρ

0

r−nu(x)
(
ai j(x)−ai j(0)

)
xiux jdx; (4.4)

by the Gauss-Ostrogradskiy divergence theorem∫
Gρ

0

ar−nxi
∂u2

∂xi
dx = −

∫
Gρ

0

au2(x)
(
nr−n−nr−n)dx+ρ−n

∫
Ωρ

au2(x)xi cos(r,xi)dΩρ

+[a]Σ0

∫
Σρ0

r−nu2(x)xi cos(n,xi)ds+
∫
Γρ0

ar−nu2(x)xi cos(n,xi)ds.

(4.5)
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Hence, since by Lemma 2.1 xi cos(n,xi)
∣∣∣∣
Γρ0

= 0 and xi cos(r,xi)
∣∣∣∣
Ωρ

= ρ ; xi cos(n,xi)
∣∣∣∣
Σ0

=

xi cos(xn,xi)
∣∣∣∣
Σ0

= xn

∣∣∣∣
Σ0

= 0, we have

n−2
2

∫
Gρ

0

ar−nxi
∂u2

∂xi
dx =

n−2
2

∫
Ω

au2(x)dΩ. (4.6)

Because of b(x) � 0 and Lemma 1.4, from (4.3)–(4.6) it follows that

U(ρ) � ρ
2λ

U ′(ρ)+ρ2−n
∫
Ωρ

u(x)
(
ai j(x)−ai j(0)

)
uxj cos(r,xi)dΩρ +

∫
Γρ0

r2−nu(x)g(x)ds

+
∫
Σρ0

r2−nu(x)h(x)ds+
∫
Gρ

0

{
−r2−n (ai j(x)−ai j(0)

)
uxiux j

+(n−2)r−nu(x)
(
ai j(x)−ai j(0)

)
xiux j + r2−nu(x)ai(x)uxi − r2−nu(x) f (x)

}
dx.

(4.7)

Hence, in virtue of assumption (b), it follows that

U(ρ) � ρ
2λ

U ′(ρ)+ρA (ρ)
∫
Ω

a|u(x)||∇u(x)|dΩ+
∫
Γρ0

r2−n|u(x)||g(x)|ds

+
∫
Σρ0

r2−n|u(x)||h(x)|ds+ c1(n)A (ρ)
∫
Gρ

0

a
(
r2−n|∇u(x)|2 + r1−n|u(x)||∇u(x)|)dx

+
∫
Gρ

0

r2−n|u(x)|| f (x)|dx. (4.8)

We shall obtain an upper bound for each integral on the right. At first, applying the
Cauchy and Friedrichs-Wirtinger inequalities (see (1.3)) with regard to (1.7), we have

∫
Ω

aρ |u(x)||∇u(x)|dΩ� 1
2

∫
Ω

a
(
ρ2|∇u(x)|2 + |u(x)|2)dΩ � c2(λ )ρU ′(ρ); (4.9)

∫
Gρ

0

ar1−n|u(x)||∇u(x)|dx �
∫
Gρ

0

a
(
r2−n|∇u(x)|2 + r−n|u(x)|2)dx � c3(λ )U(ρ) (4.10)

in virtue of inequality (1.4); and with ∀δ > 0
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∫
Γρ0

r2−n|u(x)||g(x)|ds =
∫
Γρ0

(
r

1−n
2
√
γ(ω)|u(x)|

)(
r

3−n
2

1√
γ(ω)

|g(x)|
)

ds

� δ
2

∫
Γρ0

r1−nγ(ω)|u(x)|2ds+
1

2δν0

∫
Γρ0

r3−n|g(x)|2ds; (4.11)

∫
Σρ0

r2−n|u(x)||h(x)|ds =
∫
Σρ0

(
r

1−n
2
√
σ(ω)|u(x)|

)(
r

3−n
2

1√
σ(ω)

|g(x)|
)

ds

� δ
2

∫
Σρ0

r1−nσ(ω)|u(x)|2ds+
1

2δν0

∫
Σρ0

r3−n|h(x)|2ds; (4.12)

∫
Gρ

0

r2−n|u(x)|| f (x)|dx � δ
2a∗

∫
Gρ

0

ar−n|u(x)|2dx+
1
2δ

∫
Gρ

0

r4−n| f (x)|2dx

� δ
2a∗

c4(λ )U(ρ)+
1
2δ

∫
Gρ

0

r4−n| f (x)|2dx (4.13)

in virtue of inequality (1.4). Thus from (4.8)–(4.13) we get

[1− c5(n,λ ,a∗)(δ +A (ρ))]U(ρ)

� ρ
2λ

(1+ c6(λ )A (ρ))U ′(ρ)

+
1
2δ

⎧⎪⎨⎪⎩
∫
Gρ

0

r4−n| f (x)|2dx+
1
ν0

∫
Γρ0

r3−n|g(x)|2ds+
1
ν0

∫
Σρ0

r3−n|h(x)|2ds

⎫⎪⎬⎪⎭ , ∀δ > 0.

But, by the condition (d),∫
Gρ

0

r4−n| f (x)|2dx+
1
ν0

∫
Γρ0

r3−n|g(x)|2ds+
1
ν0

∫
Σρ0

r3−n|h(x)|2ds � 2c0

(
f 2
1 +

1
ν0

g2
1+

1
ν0

h2
1

)
·ρ2s,

where c0 depends only on n,s,ω0. Hence we obtain

U ′(ρ)−2λ
ρ

· 1−c5(δ+A (ρ))
1+c6A (ρ)

U(ρ)+2λc0

(
f 2
1 +

1
ν0

g2
1+

1
ν0

h2
1

)
δ−1

1+c6A (ρ)
ρ2s−1 � 0,

∀δ > 0.

Thus we have the differential inequality (CP) §2.4 with

P(ρ) =
2λ
ρ

· [1− c5(n,λ ,a∗)(δ +A (ρ))], ∀δ > 0; N (ρ) ≡ 0;
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Q(ρ) =
λ
s
c0

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·δ−1ρ2s−1, ∀δ > 0; (4.14)

U0 = C
{∫

G

(
u2 +(1+ r4−n) f 2(x)

)
dx+

∫
Σ0

r3−nh2(x)ds+
∫
∂G

r3−ng2(x)ds
}

,

by (3.6) with α = 4−n.

1) s > λ . Choosing δ = ρε , ∀ε > 0,

P(ρ) =
2λ
ρ

· [1− c5(n,λ ,a∗)(ρε +A (ρ))];

Q(ρ) =
λ
s
c0

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·ρ2s−1−ε .

Since P(ρ) = 2λ
ρ − K (ρ)

ρ , where K (ρ) satisfies the Dini condition at zero we have

−
τ∫

ρ

P(s)ds = −2λ ln

(
τ
ρ

)
+

τ∫
ρ

K (s)
s

ds � ln
(ρ
τ

)2λ
+

d∫
0

K (r)
r

dr =⇒

exp

⎛⎝−
d∫

ρ

P(τ)dτ

⎞⎠�
(ρ

d

)2λ
exp

⎛⎝ d∫
0

K (τ)
τ

dτ

⎞⎠= K0

(ρ
d

)2λ
;

exp

⎛⎝−
τ∫

ρ

P(τ)dτ

⎞⎠�
(ρ
τ

)2λ
exp

⎛⎝ d∫
0

K (τ)
τ

dτ

⎞⎠= K0

(ρ
τ

)2λ
.

We have as well:

d∫
ρ

Q(τ)exp

(
−

τ∫
ρ

P(σ)dσ
)

dτ � λc0K0

s

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
ρ2λ

d∫
ρ

τ2s−2λ−ε−1dτ

� λc0K0

s

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
· ds−λ

s−λ
ρ2λ ,

since s > λ and we can choose ε = s−λ .
Now we apply Theorem 1.6: then from (1.11) by virtue of the deduced inequalities

and with regard to (1.4) for α = 4−n we obtain the statement (4.2) for s > λ .

2) s = λ . Taking in (4.14) any function δ (ρ) > 0 instead of δ > 0, we obtain
the problem (CP) with

P(ρ) =
2λ (1− δ (ρ))

ρ
− c5

A (ρ)
ρ

; N (ρ) = 0;

Q(ρ) = c0

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·δ−1(ρ)ρ2λ−1.
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We choose δ (ρ) = 1

2λ ln

(
ed
ρ

) , 0 < ρ < d, where e is the Euler number. Then we

obtain

−
τ∫

ρ

P(σ)dσ � ln
(ρ
τ

)2λ
+

τ∫
ρ

dσ

σ ln
(

ed
σ

) + c5

d∫
0

A (τ)
τ

dτ

= ln
(ρ
τ

)2λ
+ ln

⎛⎝ ln
(

ed
ρ

)
ln
(

ed
τ

)
⎞⎠+ c5

d∫
0

A (τ)
τ

dτ =⇒

=⇒ exp

(
−

d∫
ρ

P(τ)dτ
)

�
(ρ

d

)2λ
ln
(ed
ρ

)
exp

(
c5

d∫
0

A (τ)
τ

dτ
)

,

exp

(
−

τ∫
ρ

P(σ)dσ
)

�
(ρ
τ

)2λ ·
ln
(

ed
ρ

)
ln
(

ed
τ

) exp

(
c5

d∫
0

A (τ)
τ

dτ
)

.

In this case we also have

d∫
ρ

Q(τ)exp

(
−

τ∫
ρ

P(σ)dσ
)

dτ

� c6

(
f 2
1 +

1
ν0

g2
1+

1
ν0

h2
1

)
ρ2λ ln

(ed
ρ

)
·

d∫
ρ

dτ

τδ (τ) ln
(

ed
τ

)
� 2λc6

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·ρ2λ ln2

(ed
ρ

)
.

Now we apply Theorem 1.6, and from (1.11), by virtue of the deduced inequalities, we
obtain

U(ρ) � c̃6(U0 + f 2
1 +

1
γ0

g2
1 +

1
σ0

h2
1)ρ

2λ ln2 1
ρ

, 0 < ρ < d <
1
e
.

Thus we proved the statement (4.2) for s = λ .

3) 0 < s < λ . Now similarly to case 1) with regard to (4.14) we have

exp

(
−

d∫
ρ

P(τ)dτ
)

�
(ρ

d

)2λ (1−δ )
exp

(
c5

d∫
0

A (τ)
τ

dτ
)

= c7

(ρ
d

)2λ (1−δ )
.
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In this case we also have

d∫
ρ

Q(τ)exp

(
−

τ∫
ρ

P(σ)dσ
)

dτ

� c0

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·δ−1ρ2λ (1−δ )

d∫
ρ

τ2s−2λ (1−δ )−1dτ

� c8

(
f 2
1 +

1
ν0

g2
1 +

1
ν0

h2
1

)
·ρ2s,

if we choose δ ∈ (0, λ−s
λ ).

Now we apply Theorem 1.6, and then from (1.11), by virtue of the deduced in-
equalities, we obtain

U(ρ)� c9

(
U0ρ2λ (1−δ )+

(
f 2
1 +

1
ν0

g2
1+

1
ν0

h2
1

)
·ρ2s

)
� c10

(
U0+ f 2

1 +
1
ν0

g2
1+

1
ν0

h2
1

)
ρ2s,

because of δ ∈ (0, λ−s
λ ). Thus we proved the statement (4.2) for s < λ .

5. The power modulus of continuity at the conical point for weak solutions

Proof of Theorem 2.3. We define the function

ψ(ρ) =

⎧⎪⎪⎨⎪⎪⎩
ρλ , if s > λ ,

ρλ ln
(

1
ρ

)
, if s = λ ,

ρ s, if s < λ
(5.1)

for 0 < ρ < d
By Theorem 4.1 about the local bound of the weak solution modulus we have

sup
G
ρ/2
0

|u(x)|�C
{
ρ−n/2‖u‖2,Gρ

0
+ρ2(1−n/p)‖ f‖p/2,Gρ

0
+ρ

(
‖g‖∞,Γρ0

+‖h‖∞,Σρ0

)}
(5.2)

where C =C

(
n,ν∗,μ∗, p,

∥∥∥∥ n
∑
i=1

|ai(x)|2
∥∥∥∥

Lp/2(G)

)
and p > n. Now, by Theorem 4.2, we

have

ρ−n/2‖u‖2,Gρ
0

� 2n/2

⎛⎜⎝∫
Gρ

0

r−nu2(x)dx

⎞⎟⎠
1/2

� C
(
‖u‖2,G+‖ f‖2,G+‖g‖2,∂G+‖h‖2,Σ0+ f1+

1√
ν0

g1+
1√
ν0

h1

)
ψ(ρ).

(5.3)
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Further, by the assumption (d), we obtain

ρ2(1−n/p)‖ f‖p/2,Gρ
0
+ρ

(
‖g‖∞,Γρ0

+‖h‖∞,Σρ0

)
� c

(
f1 +

1√
ν0

g1 +
1√
ν0

h1

)
ψ(ρ).

(5.4)
From (5.2)–(5.4) it follows that

sup
Gρ/2
ρ/4

|u(x)| � C
(
‖u‖2,G +‖ f‖2,G +‖g‖2,∂G +‖h‖2,Σ0 + f1 +

1√
ν0

g1 +
1√
ν0

h1

)
ψ(ρ).

Putting now |x| = 1
3ρ we obtain finally the desired estimate (2.3).

Now we consider two sets G2ρ
ρ/4 and Gρ

ρ/2 ⊂G2ρ
ρ/4, ρ > 0. We perform the change

of variables x = ρx′ and u(ρx′) = ψ(ρ)v(x′) . Then the function v(x′) satisfies the
problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂
∂x′i

(
ai j(ρx′)vx′j

)
+ρai(ρx′)vx′i +ρ2b(ρx′)v = ρ2

ψ(ρ) f (ρx′), x ∈ G1
1/2,

[v(x′)]Σ1
1/2

= 0,
[
∂v
∂ν ′
]
Σ1

1/2

+ 1
|x′|σ(ω)v(x′) = ρ

ψ(ρ)h(ρx′), x ∈ Σ1
1/2,

∂v
∂ν ′ +

1
|x′|γ(ω)v(x′) = ρ

ψ(ρ)g(ρx′), x ∈ Γ1
1/2,

(L”)

By the Sobolev Imbedding Theorems, we have

sup
x′∈G1

1/2

|∇′v(x′)| � c‖v‖W2,p(G1
1/2)

, p > n. (5.5)

By the local Lp -a priori estimate [12] for the solution of the equation of the (L”) inside

the domains
(
G2

1/4

)
±

and near smooth portions of the boundaries Σ2
1/4∪Γ2

1/4, we have

‖v‖W2,p(G1
1/2)

� c

{
ρ2

ψ(ρ)
‖ f‖Lp(G2

1/4)
+

ρ
ψ(ρ)

‖h‖W1−1/p,p(Σ2
1/4)

+
ρ

ψ(ρ)
‖g‖W1−1/p,p(Γ2

1/4)
+‖v‖Lp(G2

1/4)

}
. (5.6)

Returning back to the variables x , from (5.5) and (5.6), it follows that

sup
Gρ
ρ/2

|∇u| � cρ−1{ρ−n/p‖u‖
Lp(G2ρ

ρ/4)
+ρ2−n/p‖ f‖

p,G2ρ
ρ/4

+ρ2−n/p‖g‖
V1−1/p

p,0 (Γ2ρ
ρ/4)

+ρ2−n/p‖h‖
V1−1/p

p,0 (Σ2ρ
ρ/4)

}
and

ρ2−n/p‖u‖V2
p,0(G

ρ
ρ/2) � c

{
ρ−n/p‖u‖

Lp(G2ρ
ρ/4)

+ρ2−n/p‖ f‖
p,G2ρ

ρ/4

+ρ2−n/p‖g‖
V1−1/p

p,0 (Γ2ρ
ρ/4)

+ρ2−n/p‖h‖
V

1−1/p
p,0 (Σ2ρ

ρ/4)

}
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or

sup
Gρ
ρ/2

|∇u| � cρ−1{|u|
0,G2ρ

ρ/4
+‖ f‖

V0
p,2p−n(G

2ρ
ρ/4)

+‖g‖
V1−1/p

p,2p−n(Γ
2ρ
ρ/4)

+‖h‖
V1−1/p

p,2p−n(Σ
2ρ
ρ/4)

}
and

‖u‖V2
p,2p−n(G

ρ
ρ/2)

� c
{|u|

0,G2ρ
ρ/4

+‖ f‖
V0

p,2p−n(G
2ρ
ρ/4)

+‖g‖
V1−1/p

p,2p−n(Γ
2ρ
ρ/4)

+‖h‖
V1−1/p

p,2p−n(Σ
2ρ
ρ/4)

}
Hence, because of (2.3), (2.4) and the assumption (d) , the required inequalities (2.5)
and (2.6) follow.

6. Appendix

Here we consider the two dimensional transmission problem for the Laplace op-
erator in an angular domain and investigate the corresponding eigenvalue problem.
Suppose n = 2, the domain G lies inside the corner G0 = {(r,ω) |r > 0; −ω0

2 <
ω < ω0

2 }, ω0 ∈]0,2π [; O ∈ ∂G and in the some neighborhood of O the bound-
ary ∂G coincides with the sides of the corner ω = −ω0

2 and ω = ω0
2 . We denote

Γ± = {(r,ω) | r > 0; ω =±ω0
2 }, Σ0 = {(r,ω) | r > 0; ω = 0} and we put σ(ω)

∣∣∣
Σ0

=

σ(0) = σ = const > 0, γ(ω)
∣∣∣
ω=±ω0

2

= γ± = const > 0. We consider the following

problem: ⎧⎪⎪⎪⎨⎪⎪⎪⎩
a±�u± = f±(x), x ∈ G±;

[u]Σ0
= 0,

[
a ∂u
∂−→n
]
Σ0

+ σ
r u(x) = h(x), x ∈ Σ0;

α±a± ∂u±
∂−→n + 1

r γ±u±(x) = g±(x), x ∈ Γ± \O,

(6.1)

where α± ∈ {0;1}. It is well known that the homogeneous problem ( f (x) = h(x) =
g(x) = 0) has solution of the form u(r,ω) = rλψ(ω), where λ 2 is an eigenvalue and
ψ(ω) is an associated regular eigenfunction of the problem⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ψ ′′
+ +λ 2ψ+(ω) = 0, ω ∈

(
0, ω0

2

)
;

ψ ′′
− +λ 2ψ−(ω) = 0, ω ∈

(
−ω0

2 ,0
)
;

ψ+(0) = ψ−(0); a+ψ ′
+(0)−a−ψ ′−(0) = σψ(0);

±α±a±ψ ′(±ω0
2 )+ γ±ψ(±ω0

2 ) = 0.

(6.2)

1) the case λ = 0.

In this case the solution of our equations has the form ψ±(ω) = A± ·ω + B±.
From boundary conditions we obtain B+ = B− = B and for the finding A+,A−,B we
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have the system ⎧⎪⎨⎪⎩
a+A+−a−A−−σB = 0,(

α+a+ + ω0
2 γ+

)
A+ + γ+B = 0,

−(α−a− + ω0
2 γ−

)
A− + γ−B = 0.

Since A2
+ +A2− +B2 = 0, the system determinant must be equal zero; this means the

equality

σ
(
α+a+ +

ω0

2
γ+
)(

α−a− +
ω0

2
γ−
)

+a+γ+
(
α−a−+

ω0

2
γ−
)

+a−γ−
(
α+a+ +

ω0

2
γ+
)

= 0. (6.3)

Thus, if the equality (6.3) satisfy, then λ = 0 and the corresponding eigenfunction

ψ(ω) =

⎧⎨⎩a−γ−
{(
ω− ω0

2

)
γ+−α+a+

}
, ω ∈

[
0, ω0

2

]
,

a+γ+
{(
ω+ ω0

2

)
γ−−α−a−

}
, ω ∈

[
−ω0

2 ,0
]
,

if σ = 0;

ψ(ω) =

⎧⎨⎩−γ+
(
α−a−+ ω0

2 γ−
)
(ω + a+

σ )− a−γ−
σ

(
α+a+ + ω0

2 γ+
)
, ω ∈

[
0, ω0

2

]
,

γ−
(
α+a+ + ω0

2 γ+
)
(ω− a−

σ )− a+γ+
σ

(
α−a− + ω0

2 γ−
)
, ω ∈

[
−ω0

2 ,0
]
,

if σ = 0.

2) the case λ = 0.

In this case the solution of our equations has the form ψ±(ω) = A± cos(λω)+
B± sin(λω). From boundary conditions we obtain A+ = A− = A and for the finding
A,B+,B− we have the system⎧⎪⎪⎨⎪⎪⎩

σA−λa+B+ +λa−B− = 0,(
γ+ cos λω0

2 −λα+a+ sin λω0
2

)
A+

(
γ+ sin λω0

2 +λα+a+ cos λω0
2

)
B+ = 0,(

γ− cos λω0
2 −λα−a− sin λω0

2

)
A−

(
γ− sin λω0

2 +λα−a− cos λω0
2

)
B− = 0.

Since A2 +B2
+ +B2− = 0, the system determinant must be equal zero; this means that

λ is defined from the transcendence equation

σ(λ 2α+α−a+a− + γ+γ−)+λ 2(a+ −a−)(α−a−γ+ −α+a+γ−)

+λ [σ(α−a−γ+ +α+a+γ−)+ (a+ +a−)(γ+γ−−λ 2α+α−a+a−)]sin(λω0)

+[σ(λ 2α+α−a+a−− γ+γ−)+λ 2(a+ +a−)(α−a−γ+ +α+a+γ−)]cos(λω0) = 0.
(6.4)
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Now we investigate the special cases of the boundary conditions.

The Dirichlet problem: α± = 0.

The equation (6.4) takes the form σ(1− cos(λω0))+λ (a+ +a−)sin(λω0) = 0.
Hence we get

λ =

{
π
ω0

, if σ = 0,

λ ∗, if σ > 0

where λ ∗ is the minimal positive root of the transcendent equation

tan
λω0

2
= −a+ +a−

σ
·λ ,

and the corresponding eigenfunction ψ(ω) =

⎧⎨⎩sinλ
(ω0

2 −ω
)
, ω ∈

[
0, ω0

2

]
,

sinλ
(ω0

2 +ω
)
, ω ∈

[
−ω0

2 ,0
]
.

Note that π
ω0

< λ ∗ < 2π
ω0

(see Figure 2).

λπ

ω0

2π

ω0

3π

ω0

λ∗

y
=

tg
λ
ω

0

2

y
= −

βλ

Figure 2.

The Neumann problem: γ± = 0, α± = 1.

The equation (6.4) takes the form σ(1+ cos(λω0))−λ (a+ +a−)sin(λω0) = 0.
Hence we get

λ =

{
π
ω0

, if σ = 0,

λ ∗, if σ > 0

where λ ∗ is the minimal positive root of the transcendent equation

tan
λω0

2
=

σ
a+ +a−

· 1
λ

.
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For λ = π
ω0

we find the corresponding eigenfunction

ψ(ω) =

⎧⎨⎩a− sin πω
ω0

, ω ∈
[
0, ω0

2

]
,

a+ sin πω
ω0

, ω ∈
[
−ω0

2 ,0
]
.

For λ = λ ∗ we find the corresponding eigenfunction

ψ(ω) =

⎧⎨⎩cosλ ∗ (ω− ω0
2

)
, ω ∈

[
0, ω0

2

]
,

cosλ ∗ (ω+ ω0
2

)
, ω ∈

[
−ω0

2 ,0
]
.

Note that 0 < λ ∗ < π
ω0

(see Figure 3).

λπ

ω0

2π

ω0

λ∗

y
=

tg
λ
ω

0

2

y =
β

λ

Figure 3.

Mixed problem: α+ = 1, α− = 0; γ+ = 0, γ− = 1.

The equation (6.4) takes the form

σ sin(λω0)+λ (a+ +a−)cos(λω0) = λ (a+−a−). (6.5)

In particular, if σ = 0, we have λ = 2
ω0

arctan
√

a−
a+

and the corresponding eigenfunc-

tion

ψ(ω) =

⎧⎨⎩cos(λω)+
√

a−
a+

· sin(λω), ω ∈
[
0, ω0

2

]
,

cos(λω)+
√

a+
a− · sin(λω), ω ∈

[
−ω0

2 ,0
]
.

If σ > 0, then λ = λ ∗, where λ ∗ is the minimal positive root of the transcendent
equation (6.5). Then we find the corresponding eigenfunction

ψ(ω) =

⎧⎨⎩sin λω0
2 cosλ

(
ω− ω0

2

)
, ω ∈

[
0, ω0

2

]
,

cos λω0
2 sinλ

(
ω + ω0

2

)
, ω ∈

[
−ω0

2 ,0
]
.
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Rewriting the equation (6.5) in the form tan λω0
2 = 2λa−√

4λ 2a+a−+σ2−σ , note that

2
ω0

arctan
√

α−
α+

< λ ∗ < π
ω0

(see Figure 4).

1

λπ

ω0

2π

ω0

λ∗

y
=

tg
λ
ω

0

2
y =

2λa√
4λ2a2 + β2 − β

Figure 4.

The Robin problem: α± = 1; γ± = 0.

The equation (6.4) takes the form

σ(λ 2a+a− + γ+γ−)+λ 2(a+−a−)(a−γ+−a+γ−)

+λ [σ(a−γ+ +a+γ−)+ (a+ +a−)(γ+γ−−λ 2a+a−)]sin(λω0)

+ [σ(λ 2a+a−− γ+γ−)+λ 2(a+ +a−)(a−γ+ +a+γ−)]cos(λω0) = 0.

In particular, in the case of the problem without the interface (a+ = a− = 1, σ = 0)
we obtain the least eigenvalue as the minimal positive root of the transcendent equa-
tion tan(λω0) = λ (γ++γ−)

λ 2−γ+γ− and the corresponding eigenfunction ψ(ω) = λ cos
[
λ
(
ω−

ω0
2

)]− γ+ sin
[
λ
(
ω− ω0

2

)]
(see §10.1.7 [2]).

7. Examples

Let us present some examples which demonstrate that the assumptions on the co-
efficients of the operator L are essential for the validity of Theorem 2.3.

Let the domain G ⊂ R
2 be as in §6.

EXAMPLE 1. Let us consider the function

u(r,ω) = rλ
(

ln
1
r

)(λ−1)/(λ+1)

sin(λω)

{
a−, ω ∈ [0, ω0

2

]
,

a+, ω ∈ [−ω0
2 ,0

]
,
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where a± > 0, λ = π
ω0

. By direct calculations (see also the investigation of the Neu-
mann problem in Appendix, §6) , we verify that it satisfies the transmission problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂
∂xi

(
ai j(x)uxj

)
+ai(x)uxi = 0, x ∈ G\Σ0;

[u]Σ0
= 0,

[
∂u
∂ν

]
Σ0

= 0, x ∈ Σ0;

∂u
∂ν = 0, x ∈ ∂G\ {Σ0∪O},

where

a11(x) = a− 2a
λ +1

· x2
2

r2 ln(1/r)
,

a12(x) = a21(x) =
2a

λ +1
· x1x2

r2 ln(1/r)
,

a22(x) = a− 2a
λ +1

· x2
1

r2 ln(1/r)
,

ai j(0) = aδ j
i , i, j = 1,2;

a1(x) = −1
r
A (r)cosω , a2(x) = −1

r
A (r)sinω ,

A (r) =
2a

(λ +1) ln(1/r)
, =⇒

d∫
0

A (r)
r

dr = +∞.

Clearly, the equation is uniformly elliptic in Gd
0 for 0 < d < e−2 with the ellipticity

constants

ν = a− 2a
ln(1/d)

and μ = a.

Thus we observe that the leading coefficients of the equation are continuous but not
Dini continuous at zero. From the explicit form of the solution u we have

|u(x)| � c|x|λ−ε , ‖u‖V2
p,2p−n(G

ρ
0 ) � cρλ−ε (7.1)

for all ε > 0. This example shows that it is not possible to replace λ − ε in (7.1) by
λ without additional assumptions concerning the modulus of continuity of the leading
coefficients of the equation at zero.

EXAMPLE 2. Let (λ ,ψ(ω)) be a solution of the eigenvalue problem (6.2) (see
Appendix, §6). Then the function u(x) = rλ ln( 1

r )ψ(ω) is a solution of the transmission
problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

�u = −2λ rλ−2ψ(ω), x ∈ G\Σ0;

[u]Σ0
= 0,

[
a ∂u
∂−→n
]
Σ0

+ σ
r u(x) = 0, x ∈ Σ0;

αa ∂u
∂−→n + 1

r γu±(x) = 0, x ∈ ∂G\ {Σ0∪O},
(7.2)
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where a > 0, σ > 0, γ > 0, α ∈ {0,1}.
All assumptions of Theorem 2.3 are fulfilled with s = λ . This example shows the

precision of the assumption (d) and the estimate (2.3) for s = λ .

RE F ER EN C ES

[1] M.V. BORSUK, A priori estimates and solvability of second order quasilinear elliptic equations in a
composite domain with nonlinear boundary conditions and conjunction condition, Proc. Steklov Inst.
of Math., 103 (1970), 13–51.

[2] M. BORSUK, V. KONDRATIEV, Elliptic Boundary Value Problems of Second Order in Piecewise
Smooth Domains, North-Holland Mathematical Library, 69, ELSEVIER (2006), 531 pp.

[3] YA-ZHE CHEN, LAN-CHENG WU, Second order elliptic equations and elliptic systems, Translated
of Mathematical Monographs, 174, (1998). AMS, Providence, Rhode Island, 246 pp.

[4] W. CHIKOUCHE, D. MERCIER AND S. NICAISE,Regularity of the solution of some unilateral bound-
ary value problems in polygonal and polyhedral domains, Communications in partial differential equa-
tions, 29, 1&2 (2004), 43–70.

[5] D. GILBARG AND N.S. TRUDINGER, Elliptic Partial Differential Equations of Second Order,
Springer-Verlag, Berlin/Heidelberg/New York, 1977. Revised Third Printing, 1998.

[6] V.A. IL’IN, On the solvability of the Dirichlet and Neumann problems for linear elliptic operator with
discontinuous coefficients, Doklady AN USSR., 137, 1 (1961), 28–30.

[7] D. KAPANADZE, B.-W. SCHULZE, Boundary-contact problems for domains with conical singulari-
ties, Journal of Differential Equations, 217, 2 (2005), 456–500.

[8] D. KAPANADZE, B.-W. SCHULZE, Boundary-contact problems for domains with edge singularities,
Journal of Differential Equations, 234 (2007), 26–53.

[9] O.A. LADYZHENSKAYA, N.N. URAL’TSEVA, Linear and Quasilinear Elliptic Equations, Academic
Press, New York, 1968.

[10] S. NICAISE, Polygonal Interface Problems, Peter Lang (1993), 250 pp. (Methoden und Verfahren der
mathematischen Physik; Bd. 39).
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