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REFINED GENERALIZATIONS OF THE
TRIANGLE INEQUALITY ON BANACH SPACES

SIN-EI TAKAHASI, JOHN M. RASSIAS, SABUROU SAITOH
AND YASUJI TAKAHASHI

(Communicated by L.-E. Persson)

Abstract. Let X be a complex Banach space and p a real number with p > 1. We give a
necessary and sufficient condition for complex numbers «, b and real numbers A, u and v in
order that the inequality
4 4 4
llax + 1P AP Il
A u v

holds for every x,y € X .

1. Introduction and main result

Let H be a Hilbert space and let A, u,v,a,b € R\ {0} with A = ua® + vb*.
Then we recall the Euler-Lagrange type identity

el IIE  fla+ byl® f[vbx — pay]®

— = 1.1
u v A Auv (L.1)
forall x,y € H ([2-7]). Therefore, if Auv > 0, then we have the inequality
lax +by|* _ Ikl | [vI?
< , 1.2
1 PR (1.2)

for all x,y € H. Applying the mapping T: (A,u,v) — —(A,u,v),if Auv <0,
then the inequality sign in (1.2) is reversed. In particular, we have the well-known
inequality

b+ 11> < 200> + Iy 117), (1.3)
called the triangle inequality of the second kind for various reasons in [9]. In particular,
for any two Hilbert spaces, some natural sum and a natural triangle inequality which, in
particular, implies (1.3) for the sum of same Hilbert spaces were introduced. See also
[8]. Of course, we know also

I+ Y7 <227l + yli) - (p = 1) (1.4)
Mathematics subject classification (2010): 26D15, 26D20.
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on any Banach space. We may regard (1.2) as Hilbert space version of the classical
Bohr’sinequality [1]. Cheung and Pe¢arié [2] studied Bohr type inequalities for bounded
linear operators on a complex separable Hilbert space (cf. [4]).

In this paper, we shall give a unified generalization of the inequalities (1.2) and
(1.4) on Banach spaces.

Let X be a Banach space, a,b € C,A,u,ve R and p > 1. Put

v Clax +byllP_[lxll” vl
D} = {(a,b,/l,u,v). Sty WyeX)
e | | |
_ lax +oyllP P Iyl
D, :{(a,b,)t,,u,v). 7 > U + " (x,yeX),.

We wish to identify the sets D;,L and D, . Note that

T(D;) =D,

and so, we shall identify the set D; .
For simplicity, we shall write, for example,

{A>0,u>0,v>0}

for
{(A,u,v) ER*: A >0,u>0,v>0}.

Our main result is:

THEOREM 1.1. Let X be a Banach space and p > 1. Put p’ = (1—1/p)~". Then,
(i) DyN{A>0,u>0,v>0}
—{A>0,u>0,v>0A[YCD > |u| YD gl 4 vV D pp'y
(i)) DyN{A <0,u<0,v>0}
= {2 <0, <0,v> 0, A0 < u/E=Dap’ — V|1 e D]pp"}.
(iii) Dy N{A <0,u>0,v<0}
= {2 <0,1>0,v <0, [0~ < —[u /= Dap’ 4 ||/ OV |p"}.
) Dyn{A <0,u<0,v<0}=9¢.
) Dyn{A>0,u>0,v<0}=¢.
(vi) DyN{A>0,u<0,v>0}=¢.
) Dyn{A>0,u<0,v<0}=9¢.
) DfN{A<0,u>0,v>0}=CxCxR\{Auv=0}.
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2. Proof of Theorem 1.1

For the proof of Theorem 1.1 we need the following basic

LEMMA 2.1. ([cf. [10, Theorem 1, (iii)]). Let p > 1 and Rt = {t e R:t > 0}.
Set
Si={(A,B)eR*:A+B=1,0<A<1}

and

hy(a) = a(a/P=Y) —1)!=P for o e RT 00> 1.
IfDC{(A,B)€R*:A,B>0,A+B > 1} with S| C cl(D), the topological closure
of D in R2, then

() {(e.B) €eR" xR : 0A” + BB > 1}
(A,B)eD
={(a,f) eR" xR": > 1,8 > hy(0)}
holds.

Proof of Theorem 1.1.
If ab = 0, then, the results are simple; indeed, for example, if

a#0,b=0,A>0,u>0,v>0,

then,
ax + by||? x||P P
I ' P u” n Hyvll (x,y € X)
lax|”- _ I[P [y ll”
< yeX
7 m L, (wyeX)
P P
laxly _ I
A U
ap _ 1
A T u
e |1/ = l‘a|p

> |u
& [AO > |u|/E=Dja” 4 v D P,
that is, we obtain (7).
In the sequel we shall assume that ab # 0.

(i) For x,y € X with x +y # 0, set

N IR Y
SR (5 | R PR |
and
1 2.
D {(Axy7 xy)eR XyGXX-’—y?éO}



736 S.-E. TAKAHASI, J. M. RASSIAS, S. SAITOH AND Y. TAKAHASHI

Then, we see that D; C {(A,B) e R® : A,B>0,A+ B > 1} and S; C cl(D;). Note
that for A > 0,u > 0,v > 0,

ax + by||P x||P P
I 7 Il N IIyVH (x.y € X)

A Sou
if and only if
1< 2 arp 2 g (B eDy)
= plap™ T vibp ’ v

Therefore we have from Lemma 2.1 that

+
D, N{A >0,u>0,v>0}

1/(p—1) =r
=<¢A>0,u>0,v>0, A > 1 2 > A (( )L) —1)

plalp = " viplp = plalp \ \ plal?

If A >0,u>0,v>0,then
A A A 1/(p—1) 1=p
> -1
Vol plalp (MIP>

A=) > 1V e=D1gp" 4 Y1 e=1)pp",

can be rewritten as

Alsoif A > 0,u > 0,v > 0 and AV/e=D > yl/e=D|gp" 4+ yI/e=D|p|'  then
AV 0=1) > yl/(=1)|gP" and hence ﬁ > 1. Therefore, we obtain the desired result.
(if) For x,y € X with x # 0, set

B 0 o | R I

) Xy

]

and
Dy = {(A?,B2) €R*:x,y € X,x # 0}.

X,y Pxy

Then, we see that D, C {(A,B) e R® : A,B>0,A+ B > 1} and S; C cl(D,). Note
that for A < 0,u <0,v >0,

p p p
lax + byllP  Jldl” [y

< ,YyEX
7 m (x,y € X)
if and only if
ulal ,  —ulaf
1< AP B’ ((A,B) € D).
A P (4B e D)

Therefore we have from Lemma 2.1 that

+
Dy N{A <0,u<0,v>0}
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/(p—1) 1=p

ulap  —plap _ plal [ wlal\'

—{a<0u<0v>0 1 > 1
<Op<0,v>0,= > 1, - 5

If A <0,u<0,v>0,then

1—
—plal _ el (a0
Vb 7 A A

(=)D < (—p)V =D g — Y/ =D,

Alsoif A < 0,u < 0,v >0 and (—24)"/0=1 < (—p)"/@=D]alp" — v/E=D|p|", then
(=) =1 < (—p)V/>=V|q|"" and hence “‘;'p > 1. Therefore, we obtain the desired
result.

(iii) For x,y € X with y #£ 0, set

can be rewritten as

3 :Hx—i—y|| 3 :M
Ly Il ]

and
Dy ={(A},,B})) ER*:x,y € X,y #0}.

Then, we see that D3 C {(A,B) € R> :A,B>0,A+ B > 1} and S; C cl(D3). Note
that for A < 0,u > 0,v <0,

ax + by||P x||P L
I 7 Il +”iU (x.y € X)

A Sou
if and only if
—vipl” —vipl”
1< AP B’ ((A,B) € D3).
A (4B) € D)

Therefore we have from Lemma 2.1 that
+
D, N{A <0,u>0,v<0}

1—
—v|blP o1 —v|blp - —vipp [ [ =vppp\V* . r
—A Tulalp T -2 —A

If A <0,u>0,v<0,then

17
—vipP _ —vipp [ (=vipp\ Y ’
> -1
wlalp —A —A
can be rewritten as

(=)= < g Vo=D|gPp" 4 (=) V=D’
Alsoif A <0, > 0,v < 0 and (—A)V/P=D < —pul/e=Digp’ 4 (—y)1/e=D|p",
then (—A)Y/P=D < (—y)Y/®=D|p|" and hence #}i‘p > 1. Therefore, we obtain the

desired result.
The results (iv)—(viii) are clear. [

=<¢A<0,u>0,v<O,
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3. Remarks

Let & be the sign function of R\ {0} ; thatis, & =1, (t > 0); & = —1, (¢ < 0).
Then, from Theorem 1.1 we have

COROLLARY 3.1. Let X be a Banach space, a,b € C, p > 1 and A, u,v € R\{0}
with Auv > 0 but not [A > 0,u < 0,v < 0]. Then the inequality

”ax bpr Hx”p ”pr
< + x,y € X 3.1

holds if and only if
e A1 > el Vel + vVl (3.2)
If Auv <0 butnot [A <0,u > 0,v > 0], then the inequality signs are reversed.
Note that if p = 2, then (3.2) is reduced to
A > pa* + vb*.

Therefore, Corollary 3.1 is a generalization of the inequality (1.2).
In Corollary 3.1, we put, for o, 8 > 0

A=(a+ By tu=o""a " v=p"""p| 7.

Then, Auv > 0 and (A, u,v) satisfies the condition (3.2). Therefore, we have from
Corollary 3.1 that for o, § > 0 and for x,y € X,

Hx_f_y”.” < (OC _'_ﬁ)ﬂ—l ”pr + Hy”p (p > l)
= ar—1  pr-1 =

In particular, we obtain the inequality (1.4).
In general, we see some deep relationship between inequalities and convexity. See,

for example, the recent book [1]. For the functional F(x) = ||x||”,p > 1, (1.4) implies
the mid point convexity

F(x;y) < P r0),

Moreover, the above generalization of the inequality can be rewritten as
Flax+ (1 - a)y) < aF(x) + (1 - Q)F(y),

where a = 2% . i.e. the inequality means that the functional F'(x) is not only midpoint
convex but also it is in fact convex (cf. [1]). At this moment, we can not, however, refer
to some relationship between our inequalities and convexity.
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4. Thecase p =1

For p = 1, we obtain

THEOREM 4.1.

Df ={A<0,u>0,v>0yU{A>0,u>0,v>024>pulal,A > v}
U{A <0,u<0,v>0,A > ulal,—v|b| > ulal}
U{A <0,u>0,v<0,A > v|b|,—ulal > v|b|}.

Proof of Theorem 4.1.

For the case ab = 0, the desired result follows from an easy observation. So, we
shall assume that ab # 0.

Let (a,b,A,u,v) € D] . Then,

o eyl _ Il , bl
2 T

forall x,y € X. If A > 0,u < 0, then by (4.1), |a|||x|]|/A < ||x||/u must hold for
all x € X. This is a contradiction. Similarly, we obtain a contradiction for the case of
A>0,v<O0. Also,if A <0,u <0,v<0,then

(4.1)

x|, lal [lx]]
L1 L )
b| —v

must hold for all x € X. This is a contradiction. If A > 0, u > 0, v > 0, then we have
A > ulal and A > v|b| by putting x = e, the unit element, y =0 and x = 0,y = ¢ in
(4.1), respectively. If A < 0,u < 0,v > 0, then we have A > pla| and —v|b| > ulaq|
since (4.1) can be rewritten as

I i 1 A

< —+— (x,y € X).

—ulal v|p|
If A <0,u>0,v<0,then A > v|b| and —pu|a| > v|b| since (4.1) can be rewritten
by

X+ X
e O S

—vip| T —A " plal
Then we have
Df C{A<0,u>0,v>0U{A>0,u>0v>0,A12=pulal,A > vbl}
U{A <0,u<0,v>0,4 > ulal,—v|b| > ulal}
U{A <0,u>0,v<0,A > v]b|,—ulal > v|b|}.

Conversely, if A < 0,u > 0,v >0, then (a,b,A,u,v) € D} isclear. If A >0,u >
0,v>0,A > ula] and A > v|b|, then

llax + byl _ llax|| [yl _ lIxll | [yl
< < b
) A T2 St
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and hence (a,b,A,u,v) €D} . If A <0,u <0,v>0,A > pla| and —v|b| > ulal,

1 1 2 3 4 R 50 o S

wla] " Vbl T pla]  wlal  wlel T ule T4

Therefore, (4.1) holds and hence (a,b, A, u,v) € D} .

If A <0,u>0,v<O0,A > v|b| and —pu|a| > v|b|, then

I 2 B N R
wlal VIl T =Bl Vel T VBl Vo 2

Therefore, (4.1) holds and hence (a,b,A, i, v) € D] . Then we have

DfD{A<0,u>0,v>0tU{A>0,u>0,v>0A12>ulal,A > vb|}
U{A <0,u <0,v>0,4 > ulal, —v|b| > ulal}
U{A <0,u>0,v<0,A > v[b|,—la| > v|b]}.

Consequently we obtain the desired result. [
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