athematical
nequalities
& Papplications
Volume 13, Number 4 (2010), 743-752

SHARP MEAN TRIANGLE INEQUALITY

MASATOSHI Fusil, MIK1I0 KATO*, KICHI-SUKE SAITO '
AND TAKAYUKI TAMURA *

(Communicated by J. Pecari¢)

Abstract. By using a mean operator we shall present some sharp mean triangle inequalities in
a Banach space which generalize the sharp triangle inequality with n elements and its reverse
one shown recently by the last three authors in [7]. In the course of doing this we shall present a
new two element triangle inequality with parameter and its reverse. Several applications will be
given.

1. Introduction

In the theory of Banach spaces the triangle inequality is fundamental and impor-
tant. Many authors considered this inequality (cf. Diaz and Metcalf [1], Dragomir
[2], Dunkl and Williams [4], Hudzik and Landes [6], Massera and Schéffer [10], Saitoh
[12], Maligranda [8], Kato, Saito and Tamura [7]). In particular Kato, Saito and Tamura
[7] proved the following sharp triangle inequality and its reverse: For all nonzero ele-
ments xp,...,x, in a Banach space X

n
I+ (- | S )
l

i [
i=1 \\”
n
<Y [l
i=1
n
< HZx,-H—F n— 2 max ||x;||.
-1 Sl l” I<isn

These inequalities are very useful. Indeed, they were used in [7] to give a simple proof
of a characterization of uniform non- /7 -ness for a Banach space. After that, several au-
thors improved and generalized these inequalities (cf. Mitani, Saito, Kato and Tamura
[9], Dragomir [3], Pecari¢ and Raji¢ [11], Hsu, Shaw and Wong [5], etc.).

The aim of this paper is to study sharp mean triangle inequalities in a Banach
space, which generalize the above-mentioned inequalities given in [7]. In Section 2
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we shall give a new two element sharp triangle inequality with parameter, which in
particular provides a simple proof of the two element sharp triangle inequality in [7, 8].
In Section 3 we shall define a notion of a mean operator and using the idea of Section
2, we shall present some sharp mean triangle inequalities. In Section 4 we shall discuss
some applications.

2. Two element case
Let X be a Banach space and x,y € X. We define a function f, , by

[+ eyl — [1x]
t

fx7y( ) (l > O).

Then the following lemma is essential in our discussion.

LEMMA 2.1. For every x,y € X, fxy is a nondecreasing function on (0,%) and
Jey(t) < Iyll forall 1> 0.

Proof. Let 0 < s<t. Let g(t) = ||x+1ty|| — ||x|| for 7 > 0. Then as g is convex
and g(0) =0, we have

g(S)=g<;t> ((1——>0+ t) jg(t),

whence ”(%) <0 or fry(8) < fry(7). Further, we have

r

fey(t) = = Iyl

bt eyll = il oy Ietsvll = v
N

t S~> oo

for all # > 0. This completes the proof. [

From Lemma 2.1, we immediately obtain the following inequalities which are
regarded as a new sharp triangle inequality and its reverse inequality.

THEOREM 2.2. Let X be a Banach space and x,y € X .
() Let 0 <s<1<t. Then

e+ Il = Fep(e) < Nl 11 <l 21+ (1 = fads),

or equivalently,
(i) Let 0 < a <1< B. Then

eyl -+ eeliel| + Iyl = o+l < lxll + ]yl

|
[yl [1xll =+ Byl =[x+ Byl

N IN
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Proof. (i) Since 1 <1, by Lemma 2.1, we have f;,(1) < f,(¢), that s,

[yl =[xl < Sy (0)-

Thus we have
[l 4+l Y[l = frey(®) < [l + (3]l

Since s < 1, we have f,x(s) < fyx(1) and so we have the second inequality.
(ii) Putting r = 1 /o and s = 1/, we have (ii) from (i). This completes the
proof. [

By putting o = ||y||/||x]| and B = ||x||/||y|| in Theorem 2.2 (ii), we obtain the
sharp triangle inequality and its reverse with two elements ([7, 8]).

COROLLARY 2.3. ([7, 8]). Assume that ||x|| = ||y|| > 0. Then

XLy v
x|

Iyl

lx+yl+(2-
Iyl

|> V< el Iyl < e+ vl + (2—

X
—+
|||x

|> ]

Let X be a Banach space and let S be a set. We denote the Banach space of all
bounded mappings of S into X by £~(S,X) with supremum norm. In particular, if
X =R, then we denote it by ¢*(S). An element u € £<°(S)*, the dual space of £(S),
is called a mean on £=(S) if u(1) =||u| =1.

3. Mean operator and some mean inequalities

We shall state a fundamental fact of a mean on £(S).

PROPOSITION 3.1. (cf. [13, Theorem 1.4.1]). Let u be a mean on £=(S). Then

() If f is a positive function in £=(S) in the sense that f(s) > 0 for any s € S,
then u(f) > 0.

(i) For any f € £(S), infyes f(s) < u(f) < supyes f(s).-

Let u be a mean on ¢~(S). For any F € £~(S,X), we define a mapping M, (F)
from X* into R by
My (F)(x") = u((F (), x7))

for every x* € X*. Then we have

PROPOSITION 3.2. Let u be a mean on (=(S). Then My is a bounded linear
operator from {*(S,X) into X** with the following properties:

() 1My = 1.

(ii) If x is the constant mapping in the sense that x(s) =x (s € S) for some x € X,
then My (x) = x.
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Proof. Take any x* € X*. Then

M (F) ()| = [w((F (), x7)]
ICFC), D

Thus we have ||[M,(F)|| <||F||, thatis, M, (F) € X** and ||M| < 1.
Conversely, for any x € X, we have

(M (x)) (") = p((x(-), x%)) = p(fx, Y1) = (v, x7).

Thus we have My, (x) =x and so ||My(x)|| = ||x|| = ||x||. Thus we obtain ||M| =1.
This completes the proof. [l

Il l[CCF ), D
11"

NN

In this paper, by Proposition 3.2, we shall call M, a mean operator on £~(S,X)
which is a generalization of a mean on ¢%(S).

EXAMPLE 3.3. Let S ={1,...,n} and let X be a Banach space. Then we con-
sider the standard arithmetic mean on ¢>(S), that is,

EXAMPLE 3.4. Let X be a Banach space and let u be a mean on £(S). Suppose
that u is finite in the sense that there exist sy,...,s, € S and non-negative numbers
Al,..., Ay suchthat 37 A; =1 and pu(f) =27 Aif(s;) forall f € £2(S). Since

(M (F), x*) = u((F(-), x°)) = 3 AilF (si), x7) = (3, AiF (si), x°)

for all x* € X*, we obtain

My (F) =Y AiF (si).

i=1
Therefore we shall obtain the following mean triangle inequality.
THEOREM 3.5. Let X be a Banach space and | a mean on (=(S). Then for

every F € (~(S,X),
1M (F)]| < w(lEC)D-
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Proof. Let F € £~(S,X). Take any € > 0. Since M, (F) € X** by Proposition
3.2, there exists a norm one element x* € X* such that

My (F)I| < (Myu(F),x") +e.
Since (F(s),x*) <|(F(s),x*)| <||F(s)|| forany s € S, by Proposition 3.1, we have
My (F)|| < (My(F),x") + &= u((F(),x")) +e<u(|FC))+e

Since € > 0 is arbitrary, this completes the proof. [

For F € £=(8,X) and o € £7(S), we define aF by

(aF)(s) = a(s)F(s)
for all s € S. Further, for o, 8 € £~°(S), we consider the usual order @ < 8 of £(S)

by
o(s) < B(s) for all s€S.

Then we have the following monotone property.

PROPOSITION 3.6. Let X be a Banach space and u a mean on {2(S). For any
F,G € (~(S,X), put

U(F,G,a) = u([l(aF)()[D) = [Mu(aF + G)|.
If a,B € £=(S) such that 0 < o < 3, then U(F,G,a) < U(F,G,f).

Proof. Let o, € £=(S) with 0 < o < 8 and let F,G € {*(S,X). By Theorem
3.5, we have

1My (BE + G| - [Mu(aF +G)|| < HMu((ﬁ a)F)||
<

Then we have

u(ll(aF) )N = Mu(aF +G)|| < u(IBCF I = 1Mu(BF + G|

Thatis, U(F,G,a) < U(F,G, ). This completes the proof. [

By Proposition 3.6, we obtain the following sharp mean triangle inequality.
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THEOREM 3.7. Let U be a mean on €(S). If a,f € £=(S) satisfying 0 < o0 <
1< B, then

1My (F + G| + u(ll(eF) (D) +uUGOI) = [Mu(aF + G|
w([FOID + u G
1My (F +G) [+ u(IFOID) +u([(BG)I) = [IMu(F + BG)|-

forall F,G € £~(S,X).

NN

Proof. Since 0 < o < 1, by Proposition 3.6, we have
U(F,G,a) <U(F,G,1).
That is,

w(([(erF )OI = Mu(oF + G) || < u(IF D = [[Mu(F + G-

Thus, we have
My (F+G)||+u(ll(aF)()D+uGO)) = [[Mu(aF +G) | < u(IF I +u (GO
Since 1 < 8, by Proposition 3.6, we have

U(G,F,1) <U(G,F,B).

Thus, we similarly have the second inequality. This completes the proof. [

By Theorem 3.7, we obtain a sharp mean inequality.

COROLLARY 3.8. Let u be a mean on (=(S). If F € (~(S,X) such that
1My (F)]| + (1

infyeg ||F (s)|| > 0, then
(F H)H)ﬁ‘y ‘
w([FEC)

<
< [IMu ()|l + (1 - HMu (%) H) SLEIEHF(S)IL

Proof. In the first inequality of Theorem 3.7, we put G =0 and o/(s) = W
for all s € S. Then we have the first inequality of this corollary. Similarly, putting F =0

and fB(s) = w for all s € S in the second inequality of Theorem 3.7, we have
the second one and this corollary. [
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4. Applications

Let S={1,...,n} and let X be a Banach space. As in Example 3.3, we define a
finite mean u on £7(S) by

forall f € ¢=(S) and obtain

forall F € £=(S,X). For a=(ay,...,0,) €£7(S) and F € £°(S,X) (resp Fet=(S)),
we define the notation a-F by o-F =Y | 0o4F (i), and ||F|; =X, ||F(i)|. By
Theorem 3.7, we have the following theorem.

THEOREM 4.1. Let X be a Banach space andlet oo = (ay,...,0y), B=(B1,...,Bn)
el=(S) with 0 < a <1< . Then

M- (F+6)| + a-([FMW,... [F) )+ 1G]l = llee- F+1-G]
< IFlli+11Glh
<[t-(F+G)[+IFli+B8- (GO, 1G] = 11-F+B- G|

forall F,G € £~(S,X).
Equivalently, if we put F = (x1,--+,X,), G=(y1,--+,¥n) €£~(S,X), then

n n n n
I it yi)ll + X oallxill + X llyill = | D (i + i) |
i=1 i=1 i=1 i=1
n n
<Y il + X Iyl
i=1

i=

I iyl -+ X [l + D Bllyill = 1Y (xi 4 Biyi) |l
i=1 i=1 i=1 i=1

Proof. Forany F,G € (~(S,X) and o € £=(S),

n

IMu(F+G) = Iy X0+ = L (F+ )]

u(lleF C)I) +u(IGOD Z (el F@N+16@)1))

S| = =|'—‘

(- (IEI-- IF @D + 116Gl

and so on. By Theorem 3.7, we clearly have this theorem. [

By Theorem 4.1, we have the following corollary.
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COROLLARY 4.2. ([7]). Let X be a Banach space and let x1,...,x, be nonzero
elements in X. Then

D min |||
1<ign

n n

X;
< Xi|l|+ | n— — max |(|x;|.
<1 Xl ( Dr DW |

Proof. Take xi,...,x, in X. In Theorem 4.1, we put F = (xj,...,x,), G=0 and

I inH + (n—
i=1

3
2T
n
<3
i=1

*
o = (miny<j<, ||x;||)/[xi]| forevery 1 <i< n. Then we have the first inequality. For
|

the second inequality we put F =0, G = (yq,---,yn) and f;
1<i<n.

(maxy<icn[[yill)/llyill

An element u € ¢*(N)* is called a Banach limit if iminf, et < u({utn}5r_ ;) <
limsup, . u, and w({un};r ) = u({upsi}s_,) forall k > 1. If p is a Banach limit,
then u is a mean on ¢*(N). Then we have

THEOREM 4.3. Let X be a Banach space and let 1 € {oo(N)* be a Banach limit.
If o = {an ::17

B ={Bn};; € lw(N) with 0 < a and 0 < limsup,_., 0t < 1 <
liminf, .. f,, then

1My (x+9)1| + p(fllogxallFn) + s ({llyall}az1) = [Mu(ox +y)]|
< u({lllle=n) + u({llyall 1=
<M+ 9) [+ w{llxal[}521) + w1 Bayall }o21) = [Mu(x+ By)

forall x={x,}y_1,y=A{yu}p, € (N, X).

Proof. Forany € with 0 < & <limsup,_,., 0, there exists k such that 0 < max{a,
—¢€,0} <1< B,+e¢ forall n>k. Since u is translation-invariant and so My (z) =
M, () for any z = {z,};_, € £*(N,X), where Z = {zx1,}r_,, we may assume that

y(€), := max{oy, —€,0} <1< fB,+¢ forall n>1. Applying Theorem 3.7 to x =
{xa}y—; and y = {yn};_, we have

1My (x4 9) |+ s ({llv (&)l =) + 1 {yall 1r) = [1Mu(v(e)x +y)|
S (bl Fa=n) + s ({{lyall 1)
<

1My G+ )+ s ({llxnll 1) + w1 (Ba+ €)yall}) = [[Mu e+ (B+€)y)l-

Letting € — 0, we have

1My Cet+ )+ el omenll}oz1) + w({lyall}n) — 1My (0 + )|
S u({lbeall Fozn) + e ({yall Faz0)s
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because by Proposition 3.1

[u(Elly(e)nxall}a=1) — w({llowxal )| = (1Y (E)nnll — llotwxall }r)|
< p{II(v(€)n — am)xallFizr)
< [1v(€) = oot ({[1xall }i1)
< ep({lxll}zr)

for instance. Similarly we have the second inequality. This completes the proof. [

In Theorem 4.3, put

liminf,_. ||x, -
yZOanda:{M}
n=1

[EA]

and

x=0andf = {—hmsupnﬁm [a2]] }
n=1

[l

in the first and second inequalities, respectively. Then we obtain the following

THEOREM 4.4. Let X be a Banach space, u € (*(N)* a Banach limit and {x,};:_,

€ (N, X) such that liminf,_.. ||x,|| > 0. Then
1My ({xn )| + (1 - D liminf x|

w({m),)

" n=1

< u({|lxall}=1)

< IMu({xadn) I+ (1 - HM“ ({ (1%l } ) H) lifqn_i‘jPHxn||~
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