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CLASSIFIED CONSTRUCTION OF GENERALIZED
FURUTA TYPE OPERATOR FUNCTIONS, II

JIANGTAO YUAN

(Communicated by J. Pecari¢)

Abstract. As a continuation of our previous work with the same title, the construction of grand
Furuta inequality (GFI) is improved in order to give a constructive proof of Uchiyama’s result
(2003). Afterwards the generalization of Uchiyama’s result is obtained by mathematical induc-
tion which implies Furuta’s recent results.

1. Introduction

A capital letter (such as 7)) means a bounded linear operator on a Hilbert space.
T >0 and T > 0 mean a positive operator and an invertible positive operator respec-
tively.

As an affirmative answer to a conjecture by Chan-Kwong [4] and an essential
extension of the celebrated Lowner-Heinz inequality (L-H): A > B > 0 ensures A” > BP
for each p € [0, 1], Furuta [11] showed the following operator inequality.

THEOREM 1.1. (Furuta inequality (FI), [11]) Let r >0 and p >0, then A> B >
0 ensures

min{l,p}+r min{1,p}+r

(Br/2ApBr/2)T > (Br/2BpBr/2) pir

min{1l,p}+r min{1,p}+r

(Ar/zAPAr/z)T > (AI’/ZBpAr/Z) pr

See [5, 12, 24] for the alternate proofs of FI. Tanahashi [26] proved the optimality
of the outer exponent min{1,p}+r.

Inspired by Ando-Hiai log majorization [2], a kind of generalized Furuta type
inequalities was obtained.
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THEOREM 1.2. (Grand Furuta inequality (GFI), [14, 29]) Lert € [—1,0] and p >
1; then C > A > B > 0 with A > 0 ensures the function

F(rs) = cr/? (Cr/Z(At/ZBpAt/Z)sCr/Z)(1+t+r)/((17+t)5+")c7r/2
is decreasing for both r > —t and s > 1. In particular, the inequality
clHr > (Cr/Z(At/ZBpAt/Z)SCr/2) (I+14r)/((p+1)s+r) (1.1)

holds for r > —t and s > 1.

Uchiyama [29] proved GFI by using the theory of operator mean founded by
Kubo-Ando [25] and Furuta [16] gave an alternative proof of (1.1). The case C =A
is the original form of GFI [14] which interpolates FI (as extremal case r = 0 in (1.1))
and Ando-Hiai inequality (AH) [2] (as extremal case t = —1 and r = s in (1.1)), and
is equivalent to a kind of log majorization [17]. See [7, 15, 36] for the alternate proofs
of GFL. It is interesting that the outer exponent 1+ ¢+ r in the inequality (1.1) is also
optimal similar to that of FI [9, 28, 30].

It’s well known that Furuta type inequalities have many applications. See [1, 37,
34] for some applications on Aluthge transformation and classes of operators related
to hyponormal operators, [35, 3, 10, 18] for some applications on Pedersen-Takesaki
operator equation, operator entropy and log majorization, and so on.

In [36], all generalized Furuta type operator functions (inequalities)

Fp,t,q(ns) _ A—r/2(Ar/Z(At/ZBpAt/Z)sAr/Z)(q+r)/((p+t)s+r)A—r/2

were divided into two classes according to the existence of Furuta inequality (see [27]):
(F) Call a function Fy,; 4(r,s) belongs to class (F) if the Furuta type inequality
(AI/2B[7AI/2)1/O( < APTH

is valid for some o # 0, it is only need to consider the case t <0, 1 > p > 0 and
thecase t >0, p > 0;

(NF) Call a function F),; 4(r,s) belongs to class (NF) if the Furuta inequality
(At/2BpAt/2)l/Oc < APTH
is not valid for any o # 0, it is only need to consider the case t <0, p > 1.

Moreover, the constructions of class (F) and (NF) were also provided.
Construction of class (F)

(I) Denote A| = A, B; = (A"/2BPA!/2)!/(P+1) _then there exist a real number o # 0
so that AY > BY .
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(II) By applying the related results of Furuta type operator functions (such as [13,
33]) to AY > B, we obtain the monotonicity of the variables (at least one) in

FPJ-,II(r7S)'

(IIT) If the construction is not completed by (II). By applying Furuta’s classical steps
(pl44, [20]), the construction is complete.

Construction of class (NF)

(I) Denote Bj(s) = (A”bsBl’)l/((P*’)‘”), then try to find a fixed sy so that A >
B (s0) -

(II) By applying Theorem 1 in Ito-Yamazaki [23] and Proposition 4 in Yanagida [31]
to A > B1(sp), we obtain the monotonicity of Bj(s) for s > so (or s < s¢), thus
A > Bj(s) when s > s (or s < sp).

(IIT) By applying the related results of Furuta type operator functions to A > By (s),
we obtain the monotonicity of r in Fp,; 4(r,s). Warning: the monotonicity of s in
F)1.4(r,s) can not be obtained because B (s) is regarded as a fixed operator now.

(IV) By applying Furuta’s classical steps (p144, [20]), the monotonicity of s is ob-
tained. Construction is over.

According to the constructions of (F) and (NF), the monotonicity of (NF) is non-
trivial and it can not be followed by the monotonicity of Furuta type operator functions
easily. Therefore we pay our attention on (NF) and (GFI) is the unique one of (NF) till
now. See [36, 8, 18, 19, 22] for recent developments on (GFI).

The main purpose of this paper is to give a constructive proof of Uchiyama’s result
(Theorem 1.2) via the improved construction of (NF) stated below. Then we show a
generalization of Uchiyama’s result by mathematical induction from which Furuta’s
recent results [19] follow.

2. Improved construction and preliminaries

Improved construction of class (NF)

(I) Denote f(s) = (C/2(A!/2BPA!/2)sC~1/2)1/((P41)s=1) then try to find a fixed so
so that C > f(so) (by Hansen-Pedersen inequality [21]).

(II) By applying Theorem 1 in Ito-Yamazaki [23] and Proposition 4 in Yanagida [31]
to C > f(s), we obtain the monotonicity of f(s) for s > sy (or s < sp), thus
C > f(s) when s > s (or s < sp).

(III) By applying the related results of Furuta type operator functions (such as The-
orem 2.1 below) to C > f(s), we obtain the monotonicity of r in F,;4(r,s).
Warning: the monotonicity of s in F,; ,(r,s) can not be obtained because f(s)
is regarded as a fixed operator now.
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(IV) By applying Furuta’s classical steps (p144, [20]), the monotonicity of s is ob-
tained. Construction is over.

Preliminaries.

THEOREM 2.1. ([13,6,33]) Let A>0, B> 0 suchthat A" > B fort >0 (A >
0, B> 0 and logA > logB if t =0). Then the following hold.

(1) Foreach r>0 and s > —r, fis(p) = (A’/2BI’A’/2)(S+r)/(p+r) is decreasing for
p > max{s,0}.

(2) For each p >0 and s < p, fps(r) =A"t(s1r))(p+r)BP is decreasing for r >
max{—s,0}.

(3) For each s € R, fs(p,r) = A™"8(s1p)/(p+r)B is decreasing for p > max{s,0}
and r > max{—s,0}.

The notation § means geometric mean of operators [25].

LEMMA 2.2. ([13, 14]) Let o € R and X be invertible. Then (X*X)* =
X*(XX*)*"1X, especially if a > 1 the equality holds without invertibility of X .

THEOREM 2.3. ([23]) Let A,B > 0. Then for each p,r > 0, the following asser-
tions hold:
(1) (BEAPB5)77 > B = (AR BrA%)r7 < AP,
(2) (A%B'A%)P7 < AP and N(A) C N(B) = (BiAPB2)77 > B'.
The following result is a generalization of Theorem 2.1 because of FI.

_ THEOREM 2.4. ([31,32]) Let A,B>0; ap, o >0; —fo < < ap, —fo <
8o < . Then the following assertions hold:

Bo+dg B+éy
(1) 1f (BY A% BT Rora > Bh+d ghen (BS A%BY )T > BB for any B > Bo.
Moreover, for each fixed &) < o, the function

-5

fao,é(’)(ﬁ) = (AaTOBﬁAaTO) %P

is a decreasing function for > max{fy,—0,}, thus

o % 2t
ATBOAY > (AT BEAT )R for By > B > Bo.
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a60

— ay =8y
(2) IFA%50 > (AT BRAT Yo0Th | then A%=50 > (A3 BRAS )R forany o> .
Moreover, for each fixed 30 > —fo, the function
ﬁ0+3:)

Bo Bo
g, v (0)=(BZAYB ) hie
Bo,So

7
is an increasing function for o > max{ay, 0}, thus

By Byt
BPAup? < (B 2A%B2 )hta for op > o > 0p.

The case 8 = 8¢ = 0 of Theorem 2.4 appeared in [31] which is also a special case
of Theorem 3.4 in [29], Theorem 2.4 itself was obtained by [32]. It plays an important
role in the discussion of some nonnormal operators [35].

3. A constructive proof of Uchiyama’s result

Uchiyama [29] established Theorem 1.2 via the theory of operator mean founded
by Kubo-Ando [25]. Here we provide a constructive proof of Theorem 1.2 via the
improved construction of class (NF) stated in Section 2 and this proof should be the
second proof of Theorem 1.2.

Proof. [Proof of Theorem 1.2] We need to show F(r,s) is decreasing for both
r> —t and s > 1. Assume B is invertible without loss of generality.

(1) Put f(s) = (C/2(A"2BPAt2)sc=1/2) UPHI0) gince ¢ < AT for —1 <1 <0,
A~12C'A~1/2 < I holds. By p > 1 and Hansen-Pedersen inequality [21],
(1) = (C—t/2At/2BPAf/2C—f/2)1/17

= ((Cl/2A*f/2B*PA*I/2CI/2)1/17)*1

< (Ct/2A—t/ZB—lA—t/2Ct/2)—1
C2A12BAY2C1/?
C—t/2Al+tC—t/2
C.

NN

(I) Put D = (A"/2BPA!/2)V/(+1) By (1),
(C—t/ZDp+tC—t/2)(—t)/(p+t—t) _ (f(l))_t <c!
for — € [0,1]. Thus, by Theorem 2.3 (2),
(DPH)2C=1 pp0)/2y(p+0/(p4i=1) 5 ppt,

Therefore, by Theorem 2.4 (1), f(s) = (C ’/2D(P+’)‘C 1/2)(141=0)/(pF)s=1) g
decreasing for s > 1, so that f(s) < f(1) <
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II) Put ry =r+1t >0, g =1 > 0. By Theorem 2.1 (2) or (3), for each g; > 0 and
pr=(p+t)s—t> max{p7q1} > 0, the function

CMaen (f()"

p1+r

is decreasing for r| > max{0,—gq, }, that is, the function F(r,s) is decreasing for
r>=—t.

(IV) Let r > —¢ and s > 1, by (IIl) and (II), F(r,s) < F(—t,s) < C'*". Thus

Cl-‘rl’-‘rt 2 (Cr/2D(p+t)SCr/2)(l+r+[)/((p+t)s+r).

By L-H and Theorem 2.3 (2),

Cr 2 (Cr/zD(p+I)Scr/2) r/((p+t)5+,)
’ .1
plpti)s < (D(I’+t).v/2CrD(p+t)s/2)(p+t)s/((p+t)5+,)' (3.1

Then for 0 < w < s, by Lemma 2.2,
F(r,8) = C " 811010/ ((pa1)sn DT

(p+1)(s+w)+r 141+r

—C- ’/2{(C’/2D P+t)SCV/2) (pt)str } (st C —r/2

—Cc? {C’ e ( 3 ”“)Y)Lﬁ'ELD(” Cz}mcz
>C™ (p+0)wpy 252 Cé}m by (3.1)

C—r/2{Cr/2D(p+t)(s+w)Cr/2} (I4t+r)/ ((p+t)(s+w)+r)c—r/2
=F(r,s+w).

Therefore the function F(r,s) is decreasing for s > 1 and the proof is complete.

4. A generalization of the results by Furuta and Uchiyama

Very recently, Furuta [19] showed new developments on GFI below.

THEOREM 4.1. (Extension of (GFI), [19]) Let t € [-1,0], pi > 1, r > —t and
s; 2 1 for natural numbers i and n with i <n; then A > B > 0 with A > 0 ensures

AT S {A%(A%{___{A%t(A%BPIA%)SIA%}I’Z___}pnA%)SnA%}% @1
where q(0) =1 and q(i) = (q(i —1)pi+1)s; —

Here a generalization of Theorems 1.2 and 4.1 is obtained.



CLASSIFIED CONSTRUCTION OF OPERATOR FUNCTIONS II 781

THEOREM 4.2. Let i and n be positive integral numbers with i <n, t; € [—1,0],
ri> tl,leI,andpl/mwhere q(07ro)—1andq(z ri)=(q(i—1,ri_1)pi+
l‘,‘)S,‘—FV,‘. Then C, 2 A, >2Ch1Z2A, 12 2C2A;>2-->2C1 2A 2B >0 with

A1 > 0 ensures the function

1+tn+m —n

F(rmsn):Cﬁ{cn%n(A:?{...{Cl%l(A%BplA%)“'lc%}m...}P"A:l )S"C } ot G, 7

is decreasing for both r, > —t, and s, > 1. In particular, the inequality

L
2

I+tn+ry 2 2 % P1 %‘ 51~ P2 \Pn % Sn %1 th"%
C, > {C (A{ {CP (AFBMAT)'CT} YA )G Y ) (4.2)

holds for r, > —t, and s, > 1.

Proof. This result is proved by induction. Denote By = B and

1

Bq( =2,ri2)pi- IA l)st IC 1} —1ri_1)
11—

S
(4,

B={C7 (A
when i > 2. Then

l+th+rm  —m

F(ru,sn) = Cy " {Cz (Aqu(n Lry— 1)PnAz)anz } qom) 2

If n =1, it is sufficient to prove that the function

l+t +r1 —r

—r r t t
Flros) =G {cf (af Braf)icd )l ¢
is decreasing for both r; > —#; and s; > 1, and this is just Theorem 1.2.

Suppose Theorem 4.2 holds for n, that is, the function F(r,,s,) is decreasing for
both r, > —t, and s, > 1. In order to complete the proof, it is sufficient to prove
Theorem 4.2 holds for n+ 1.

In fact, by the case n of Theorem 4.2, (4.2) holds, that is,

Lttntrm

C1+fn+rn > {Cz (Aqu(" Lirp— I)PnA 2 )S"Czn} atnm) 4.3)

Hence C,4+1 > A1 2 Gy 2 By41, thus by the case n = 1 of Theorem 2.1 and
q(n,ry)pnt1 = 1, the function

+l Ity 1+ ’rnJrl

)‘n+1C } qnt+Lry 1) C

rn+l
n+l

[
2 q(n,rn) Pp+1 2
n+1 Bn+1 An+1

F(rnJrlaanrl (A

is decreasing for both r,, | > —#,4+1 and 5,41 > 1.

COROLLARY 4.3. Let i and n be positive integral numbers with i < n, t € [—1,0],
ri>= —t,si=1,and p; > m where q(0,r0) =1 and q(i,ri) = (q(i—1,r;i_1)pi+
t)si+ri. Then C > A > B >0 with A > 0 ensures the function

'n

F(rn,sn) = m{Cm( { {CZ(A2BPIA2)S1 %}Pz }p"AZ)S"Cz}q"’n)C7
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is decreasing for both r, > —t and s, > 1. In particular, the inequality

1+t+m
m)

clHim > % (A%{...{C%‘ (A%BMA%)”C% }PZ...}P"A%)S"C%"} an,
holds for r, > —t and s, > 1.

Proof. By putting t; =t, C; =C and A; = A in Theorem 4.2, Corollary 4.3 fol-
lows.

COROLLARY 4.4. Let i and n be positive integral numbers with i < n, t € [—1,0],
r>z —t,s;i>1 and p; > ﬁ where q(0) =1 and q(i) = (q(i—1)p;+1)s;—t. Then
A > B >0 with A > 0 ensures the function

F(r,sn) :A%'{A%(A%{...{A%’(A%BmA%)“A%'}W...}P"A%)S"A%}%A%'
is decreasing for both r > —t and s, > 1. In particular, the inequality
Al S {A%(A%{...{A%(A%BPIA%)'YIA%}FZ...}p”A%)S”A%}%
holds for r> —t and s, > 1.

Proof. By taking C=A, rj =--- =r,_1 = —t, r, = r and ¢(0,r9) = ¢g(0) in
Corollary 4.3, then ¢(0,r9) = 1, gq(i,r;) = q(i,—t) = q(i) when 1 <i<n—1 and
q(n,rm) =q(n,r) =q(n)+1t+r, so that Corollary 4.4 follows.

Corollary 4.4 implies that the condition p; > 1 can be replaced with p; > q(l.l_l) (<

1) and released for —— < 1.
q(i—1)
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