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ON GENERALIZATION OF MOSER’S
THEOREM IN THE CRITICAL CASE

ROBERT CERNY AND SILVIE MASKOVA

(Communicated by B. Opic)

Abstract. Let Q be an open bounded set in R"”, n > 2. In paper [13] Moser proved that for
ael -1
every K > Ky = n’Tl w, "} we have
sup{ [ e (L)) - rewg (@), v slis < 1} <=,
Q

but for K < Ky the supremum is not finite.

In this paper we study the critical case K = Ky for arbitrary Orlicz-Sobolev spaces with
Young functions that behave like " close to e. We show that for functions like (1 —log™“t)
the supremum is finite for ¢ > 1 but infinite for 0 <a < 1.

1. Introduction

Throughout the paper € denotes an open bounded set in R"”, n > 2. We write

n = 4 (e 14 L —1)and w,_ is the measure of the surface of the unit sphere in

n n
R”™.

The classical Sobolev embedding theorem states that WO1 P(Q) is continuously
embedded into L (Q) if 1 < p <n and p* = % If p > n then every function
from WOI’I’(Q) is bounded (i.e. belongs to L*(Q)) and in the limiting case p = n it is
known that every function from WO1 ™(Q) belongs to LI(Q) for every 1 < g < o but
not necessarily to L=(Q).

A famous result by Trudinger (see [11], [16], [18] and [19]) implies that the
first-order Sobolev space WO1 "(Q) may be continuously embedded in the Orlicz space
L®(Q) with the Young function of the exponential type ®(r) = exps” — 1,7 > 0. These
results were later generalized to many function spaces close to W1 (see e.g. [2], [3],

[9D).
w1l 1
In [13] Moser proved that for K > Ky = n w, ", we have

sup{ [ exn((LE1)"): p emy@ vl < 1} <= )
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but that for K < Ky the integral [ exp((f(Tx))"/) can be made arbitrarily large by an

appropriate choice of f € WO1 ™(Q), ||Vf||ltr < 1. We would like to explore this phe-
nomenon in detail. In fact, we show that this result is no longer true in the critical case
K = Ky if we replace the function 7" in the definition of the L"-space by an arbitrary
Young function that behaves like ¢ close to e. Moreover we give sharp bounds on the
Young function for the validity of the results in the case K = Kj.

By Vf we denote the generalized derivative of f while Wol’"(Q) and LY (Q) stand
for the closure of Ci(Q) in W!(Q) and L?(Q), respectively. For the definition of the
norm in L®(Q) see the Preliminaries. By WL®(Q) we denote the set of all functions
f such that f,|Vf| € L®(Q). This space is equipped with the norm

1 fllwee @) = Ifllo@ + Vo) -

By WoL®(Q) we denote the closure of C5’(Q) in WL?(Q).
Let a > 1. Our positive result states that the conclusion of (1) is true in the critical
case K = Kj for functions that behave like #*(1 —log™“¢) for ¢ close to .

n-1 —1
THEOREM 1.1. Let Q be an open bounded set, a > 1 and K = n’Tl w, " . Then
there is A > 1 such that every Young function ® satisfying
D) =1" for t€0,A]
D) > t”(l —log‘“(t)> for t €A )

has the following property:
For every f € WoL®(Q) such that [o ®(|Vf(x)|)dx < 1 we have

[eonl(2)arce,

where C depends on n, £,(Q) and a only.

Conversely, if the power of the logarithm satisfies 0 < a < 1, then the supremum
is not finite.

=1 -1 .
THEOREM 1.2. Assume 0 <a <1, K=n""n m, " . Let ® be a Young function
such that there are Ly > 1 and L, > e satisfying

o < {th” fort €[0,0) @

<1 —log*“(t)>t" fort € [Ly,eo) .

Then for every m € N there is f € WoL®(B(0,1)) such that Ty @V (x))dx <1

" [ on((20) ) axsm.
B(0,1) K
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Now let us recall what was known before we started our research. It is known
that the space WoL"log*L(Q) (i.e. the space WoL®(Q) with the Young function ®
satisfying ®(r) = ¢"log*(¢) on [fy,o) for some #p > 0), o < n— 1, is continuously
embedded into the Orlicz space with the Young function exp(¢¥) — 1, where

"o,

r= n—1—o
These results are due to Fusco, Lions, Sbordone [9] for o¢ < 0 and Edmunds, Gurka,
Opic [3] in general. For other results concerning these spaces we refer the reader to [4],
(51, [6], [7], [8] and [14].

Analogy of Moser’s result in this setting was shown by Hencl [12]. It is shown
there that for every Young function @ such that

D(s o N5 o1 1
(t) ) n i

g™t =1 and for every K > Ky = (1 ——
we have

sup{/ exp((@)y) fe WOL‘D(Q)7/ o(Vfdx<1h<e. @)
Q K Q
Conversely, if K < K then the supremum is not finite.

In the critical case K = Ky, it is shown in [12] that there are Young functions @
and @, that behave like 1"log®(¢) close to o, the conclusion of (3) is valid for @, but
the supremum is infinite for ®,. However, there is a huge gap between the functions
®; and ®,, because

D, (t) ~t"log®(t) <1 - ;> and @ (¢) ~1"log*(r) (1 +log*“(t)>

V/log(log (7))

for some a € (O,min(l, %)) . In fact, even in the simplest Moser’s case oo = 0 and
K = Ky these results are not sharp enough to say anything about the Young function
®(z) =1". One of the motivations for our research was to close this gap and we have
found sharp criteria in the simplest model case o =0.

The proof of Theorem 1.2 is given in the third section. We modify the construc-
tion from [12] and we use more careful estimates. Section 4 contains the proof of
Theorem 1.1. The basic outline of the proof is similar to the one in [12], but our result
requires new ideas and a finer technique.

2. Preliminaries

We denote the n-dimensional Lebesgue measure by .%,.

By B(0,R) we denote an open Euclidean ball in R” centered at the origin with the
radius R > 0.

A function @ : RT — R™ is a Young function if ®(0) = 0, ® is increasing and
convex.
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We denote the Orlicz space corresponding to a Young function @ on a set A with
ameasure 4 by LP(A,du). This space is equipped with the norm

[1£1120 4 ap) :inf{/l >0:/Aq><vgt—x>|> du(x) g@(l)}. (4)

Note that this deﬁnition is slightly different from the usual definition where the con-

dition [, ® ( )l)du( ) < ®(1) is replaced by [, ® ( )‘)du( )< 1. We use (4)
to have the generahzed Holder inequality with the multlphcatlve constant 1 (see (8)
bellow). If ||f][,@ (4 4) > O then it follows from Fatou’s lemma that

/()]
O —————)d <O(1). 5
L () 0 <000 ®
Further from (4) we have

q)()(t) == th)(t) on [O)oo) Wlth o > 0 = HfHLCDO(A,d/J) - HfHL(D(A7d,LL) . (6)

For any given differentiable Young function @ we can define a generalized inverse
function to ¢ (u) = @' (u) by

y(s) =inf{u: ¢(u) > s} for s>0

and further we define its associated Young function ¥ by

t
:/u/(s)ds for t>0.
0

If &y and ®; are Young functions and ¥y and ¥, are their associated Young func-
tions, respectively, then we have

Dy(t) = ®@i(t) on [0,00) = Wo(t) <¥i(t) on [0,00). 7

The dual space of L*(A,du) can be identified as the Orlicz space LY (A,du). If
in addition we have ®(1) +¥(1) = 1 then the following generalization of the Holder
inequality is valid (see [15] page 58 for the proof)

1 0)80)an0) <11 a8l - ®)

We use this inequality for a measurable set A C R and the measure du(y) = w,_1y" " 'dy.
For an introduction to Orlicz spaces see e.g. [15].
The non-increasing rearrangement f* of a measurable function f on Q is defined
by
Ao =inf{s>0: L({xeQ:|f(x)| >s}) <t}, 1>0.

We also define the non-increasing radially symmetric rearrangement f* by

PO = (ZEN) for xe BOR), Z(BO.R) = Z,(9).
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For an introduction to these rearrangements see e.g. [17]. We need the fact that for
every Young function @ and for every measurable function f: Q — R we have

5@
Lets@hac= [ o ha= [ e o)y

We also use the Polya-Szeg6 principle (see e.g. Talenti [17] for the proof).

THEOREM 2.1. Let Q be an open bounded set and let R > 0 be such that
Z(B(O,R)) = £,(Q). Let ® be a Young function. Suppose that the function f: Q —
R is Lipschitz continuous, [o®(|Vf|) <o and f € WoL®(Q). Then f* is locally
absolutely continuous and

Levrnas> [ a(vr o)

By C we denote a generic positive constant which may depend on n, %,(Q)
and ®. This constant may vary from expression to expression. Some lemmata state
that for every a > 0 or b > 0 something is true. Then this constant C in the proof of
such a lemma may depend also on fixed a > 0 or b > 0.

Sometimes it is convenient for us to write C;, C,, etc.

3. Counterexample

Proof of Theorem 1.2. For s > e we define fs(x) = gs(|x|) where

n—1

(—2y+2)Knlog(2)s %(l—kl(’g()) " forye[3,1]
gs(y) = Knlog(é)s’%( log ) fory € [e™

s 1<1+l°%,( )> ! fory e [O,e_

:M
NI>—‘
—

e
—

An easy computation gives us

(S SIS ST

log( )

)s — oo,
s—00

> Ce (14

It remains to prove that [ )y ®(|Vfs]) < 1 for s large enough.
Set M = M(s) = gy -
exp(—2) <M< % and therefore

Plainly there is s; > e such that for s > s; we have

1
[ etgmy—tav=[" [ =nin. ©)
0 e ’1



790 ROBERT CERNY AND SILVIE MASKOVA

Obviously |gi(y)| < Cs™i < Cs’%i for y € (3,1) and |gi(v)| < Cs’%i also on
(M, %) It follows from (2) and log(ﬁ) = log?(s) that

! / n .n—1 —1 ldy —1 1
12<C/ g’ W)y dy <Cs /—=Cs 10g<—)
M My

M (10)
< Cs 'log?(s) .
Since M = m we can find s, > s; such that if s > s, then
; 1 1 = 1
ye (e F.M) = g0 = Kntst (1428 T o Lok,

) y K M

Plainly there is s3 > s, such that for s > 53 we have
: 1 =t
swp 00| = tim|gl0)] = Knehs (14 12E) T <o
ye(g7%7M) yﬁ(eiﬁ)ﬁ’ §
Thus (2) gives us for y € (e’% ,M) that
! 1 / n
() < (1= ) gl (an
a1

From (11), K = n*Tla)nj1 and log(4;) = log?(s) > 0 for s > 53 we have

1 / n.n—1

n<(1-2) [ 18y tay
e n
O
s s ey (12)

—1
L (1) (1 ey,
;1 54 s

Since 0 < a < 1, using (10) and (12) for s large enough we finally obtain

1
[ V@D =, [ g0y dy = ot 1)
B(0,1) 0

1 1 n—1
< (1 - s_“> <1 + %) +Cs Mog?(s) < 1. O
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4. Bounded norms

Most of this section is devoted to the proof of the following proposition which is
a weaker version of Theorem 1.1 with the additional technical assumption:

1 O(t
There are @ > 0 and 7 € (0, 5) such that ¢(r) := # satisfies
o(r5) _ 1 (1
(pl(;)a < - whenever 8 € (0,7) and 7€ (0,0).

This assumption is removed at the end of this section.

PROPOSITION 4.1. Let L be an open bounded set, a>1 and K=n"7n w,",.
Then there is Ag > 1 such that every Young function ® satisfying

S|—

D(t) =1" for t€]0,A

D) > t"(l —log*“(t)> for t€Ap,o) (14

and condition (13) has the following property:
For every f € WoL®(Q) such that [o ®(|Vf(x)|)dx < 1 we have

feonl(2) arce,

where C depends on n, £,(Q) and ® only.

The proof of Proposition 4.1 is based on the generalized Holder inequality. There-
fore it is convenient for us to deal with the Young function ®y = }%CD instead of @ (note
that Young functions @ and @ give us the same norm by (4)). First we need some
estimates of the Young function associated to @ .

LEMMA 4.2. Let Ag > 1, 1 < b < a and suppose that the Young function @
satisfies

1
Dy(1) = -1" for t€10,A]. (15)
n
Let Wy be the Young function associated to ®y. Then
n—1
Yo(r) = T for t€]0,Aq]. (16)
n

Moreover, there is A1 > 1 such that if Ao > Ay and D satisfies in addition

@o(e) > @ ()= 1" (1-log (1)) for 1€ [Ag.e0), a”

then

Yo(r) <P(1) = ;lz%<1+1og—”(z)> for 1€ [Ag,) . (18)
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Proof. Property (16) immediately follows from the definition of the associated
Young function and the fact that Ag > 1.

Let us prove the second part of the lemma. If By > 1 is sufficiently large and
Ao = By, then the function @; can be extended from [Ag,e) to a Young function
defined on [0,o) such that ®@;(z) < %t" for ¢ € [0,00). Thus for every Young function
@ satisfying (15) and (17) with this Ag we have

Do(t) > D (1)  for 1€]0,00). (19)
Let us fix by € (b,a) and put

\pl(,):”_ltn"ﬁ(wlog—bl(z)) for 1€ (0,00) .

n

Denote ¢ =@}, yi =¢; ', ¥1(t) = [; y1 and §; =¥} Clearly as a is nonnegative
and By > 1 for every t > B| we have

01(6) =" (1=1og () + Zlog (1)) =" (1 = log (1)) = §(1) .
n
Further there is B, > B such that for every ¢t > B;

n—1

log~ 217 1(z )
—log (t)
1
>t (1 + Elog*”'(t)> =) .
Clearly, as 0 < by < a, there is Bz > B, such that for ¢ > B3 we have
1 _p n—1 —u 1
<1+§10g 1(t)) (l—log (tnfl)> >1.

Moreover (1) > tﬁ for # > 1, which implies

1—log “(W(t)) > 1 —log_“(tﬁ) )

Therefore there is B4 > B3 such that for all # > B4 we have

It follows that ¢, (Jr(z)) > ¢ for r > B4 and thus
ZIORRORSTION (20)
Hence W/ (t) < ¥/ (¢) for t > B4 and we can find C > 0 so that for # > B4 we have

Y1) <Pi(t)+C.
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Together with b < b this implies that there is A; > B4 such that for all # > A; we have
Wi(t) <P(r) .
Thus if Ay > Ay, then (7) and (19) imply
Wo(t) <Wi(t) <P(r)  on [Ag,) . O

: 1
Now we need to estimate the term HF I L¥0((t.5), 01y~ 1dy) -
LEMMA 4.3. Let b > 1. Then there is Ay = Ay(b) > 1 such that if the Young

function Wy satisfies
n—1

21

and

LY = n=lyty A
- <{ (1) = for t€[0,A;] o

Po(0) = L7 (1410g () for 1€ [Az,e),
then for 0 <t < s < oo we have
1

‘ )%“L\PO((I,S)7wn—1yn71dy) <w <log< ) l>% ' 23)

Proof. We want to prove that for

n—1

A= w:zll <log( ) + 1)T

1
¥ < )wn n—lay <P
/I 0 Ty 1y y < Wo(l) =
Recall b > 1. Letus find Ay = A»(b) > 1 large enough so that

log' "(A2)
(n—1)(b-1)

we have
n—1

<1. (24)

Set M = (Az/l)_ﬁ € (0,0). We distinguish three cases. If 0 < M < ¢, then we have
ﬁ € [0,A;] forall y € (¢,s) and from (22) we obtain

1 _ n—1w,—1 [*dy
o 2 [
/ 1}(}’11 nly y n Aﬁ p y

~ n—1log(s)—log(tr) n—1 log(}) n—l
on log())+1 n o log(})+1 " n

and we are done. If s <M, then Ay < ﬁ
¥ (t), t >0, and the fact that

(Wl‘)g“b(ﬁ))/ ~tog ™ (=) (25)

. Hence from the estimate ¥ (r) <V (7) <
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we obtain from (24)

1<t [ 110g( LJ)%

:n_llog(;) m(log ( = )—log ( 11))

n log(f) +1
_n—tlog(p)+ e log " (A2)
S oon log(2)+1

n—1
<

n

In the remaining case t < M < s using (22) we have

M 1
Ié/t ‘{’2()L p 1>(Dn " ldy-F/‘f’l Ty 1>(Dn ' dy=h+1h.

Further

12:”_1“’";1/‘d_y:”__lwngllog<i>.
no AT no AT M

Using (22) and (25) we obtain

n=tm [ (et ()
- (x5 gy (o () 18 (5)
< n; 1 i)z <log<¥> _i_mlogl—b(lqz)) .

Therefore from (24) we have

n—1 s 1 n—1
r<nth< e (log(2) + —————log" (4)) < = . D
s =i e ) el W) <=

If we consider the function ®(¢) = ¢" then the norm corresponding to this Young
function has the following property:

If HfHL(I)(((XvB%dM) = l’ Y€ (aaﬁ) and HfHL&’((Oc,y),dp.) L then HfHch (v,B) dp.)

(1— L”)% . In the proof of Proposition 4.1 we need a similar property of the norm given
by the Young function ®.

LEMMA 4.4. Let ®(t) =1"¢(t) be a Young function satisfying ¢(1) =1, ¢(¢) €
[%, 1] on (0,00) and (13) Then there is 1 € (0,1] with the following property:
(.B)dw) < L and || fll e (ay).ap) =L then || fl] o (y.p).au) <

1—nL".
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Proof. Since ||f|[,0((q.p)au) < 1. by (5) we have

B B
[ r@esdne = [T o()dnm <om=1. @6

From || [0 ((a.p)an) =L > L:= 2L%L and (4) we obtain

[ o) [ 3o =

and thus the assumption ¢(¢) € [%, 1] implies

[ r@otenanc > [[1(B2) To(B ) dueo > = qur. e

Therefore from (26) and (27) we observe

B
/y £ O (x) du(x) < 1— %L" . (28)

Letus find n = n(w,7,n) € (0,7) (where ® and 7 come from (13)) small enough so
that for every ¢ € [0,1] we have

<1—1nt>n<1—lwnz>< 1_1410' (29)

Hence from (13), (28) and (29) we obtain
B x B X n X
/y q)(li(in)lj') du(x) = /y (1 J—C(n)L”> ¢<1 J—C(n)L”> du(x)
< [ (=) 70 (o) 0

< ! b d <1l= O
T [ e anc <1 =w().

Now we can prove Proposition 4.1. The proof uses some ideas of Garsia [10] and
also the technique used in the proof of Lemma 3.2.2 in [1].

Proof of Proposition 4.1. Let Ay > max(A1,A,) (A} and A, are given by Lem-
mata 4.2 and 4.3) be large enough so that (1 —log™“(t)) > 1 for t > Ag. Further we
can suppose that @(¢) <" on [0,o0) (the smaller @ is the worse). Hence ¢(r) = (thf) €
[3,1] on (0,e¢) and we can use Lemma 4.4.

As Ap > max(A;,A;), Lemma 4.2 and Lemma 4.3 give us estimate (23) for any
couple 0 <t <5 < oo.

Since the C;(Q) functions are dense in WoL®(Q) (by the definition) we can sup-
pose without loss of generality that f is Lipschitz continuous. Find R > 0 such that
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Z(Q) = £,(B(0,R)). From the basic properties of the radially symmetric rearrange-
ment we obtain

X)\ 7ot #(X)\ 7T
oo (G ) ae= [ en((52) )

and the Polya-Szego principle (Theorem 2.1) gives us
| (v mhdx< [ o(vrhds<1. (30)
B(0.R) Q

Hence we can suppose without loss of generality that f(x) = g(]x|), g is non-increasing,
classically differentiable almost everywhere and moreover Q = B(0,R).

Since f € WoL®(Q) we have g(R) = 0. Put du(y) = w,_1y" 'dy. From the
assumption [ ) P(|Vf(x)[)dx < 1, we obtain

[rentsmhan= [ Laggno v tas=1 [ oqur)ar

n JB(O.R)
<Louy =L oo
X n = n =0
and thus
Hg( )HL‘I’O( R).d )<1~ (3D
Further (8) (recall ®y(1)+W¥o(1)= % + ”T =1)and (23) giveus for 0 <7 <s <
R that . |
g ' / d — / 7d
9< [ Bl = [ HOl g
, 1
— 32
Mot || 577 o (32)
_1 ) el
< 0, 118" O 220 (1. ) <10g<;> + 1)
Since g(R) = 0, estimate (32) in the case s = R reads
1 R o
8(0) < 0, 118/ 0|0 oy (102 (7) +1) - (33)
Set i
_ (8(Re"m) N\
G(z) = ( - ) Z. (34)

The substitution y = Re i gives us

X)\ o1 R N
/B<07R>6Xp<(¥> >dx:w”’1/o eXp((%) )y tay

A A~ -
_c/o exp(G(z))dz—C/O /_G(Z)e didz  (35)
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where
E)L:{ZE (0,00) : —G( </’{}
We want to estimate |E; | for every A € R. For z € (0,0) let us set
L(Z) = Hg (y)HL‘DO((O,Re’%),dy) .
From (31) we see that we always have 0<L(z) < 1.
l

If z€ E), thenfrom K =n"n ‘o (33) and Lemma 4.4 together with (6) and

n— l’
(31) we obtain
z—A < (g(Reiﬁ)yT
K
1
®, " z o et
S ( K l (10g<e"> +1> |‘g/(y”‘L“’O((Re*%,R),dM))
n—1 n n_
< (i (E41)
n

And thus

This immediately implies
E;,=0 whenever A < —n (36)

o ') KCA+C  for A>-n,z€E, . (37)

We want to show that |E} | is small also for A > —n. Suppose 1,22 €Ey,zuzn
and 75— 71 > n. Letus set § = (za—z;)"" . Using K =n~"7 @, "1, (6), (32), (33)
and 2= +1<2(n—21) = 287 T we obtain

_2 n
Zl+6"nj—l :Zz_lg <w>n*l

5 (1og(eF ) +1) 7 g0l "

n—1 n—1 n

+1> "4nm <Z2;Z1+1> ! L(11)>m

n—1

L20((Re~ 7 Re~ n)du))

K
g 1<log< 71) + 1)T|‘gl(y)HLd’O((Re’%l,R),dy)
(G

(
(
<((

Z1+n +2 n 5L(Z1)>m .
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Further the inequality

d
o+ B0 < o0 4 B - 146
( )s xe[(E)l,)[%] dx <( %) )

= a0+ B(1+0)(a+p)’ <a'T0+(1+0)2°(a”B+B17)

which is satisfied for o, 8,0 > 0, implies

24871 =2 <zr+n+ (@ mFSL(a) + 57TLT (@)

1
hence using (37) and the estimate (z; + n)é < 2z} (recall z; > n) we obtain

ST KA +n+2C5(CLA +C)i 8 + 3L (z)8 7T (38)
Further the Young inequality
el 1 n
aB < —a"+ — BT
n nﬁl ent
implies (with suitable € > 0)
|
2G(CIA+C)id < A +Cs+ 87T (39)
From (37) we see that there are Cg,C7 > 0 such that if z; > C¢A + C7, then
n— 1
GLT () <5 - (40)

Further we can assume that C¢A +C7 > n for any A > —n. Therefore from (38), (39)
and (40) we obtain for z; > CgA +C7 and 2o > 71 +n
1

1.
g(zQ—zl) = §6ﬁ <A+n+CA+Cs<C+CA.

Hence we see that |E;| = |E; N (—n,CeA + C7)| + |[Ej N [CoA +C7,00)| < C+CA.
Using this estimate and (35) we conclude the proof with

/exp((%)m)dxgc/w \E;|e ™ d, </w(C+C)L)e”ld)L <C. 0
Q —o° —n

In the following lemma we show that there is a suitable Young function satisfying
assumptions of Proposition 4.1. After this we use such a Young function to remove
assumption (13) from Proposition 4.1 and we obtain Theorem 1.1.

LEMMA 4.5. Forevery a > 1 there are Ay > 1 and A, > Ay such that

" t €[0,A)
O(1) = A8+f1§0max(nﬁg’l7%<s"(l—log’%(s)>>>ds t€An,A] @1
t”(l —log*”(t)> t€lA;,)

is a Young function satisfying assumptions of Proposition 4.1.
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Proof. If Ay > Ao (Ay is given by Proposition 4.1) is sufficiently large, then there
is A; > Ag such that ® is continuous. It is not difficult to see that ® is also increasing
and convex provided Ay is large enough. Property (14) follows from (41).

It remains to check condition (13). In the sequel, we say that (13) is satisfied on
the interval I C (0,0) if the inequality in (13) is satisfied for couples 7, {75 € I.

Step 1. (Properties of condition (13) restricted to an interval)

First, we claim that if a nonnegative nondecreasing function @ satisfies (13) on [
then also ¢ := ®+C, C > 0, satisfies (13) on I (with the same parameters @ and

7). Indeed, (13) applied to @ on [ implies (recall that we denote ¢(z) = (’))

g

< .
1—wé

The second claim is that if 0 < @ < § <y < o and @ satisfies (13) on (a, ] (with the
parameters @; and 7y ) and on [f,y) (with @, and 7,), then @ satisfies (13) on (ot,7)
(with 0 = w1+, T= %min(rl ,T2)). Let us prove this claim. If either 7, =5 € (o, ]
or t, 11_6 € [B,7y), then the proof is obvious. Therefore let us suppose that ¢ € (a, 3)
and 55 € (B,y). Hence (13) on (o, B] and on [B,y) gives

o(t55)  ¢(i5s) 0(B) o1 1L 1
o(1) d(B) o(t) " 1-wmdl—wd  1—(w+w)s "

Step 2. (We check (13) for each part of the function ®)

First, on (0,4o] we have ¢ (1) := 20 — = 5 = 1. Hence (13) is satisfied on (0,Ay).

[Il
Next we claim that for every b > 0 there is B > 1 such that the function ®,(¢) =
'@y (1) = t"( log_b(t)> satisfies (13) on [B,e0). To show this, let B > 1 be large

log(1-96)
log(B)

enough so that log~?(B) < 1 and —§ for every § € (0,1]. Then there is
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® > 0 such that for every § € (0, 3] and t > B we have
¢b(—5) _1-log "(i5)
(1) l—bg *(1)
log~?(t) —log? (<
N (1) (55)

1 —log™(1)
- log (1) log ™" (45)
= Tt a)(l‘_ log (1) )

—b _ _ _
=1 s (- () )
_ . log™’(r) log(1—8)\~*
_1+1—]0g (1‘) (l_(l_ IOg(I) ) )

1

<1+3(1-(1-(-8)7")

3
- B p 2(148)"—
=1+1—(1+8) == 0rep
1

b_ < < —.

214+8)" -~ 1< 1+ 08 < T

Hence we are also done on [Al,oo) provided A is sufficiently large (take Ao large).
From (41) we see that there is A, € [Ag,A;] such that ®(¢) = A% + A}~ (t — Ag)

on [Ag,A,] and ®(t) = "(1—log™“T () +C on [A;,A,], with C > 0. Therefore the
first claim from Step 1. and the above claim concerning the function (1 —log~*(z)),
b:= %L imply that we are also done on [A5,4].

Ao+n( L5 —Ao)

Finally, as the function ¢ — is decreasing on [Ag, ) (the derivative

A()Jrn(t A )
is %) it attains its maximum at Ao. Hence on [A(,A,] we conclude
b1 H( L
¢(~175) _ (le )(l _5);1
o (1) (1)

_ A8+HA871(ﬁ —A~0)
Ag—knﬁg_l(t —Ap)
A()-l-n(li—s —Ap)
Ao—Fn(l—Ao)
A0+n(— —A())
< A()
_ l+(n—1)8 < 1 '
1-96 1—nd

(1-9)"

Step 3. (We prove (13))
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Since all four parts of the function ® satisfy (13) on the corresponding intervals by
Step 2., applying three times the second claim from Step 1. we obtain that ® satisfies
(13) on (0,0). O

Proof of Theorem 1.1. Pick ® from Lemma 4.5 and set A = A . If a Young func-

tion @ satisfies assumptions of Theorem 1.1, then we have ®(¢) > ®(¢) on [0,).
Hence every function f € WoL®(Q) such that [, ®(|Vf(x)|)dx < 1 satisfies also
Jo ®(JV£(x)|)dx < 1 and Proposition 4.1 together with Lemma 4.5 conclude the proof.
]
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