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BOUNDEDNESS OF GENERALIZED RIESZ
POTENTIALS ON SPACES OF HOMOGENEOUS TYPE

LIGUANG L1U, DACHUN YANG* AND YUAN ZHOU

(Communicated by L. Pick)

Abstract. The authors introduce a class of generalized Riesz potentials with kernels having weak
regularity on spaces of homogeneous type in the sense of Coifman and Weiss and establish
their boundedness on Lebesgue spaces and Hardy spaces. As applications, the authors obtain
the boundedness on Lebesgue spaces and Hardy spaces of commutators generated by Lipschitz
functions and generalized Riesz potentials or Calder6n-Zygmund operators with kernels having
weak regularity on spaces of homogeneous type.

1. Introduction

Let A be the Laplacian on R”. It is well known that the Riesz potential, (—A)~%/?
with a € (0,n), is a useful tool in a variety of problems in analysis such as Partial
Differential Equations and Harmonic Analysis; see [24, 25, 5, 9, 27, 26, 8]. Riesz
potentials on metric measure spaces also attract a lot of attention; see, for example,
[10, 11,21, 22,29].

In this paper, motivated by Kurtz [16], we introduce a class of generalized Riesz
potentials with kernels having weak regularity on spaces of homogeneous type in the
sense of Coifman and Weiss [3, 4], and obtain their boundedness on Lebesgue spaces
and Hardy spaces. As applications, we also obtain the boundedness on Lebesgue spaces
and Hardy spaces of commutators generated by Lipschitz functions and generalized
Riesz potentials or Calderén-Zygmund operators with kernels having weak regularity
on spaces of homogeneous type.

We first recall some basic facts on spaces of homogeneous type. Let 2" be a set.
Endow 2~ with a positive Borel regular measure p and a quasi-metric d satisfying
that there exists C; > 1 such that forall x, y, z € 2,

d(x,y) < Ci(d(x,2) +d(y.2)). (L.1)

The triple (£",d,u) is called a space of homogeneous type in the sense of Coifman
and Weiss ([3, 4]) if u is doubling, namely, there exists C, > 1 such that for all x € 2~
and r >0,

U(Ba(x,2r)) < Copt(Ba(x, 1), (12)
where By(x,r) ={y € Z : d(x,y) <r}.
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We remark that although all balls defined by d satisfy the axioms of complete
system of neighborhoods in 2", and therefore induce a (separated) topology in 2", the
balls B;(x,r) for x € 2 and r > 0 need not to be open with respect to this topology.
However, by Theorem 2 in [19], we know that there exists a quasi-metric d such that d
is equivalent to d and the balls corresponding to d are open in the topology induced by
d . Based on this, in what follows, we always assume that the balls corresponding to d
are open in the topology induced by d. Otherwise, we replace d by d, since all results
in this paper are invariant for equivalent quasi-metrics. Throughout this paper, we also
assume that p(2") = and u({x}) =0 forall xe 2 .

Recall that the measure distance p, induced by the quasi-metric d and the measure
U, is defined by that for all x, y € 27,

p(x,y) =inf{u(By): By is aball containing x and y};

see [4, 19]. Macias and Segovia [19] proved that if the balls corresponding to d are
open in the topology induced by d, then p is a quasi-metric where we denote by C3
the corresponding constant in (1.1), the topologies on 2" induced by d and p coincide;
moreover, there exists C4 > 1 such that forall x € 2" and r > 0,

Cylr < u(Bp(x,r)) < Cyrs (1.3)

see Theorem 3 in [19]. We conveniently mention that if y and p satisfy (1.3), then the
triple (2", p, 1) is called to be normal; see [19, p. 258]. In general, p is not equivalent
to d. We recall that the quasi-metric p is said to be equivalent to the quasi-metric d if
there exists C > 0 such that for all x, y € 2", C~'d(x,y) < p(x,y) < Cd(x,y). Macfas
and Segovia in [19, Theorem 2] proved that there exists a quasi-metric 0 on 2~ which
is equivalent to p and satisfies that there exist constants 6 € (0,1) and C > 0 such that
forall x, ¥, ye 2,

°

16(x,y) =P, ¥)| < Cp(x,x))° [ (x,y) + (' y)] 0. (1.4)

Noticing again that all the conclusions in this paper are invariant for equivalent quasi-
metrics, thus, if it is necessary, we may also assume that p itself satisfies (1.4). In the
sequel, O is always taken to be the same as in (1.4). Moreover, by the proof of Theorem
2 in [19], we know that 0 in (1.4) can be taken to be 1/log,[C3(2C5+ 1)].

Motivated by [16] on R” (see also [13, 23]), we introduce the following classes of
kernels with weak regularity of generalized Riesz potentials on (27, p,u).

DEFINITION 1.1. Let x € [1,e0) and K be a locally integrable function on 2" x
Z\{(x,x): xe 2}.

(i) The function K is said to be in Dy (k,y) with y € [1,0) if there exist constants
Ck > 2C5 and C > 0 such that forall x, y € 27,

1y
{ K(e) =K an@ ) < Clpluy]r
P(x2)>Ckp(x.y)
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(ii) Let 1 = {n;}jen C [0,0). The function K is said to be in D, (x,y,n) with
y € [1,00] if there exists a constant Cx > 2C3 such that for all x, y € 2" and j € N,

1y .
[ K(e) Kl dn@) h < mCep(ay)]! 7
R;(Bp(x.Ckp(x)))

where and in what follows, R;(Bp (x,r)) = By(x,2/71r) \ By (x,2/r) forall x € 2" and
r > 0, and the usual modification is made when y = oo.

We now give some examples of kernels satisfying Definition 1.1 on R”. Let Q be
homogeneous of zero on R" and w, be its L4(S"1) integral modulus of continuity. If
K €[1,n), q € (k,°°] and

K(x,y) = =y Qx ~y)

for all (x,y) € R" x R"\ {(x,x) : x € R"} with Q satisfies the L7-Dini condition,
namely, [o @,(s)s™'ds < oo, then K € Dp(k,K); if x € [I,n/(n—1)), q € (k,oo]
and [y w,(s)s (1H"0-1/¥)ds < o, then K € Dp(x,y) for any y € [I,k); and if
k € [1,2n/(2n— 1)), K € (k,n/(n—1)], g € (1/[1 +2n(1/Kk — 1)],o¢] and
s wq(s)s’“*”(l’l/'?)] ds <o, then K € Dy(k,y,n) with n; <27/¢ forany y € [1,k),
certain & € (0,1/k —1/K) and all j € N; see [25, 23, 6].

Let ko € [1,%0), po € (1,%0) and 1/qo = 1/po+1/Ko— 1. A linear operator T
is called a generalized Riesz potential if 7 is bounded from LP0(2") to L90(Z") with
kernel K as in Definition 1.1; moreover, T satisfies that for any f € LP0(Z") with
bounded support and x ¢ supp f,

Tfe) = [ K@) f0)au(). (1)

We first point out that on R” with the Euclidean metric | -| and the n-dimensional
Lebesgue measure u, if T is bounded from LP0(R") to L% (R") with kernel K €
Dy (Ko, ko), where p(x,y) = |x—y|" for all x, y € R", then Hormander [13] proved
that T is bounded from L!(R") to weak-L*0(R") with K € [1,); if K € Dp(ko,Y,1)
with Koy € (1,00), ¥ € [Ko,°0] and {n;} jen being increasing such that Y71 Mj <o, then
Kurtz [16] obtained the boundedness of 7' on weighted Lebesgue spaces when 1 < p <
Ko/ (Ko — 1);if K(x,y) = [x—y| "/ *Q(x—y) forall (x,y) € R* x R"\ {(x,x): x € R"}
with Ky € (1,o0), and Q being homogeneous of zero and satisfying certain type of Dini
condition, then Ding and Lu [6, 7] established the boundedness of T on Hardy spaces.
On (Z,p,u), Gatto and Vagi [10] established the boundedness on Lebesgue spaces
and Hardy spaces of Riesz potentials with kernel K (x,y) = p(x,y)!~# and B € (0,1);
Coifman and Weiss [3] proved the boundedness from L'(2") to weak-L!(2") and
from H'(2) to L'Y(2") of T with K € Dy(1,1); and the boundedness on Hardy
spaces of T with kernel K € D, (1,v,n) for certain y € [1,e°] and 7 is also considered
in [14] via certain molecular characterization of Hardy spaces related to 1.
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The main results of this paper are the following boundedness conclusions of T
with kernel K € Dy (ko,7) or K € Dy(xo,Y,1n) and ko > 1.

THEOREM 1.1. Let xp € (1,%0), p; € [Ko/(2K0 — 1),1] N [1/(1 + 0),1],
1/g1=1/p1+1/K9— 1, T be a linear bounded operator from LP°(Z") to L9(Z")
with certain py € (1,0) and 1/q0 = 1/po+1/ko—1 and T have a kernel K €
Dy(Ko,q1) asin(1.5). For p € [p1,po), let 1/q=1/p+1/Ko—1. Then T is bounded
from HP(Z) to LY(Z) for p € [p1,1] and from LP(Z) to L1(Z") for p € (1,po);
moreover, if p1 = 1, then T is also bounded from L' (Z") to weak-L*0(Z").

Let T* denote the dual operator of 7. Then the boundedness of T from L7(.2Z")
to L9(2") implies the boundedness of T* from L% (2") to LP0(Z’).

From this and Theorem 1.1, it also follows that T* is bounded from L9 (2) to
Lip(1/p—1) for p € [py,1) and from L (2) to BMO ().

It is easy to see that 1/(1+6) =ko/(2xp— 1) if and only if Ko =1/(1—6). In
Theorem 1.1, if kp < 1/(1 — 6), then p; € [ko/(2Kk0 —1),1], and if ko > 1/(1—0),
then p; € [1/(1+0),1].

When kyp < 1/(1 —6), we have the following results. In what follows, 7*(1
0 means that for any a € L'(2") with bounded support and [, a(x)du(x) =

J. Ta(x) du(x) = 0.

THEOREM 1.2. Let 1 <Ky <1/(1—-0), py €[1/(1+0), xo/2x0—1)], 1/q1 =
I/p1 +1/ko =1, y € [l,o] and n = {nj}jen C [0,00) satisfying that
T jen 21790 (0;)7 < 0o when py < Ko/ (2K — 1), or v € (1,%0] and n = {n;}jen C
[0,00) satisfying that ¥ ey jn; < o> when py = Ko/(2ko —1). Let T be a linear
bounded operator from LPO(Z") to L1(Z") with certain py € (1,00) and 1/qy =
1/po+1/x0—1 and T have a kernel K € Dy(ko,Y,n) as in (1.5). For p € [p1,po),
let 1/g=1/p+1/ko— 1. Then T is bounded from HP(Z") to L1(Z") for p € [p1,1],
Sfrom LP(Z) to L1(Z") for p € (1,po); if further assume that T*(1) =0, then T is
also bounded from HP (Z") to H1(Z") for p € [p1,ko/(2Ko— 1)].

) =
Oa

We remark that Theorem 1.1 and Theorem 1.2 on R” imply Theorem 1, Theorem
2 and Theorem 3 in [6].

If 7%(1) =0, from Theorem 1.2, it follows that 7* is bounded from BMO (2") to
Lip (1 —1/Kp) and from Lip(1/g—1) to Lip(1/p—1) when p € [p1,k0/(2ko—1)).

By the definition of the Hardy space H7(%2") with g € (0,1], it is easy to see that
T*(1) =0 is also necessary for T to be bounded from H?(Z") to H1(Z').

Notice that if 1 =27/¢, then it is easy to see that ¥ ;cy(1;)?12/(179) < oo if
and only if g; > 1/(1+¢€). Let xp € [1,1/(1—0)), e € (0,0 +1/x0— 1], q1 =
1/(1+¢) and n; < C277¢ for all j € N and certain constant C > 0. When ko = 1,
if K € Dp(kp,o0,n), then the boundedness from H'/(7€)(27) to weak-L!/(1+€)(2")
of T was established in [14]. It is still unclear if there is any similar result when
Ko € (1,1/(1-6)).

The proofs of Theorem 1.1 and Theorem 1.2 are given in Section 3 via some
general criteria for boundedness of linear operators on Hardy spaces, which were es-
tablished in [14] via the molecular characterization of Hardy spaces closely related to
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the kernel of the considered operator 7', and are stated in Section 2 for the reader’s
convenience. In Section 2, we also recall some basic facts about atomic Hardy spaces
of Coifman and Weiss on spaces of homogeneous type; moreover, we establish an inter-
polation theorem on boundedness of operators on LP(%Z") when p € (1,) or H?(Z")
when p € (1/(1+0), 1], which may have independent interest; see Theorem 2.1 below.

Applying Theorem 1.1 and Theorem 1.2, we in Section 4 establish the bound-
edness on Lebesgue spaces and Hardy spaces of commutators generated by Lipschitz
functions and singular integrals or generalized Riesz potentials with kernels having the
weak regularity as in Definition 1.1 (ii) on spaces of homogeneous type; see Proposi-
tion 4.2 below. We should point out that Janson [15] first discussed the boundedness
on Lebesgue spaces of commutators generated by Calderén-Zygmund operators and
Lipschitz functions on R"”. More references on this topic can be found in [18]. To
be interesting, if » € Lip(B) for certain f € (0,1/kp) with kp € [1,0) and T is a
bounded linear operator from L (Z") to L%(%Z") with kernel K € D,(xo,y,n) for
certain pg, qo € (1,0°), YKo € [1,°), and sequence 1, we then in Section 4 prove
that the commutator [b,T] is also a bounded linear operator from L”1(2") to L9 (.2")
with kernel K € D (k1,7,7) for certain ki, p1, qi € (1,%0) and sequence 7, namely,
[b,T] is also a generalized Riesz potential considered as above; see Proposition 4.1 be-
low. This approach is different from the known approach used for such commutators
on Euclidean spaces; see [18, 15].

We finally make some conventions. Throughout this paper, for any p € [1,e0], let
1/p'+1/p=1. We always use C to denote a positive constant that is independent of
the main parameters involved but whose value may differ from line to line, and f < g
means f < Cg.If f <g < f,we then write f ~ g. Constants with subscripts, such as
C1, do not change in different occurrences. For any given quasi-normed linear spaces
% and Z and a linear operator 7 which maps % into 2, T is said to be bounded
from & to &, if there exists a positive constant C such that forall fe %, Tfe &
and ||Tf[lz <C||f]lo-

2. Preliminaries
We begin with the definition of atomic Hardy spaces on (£7,d,u) in [4]. To

this end, we first recall the definitions of Lipschitz spaces, the space of functions with
bounded mean oscillation and atoms; see [4].

DEFINITION 2.1. Let oo > 0. A function f is said to bein Lip ;(ct) if there exists
C > 0 such that for all x, y € 2" and all balls B; containing x and y,

F(x) = FOW)I < Clu(Ba)]*. (2.1)

The minimal constant C in (2.1) is defined to be the Lip ;(a) norm of f and denoted
by Hf”Lipd(a)'
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DEFINITION 2.2. Let 1 < g <eo. A function f is said to be in BMOY(.2",d, u)
if there exists C > 0 such that for all balls B; C 2",

1/q
(o L 1= npan ) <c. 22)

where and in the sequel, fp, = m Jp, f(y)du(y). The minimal constant C in (2.2)
is defined to be the BMOY(2",d, u) norm of f and denoted by || f|gmoe(2 a,u)-

Denote BMO!(.2",d, ) simply by BMO(2",d,u). It is well-known that for
1 <g<oo, BMO(Z ,d,u)=BMOY(Z ,d,u) with equivalent norms; see [4].

DEFINITION 2.3. Let 0 < p < g and p <1 < g < . A function a is called a
(p,q)q-atom if
(A1) suppaC Bd = By(x,r) for certain x € 2 and r > 0;
(A2) [lal oz < [(Ba)] 4107
(A3 [ya(o)du(x) =0,

Now we state the definition of atomic Hardy spaces. For a > 0, let (Lip (o))"
be the dual space of Lip ().

DEFINITION 2.4, Let 0 < p < g and p <1< g <. A function f € L'(2)
when p =1 or a linear functional f € (Lip,(1/p—1))* when p < 1 is said to be in
HY9(%Z ,d,u) when p=1 orin HP9(% ,d,u) when p < 1 if there exist (p,q)s-
atoms {a;}7_; and {4;}7_; C C such that f =37, Aja;, which converges in LN2)
when p = 1 orin (Llpd(l/p— 1))* when p <1, and ¥7,[A;? <eo. Moreover,

the norm of f in HP9(2",d, ) is defined by || f{|gra(2 au) = inf{ (X7 [4; |Pyt/ry,
where the infimum is taken over all the above decompositions of f.

Coifman and Weiss proved that H”4( 2 ,d,u) = HP*(Z ,d,u) for 0 < p < g
and p< 1< g< oo, (HY(2 ,d,1))* = BMO (2 ,d, ) for 1 < g<oo,and (HP (X,
d,u))* = Lip,(1/p—1) for 0 < p <1< g < oo; see Theorem A and Theorem B in
[4]. Therefore, in what follows, we denote H?*9(%Z", d, u) simply by HP(Z ,d, u).

If we replace d by p in Definition 2.1 through Definition 2.4, we then obtain
Lip, (), BMOY(Z",p,14), (p,q)p-atoms and atomic Hardy spaces H”4(2",p, ).
All the conclusions stated above still hold for H?4(% ,p,u), BMO4(%Z",p,u) and
Lip,(1/p—1). Thus, in what follows, we denote H(2", p, u) simply by H? (2", p, ).

Generally speaking, for two topologically equivalent spaces of homogeneous type,
the corresponding Hardy spaces are not necessary to be equivalent; see, for example,
[1, Theorem 10.5]. We recall that two quasi-Banach spaces %, and %, are said to
be equivalent if they are equal as a set and their norms are equivalent. However, for
all a > 0, Macfas and Segovia [19] proved that Lip ,(a) and Lip () are equivalent.
For p € (0, 1], it was proved in [14] that H? (%2 ,p,u) and H? (% ,d, u) are equivalent,
which was also mentioned in [4, p.594] and [20, p.271]. By the dual theory, we also
have BMO (2",d,u) = BMO(Z,p, 1) with equivalent norms. Thus in what follows,
we denote them simply by Lip(a), H?(Z") and BMO (Z"); respectively.
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The following kind of molecules in [14] is closely related to the classes of kernels
in Definition 1.1 (ii).

DEFINITION 2.5. Let 0 < p< g, p< 1< g< e and 1 = {Ng}ren C [0,00)
satisfying

k=1
orwhen p <1,

(n)P241P) < oo, (2.4)

Mg

k=1

A function M € L1(Z") is called a (p,q,n), -molecule centered at a ball B, if
MDD [[M][ga(2) < [w(Bp)| V1= /p;

(M2) for all k € N, “Mka(B[;)||Lq(%') < T’kzk(l/q_l)[H(Bp)}l/q_l/l’;

(M3) [y M(x)du(x) = 0.

REMARK 2.1. (a) From Definition 2.4 and Definition 2.5, it is easy to see that if
a isa (p,q)p -atom supported in a ball By, then a is a (p,q,n),-molecule centered at
the same ball B,. Conversely, if ny =0 for all k € N, then a (p,q,n),-molecule is
justa (p,q)p -atom.

(b) By Definition 2.5, it is easy to see that if ¢; < g and M is a (p,q2,M)p-
molecule, then there exists a constant C > 0 independent of M such that éM is a
(p,q1,Mm)p -molecule.

(c) Theorem 2.2 in [14] characterizes H” (%) with p € (0,1] by molecules in
Definition 2.5; moreover, this characterization is sharp when p < 1.

To establish the boundedness of operators on Hardy spaces on Z~, we need the
following bounded criteria established in Theorem 3.2 and Corollary 3.1 of [14] (see
also [28, 12] for some more general results on this topic).

LEMMA 2.1. Let po, qo € [1,), pe [1/(1+0),1], g€ [1/(148),) and T
be a linear operator bounded from LPO(Z") to L9 (Z").

(i) If g € [1,0) and there exists a positive constant C such that for all (p,ee)-atoms

a, ||Tal| a2y < C, then T is bounded from HF(Z") to LI(Z").
(ii) If g € [p, 1], and there exists a positive constant C such that for all (p,e°)-atoms
a, ||Tallga2y < C, then T is bounded from HP(Z") to HY(Z"). Especially,
if there exists g € [1,00) and N satisfying ZjeN(nj)qu(l_q) < oo when q < 1,
or q € (1,0) and n satisfying ¥ jcn jn; < e when q =1, such that for all

(p,o°)p -atoms, %Ta is a (q,q,M)p -molecule, then T is bounded from H?(Z)
to H(XZ).

(iii) If q € [p,1), and there exist positive constants C and 1 satisfying
ZjeN(nj)qu(l_q) < oo such that for any (p,°)-atom a, %Ta satisfies condi-
tions (M1) and (M2) of (q,1,m)p -molecules in Definition 2.5, then T is bounded
from HP(Z') to LY(X).



874 LIGUANG LI1U, DACHUN YANG* AND YUAN ZHOU

REMARK 2.2. We point out that Lemma 2.1 (i) still holds for p € (l/(l +6),1)
and g € (1/(1+0),1]. In fact, by Theorem 5.6 of [12], if ||Tal[z4(4 < C for all
continuous (p,o),-atoms, then T extends a bounded linear operator from HP(Z)
to L1(Z"). By the boundedness of T from LP(%Z") to L% (Z"), we know that this
extension coincides with 7' on all (p,0), atoms. By the same reason, the results of
Lemma 2.1 can also be deduced from Theorem 5.6 of [12] when p € (1/(1+0), 1],
but not when p=1/(1+8).

Finally, in this section, we establish an interpolation theorem for linear operators,
which is used in the next section and may have independent interesting.

THEOREM 2.1. Let 1/(140) < p1 <1 < pa<oo, q; € [p1,o0) and qa € [p2,°)
satisfying 1/q1 —1/p1 = 1/g2 —1/p2. Let T be a bounded linear operator from
HPY(Z) to weak-L1 (X)) and from LP2(Z") to weak-L12(Z).

(i) If p€ (1,p2) and q € [p,>) satisfy 1/q1—1/p1=1/q—1/p, then T is bounded

Sfrom LP(Z) to LY(X).

(ii) If p € (p1,1] and q € [p,q2) satisfy 1/q1—1/p1=1/q—1/p, then T is bounded
from HP(Z') to LY(Z).

Proof To show (i), let p € (1,p2), and f € L*(%") with bounded support and
[fllr(2y) <1.Let p=(1+4p)/2, >0 and Q% ={x€ 2" : M3(f)(x) > o}, where

M(f) = [ (I£17)]V/7 and . (f) denotes the Hardy-Littlewood maximal function of
f. From the LP/P(Z")-boundedness of . (see [3]), we deduce that

w(@) S aIPIS 5y S eIy <o

From this, it is easy to see that Q% is an open and bounded set by the definition
of .# and Lemma 3.9 in [4], respectively. Applying the Whitney type covering lemma
(Theorem 3.2 in [4]), we obtain a collection of balls, {BO‘ BO‘( & r;")} j such that
Q% =U;BY, (3C1BY)N (2 \ Q%) # 0 and each x € 2 is contained in at most N
balls for certain N € N independent of & and f, where 3C1B} = BY (x¢,3C1r).

Setxf‘=x3_;.x,nf‘=xﬁ‘(2,-x,a)‘l,ga—2j( “f)Baxf‘+fx,\Qa,ba me—
(n}f)pexf’ s where (07" f)pe = [(BF)] ™" [pe nj*(x)f (x) du(x), and b=3;bF . Then

f=g*+b*. By an argument s1mﬂar to that used in [3, 4], there exists a constant
C > 0, independent of & and f, such that

M |g%(x)| < Ca forall xe 27;
D X;u(BY) < C(|fllzr2r) /)P
D) |6 (|55 < Colu(BS)]P
(V) [pebf (x)dp(x) = 0 and 3, [16F117, ) < CUF 1L )

Set aff = [Cau(B;?‘)l/pl]_lb;?‘. Notice that suppb$ C B} . Thus af isa (p1,p)-atom.
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Hence, by (IlI) and Definition 2.4, we have b* = Ca y; M(B?‘)I/Pla?‘ € HP'(Z') and

1/p1
15 2 < a{Zu B } < afu(@?)]/n, (2.5)
Applying the Minkowski inequality, we have
ITfllfg 0 = [ A 'u({xe 2 :|Tf(x)| > A})dA
@) = |,

:/ po? u({xe 2 |TF(0)| > a?/1)) da
0

5/0 P (e 1T )| > 2 a?/1)) da
+/ P lu(fxe 271 [T ()| > 2P/} ) dar

0

< [ ot e g, dack [ oo s, da
0
=J1+ /.

By the Minkowski inequality and g < g», we obtain

- 92/ P2
5y~ /0 apla= /e ( /} Ig“(x)l”%yezr:gﬂ(y)«a}(x)dﬂ(ﬂ) da

) o/ 90/p2
YRGS CE R
@ ls*(x)l/C
90/p2
< {/ |ga(x)|P2+P(‘1“12)1’2/(‘1‘12)dy(x)} ,
Z

which together with (I) & (IV) as above and 1/q2 — 1/p> = 1/g—1/p, implies that

J1 S Hgo‘H{Z%/afp% < Hf—baHLqZ/m < Hf||pq2/m+ ”baHMZ/Pz <1

By (2.5), the Minkowski inequality and the LP/P -boundedness of .# , we have

Jh < /w oPla=a)/a=L g [y (Q*)] /P o
0

oo a1/p1
< [ oartamra/et (/ Xoa () du(x)) da
0 Fa

M5(f)(x /
{/ (///p(f)( )ap+ql_qu/q—1da>pl q1 d‘u(x)}
ra 0

l/ 1
< {/‘Q [///ﬁ(f)(x)](17+f11*p¢11/¢1)171/q1 du(x)}q P

q1/p1

A
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Since 1/q; —1/py =1/q—1/p implies (p+q1— pq1/q)p1/q1 = p, we then obtain

ql/m < Hf“qu/Pl <1

B S| A D17y S I

This combined with the estimate for J; and a density argument yields (i).

To prove (ii), let p € (p1,1]. Then it suffices to prove that ||Tal|ze(4) S 1 for all
(p,o0)p -atoms a. Assume this for the moment. Let py € (1,p2) and 1/go—1/po =
1/q1 —1/py; then by (i), T is bounded from L”°(Z") to L%(%2"). Thus by Lemma
2.1 (i) and Remark 2.2, we obtain the boundedness of T from H?(Z") to LY(Z"). As-
sume that a is a (p,0), -atom supported in certain ball B, . Set b = [u(B)]'/?~1/P1q.
Obviously, b is a (pi,°), -atom and hence ||al|yr (2 < [(B)]"/P1=1/P. By the fact
—(@—q1)/a+q1/p1 —q1/p=0 and —(9—q2)/q+q2/p>—q2/p =0, we have

ITalfyry = [ a2* ' u({xe 2°:[Ta()| > 2})dA

u(B) 4
5/ A u({xe 2 ¢ |Ta(x)| > A})dA
0

+/[°z )] AT (xE 273 Ta(0)] > A})dA
—1/q

—1/q

e A9l d)L 29421 41192 di
S lallfo @2t lall 3,

[H(B)} (a=an)/a+ar/pi=ai/p 4 [y (B)]~ (q a)/q+42/p2— qz/pgl,

~

which completes the proof of Theorem 2.1.

REMARK 2.3. Itis easy to see that Theorem 2.1 (i) still holds when T is a sublin-
ear operator. We should also point out that Theorem 2.1 (i) when p; = q; and Theorem
2.1 (i1)) when p; = q; and p =1 are included in Theorem D in [4].

3. Proofs of Theorem 1.1 and Theorem 1.2

We begin with the proof of Theorem 1.1.

Proof of Theorem 1.1. We first prove the boundedness of T from L!'(2") to
weak-L*(2") when p; = 1. By a density argument, it suffices to verify that for any
A >0and f € L*(Z) with bounded supportand || f{|;1(5) <1, wehave u({x€ 2":
ITf()| >20)) S A,

To this end, let A >0, a = A" and f € L*(2") with bounded support and
11212y < 1. We recall the Calderén-Zygmund decomposition on spaces of homoge-
neous type see [3, 4]. There exists N € N, independent of f and o, such that f has a
decomposition f = g+b=g+3,;b; satisfying
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M lgx)| Saforall xe 27,

(I1) suppb; C Bj = By (xj,r;) for certain x; € 2" and r; >0 and
PITUCHES < 12/ 0t

(D) [u(B))] ™" [5, 1b;(x )\du( )Sa

(V) [p,bj(x)du(x) =0 and ¥jen [1bjll 127y S I ll1(2)

(V) Forany x € 2, x belongs to at most N balls B;
We then write

u(fre 25 Tf()| > 22)) <p(lxe 2, [Tg()| > A} + u(fve 2, [Tb(x)| > A})
=1+

By (I1) & (IID), we have [[Bll 1) < Sillbillzi 5y S Ssern(B) S 1, which together
with g = f — b further implies that [|g]|,1(5) S l “From this, the boundedness of T
from LPO(Z7) to L9 (Z"), oo =A™ and 1/qo = 1/po+ 1/Kko— 1, we deduce that
3 < (A T8l )™ S A0 gl gr) S A0l P00 g0 <,
On the other hand, by (IT) through (V) above, we have
1615y S Sl r) S 2 [ [0+ 1500l
SXLTEARD / 7 () S 0l oy + 1N

which implies that b =¥ ;b; in LP(Z"). Therefore, from this and the boundedness
of T from LP°(Z") to L%(%") again, it follows that for almost all x € 2", Th(x) =
Y;Thj(x) and |Th(x)| < X;|Th;(x)|.

Let B; = By (x;,2C3Ckr;). Then for any y € B; and x ¢ B;, we have p(xi,y) <
2Ckp(xi,x). By this, |Th(x)| < X;|Th;(x)| for almost all x € 27, (II) & (IV), the
Minkowski inequality and K € D, (ko, ko), we have

{/%'\u,-g,. 7o) du(x)}l/"o

<3{[,., >'<°du<x>}l/K°

<3{/., ")
S2 / { /. Ky - <x,xi>'<°du(x>}1/'<°|bl-<y>du(y)

\Bi

<3 1)) < T om(s) <

[, [K(y) = K(xwlbiy) du(y)
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<H<LZJE,-> +u<{xe%\UB |Th(x)] >/1}>

sapa [ Thdu() SA
2\UZ Bi

This shows that

which together with the estimate for J; confirms the claim. Thus, T is bounded from
LY (2) to weak-LX0(27).

To verify the boundedness of T from HP!(Z") to L1 (Z), let a be any (p1,°°)-
atom supported in B, = By (xo,r) for certain xo € £~ and r > 0. Then by the Holder
inequality, we have

1/q1
(. mamaue|
Bp(xO:CKr)

On the other hand,

1/q1
o e auto}
p(x.x0)=Ckr

a1 1/q1
= { / du<x>}
P (x.x0) >Cer
1/q1

St [ { Ky~ Kl duto) b dut) S
Bp \Jp(xx0)=Crp(x0,y)

N

(B =12 Tal g )

S B PP a2y S 1.

| K(ey) ~K(xxo)la() du(y)

Thus Ta € L7 (Z) and ||Tal| 014y S 1, which together with Lemma 2.1 (i) gives the
boundedness of T from HP'(Z") to L (5&”)

From this and Theorem 2.1, we deduce the boundedness of T from HP (%) to
L1(Z") when p € [p1,1] and from LP(2Z") to L1(Z") when p € (1, pg), which com-
pletes the proof of Theorem 1.1. [

REMARK 3.1. We remark that some ideas of the proof for the boundedness of T
from L'(.2") to weak-L¥0(.2") in Theorem 1.1 come from [13, Theorem 2.2] on R".

Proof of Theorem 1.2. Let p € [p1,Ko/(2Kp — 1)]. It is easy to see that if y > ko
then Dy (ko,Y,M) C Dp(Ko,ko,m). Thus, without loss of generality, we may assume
that 1 <y < ko when p=kp/(2ko— 1) or y=1 when p < kp/(2ko—1).

Let a be any (p,e°)-atom supported in B, = B, (xg,r) for some xo € £ and r >
0. We now claim that there exists a positive constant C independent of a such that éTa
satisfies conditions (M1) and (M2) of (g, y,~) -molecules centered at B (xg,Ckr)
in Definition 2.5, where 1; = Zk,l+1nk2 k. moreover, if T*(1) =0, éTa is a
(g,Y,M)p -molecule centered at By (xo,Ckr).
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If this is true, then when p € [pi,k0/(2Ko — 1)], Lemma 2.1 (iii) implies the
boundedness of T from HP(Z") to LY(Z"); moreover, if T*(1) = 0, Lemma 2.1
(ii) yields the boundedness of T from H?(Z") to HI1(Z") for p € [p1,x0/(2kp — 1)].
Using the boundedness of T from HP!'(Z") to L9 (Z") and from L?(%Z") to L9 (Z")
together with Theorem 2.1, we then obtain the boundedness of T from HP(%Z") to
LY(Z") when p € [Ky/(2Kko— 1),1] and from LP(Z2") to LY(.Z") when p € (1,po).

To prove the claim, notice that Dy (ko,Y,n) C Dp(ko,y) together with Theorem
1.1 implies the boundedness of 7' from H?(2") to LY(2Z"), where 1/y=1/p+1/xo—
1; then from (1.3), it is easy to see that

lall 2y S 11(B)) PP

ITallpr2) S |
[ (Bp (x0, CKV))}I/Y“/",

) S
S

which gives (M1). Since T*(1) = 0 implies (M3), it remains to verify (M2). For
J €N, by [, a(x)du(x) =0, the Minkowski inequality, K € Dy (xo,y,n) and (1.3),
we obtain

Iy
{/ a0 au(s) |
R;j(Bp(x0,Cxr))

194%
< [ { ] (Bp<x0cK,>>'K(*”‘K(’WYd““’} au(y)

Bp

-1/p
ey
k=127 r<p(xo,y) <27 +1r

>< /
{ 27+k=1Ck p (x0,y) <P (x0,%) <271k p (x0,y)

<B Y, [0pua2U W) g 2Urke )]
k=1

1/y
K(x,y>—1<<x,xo>mu<x>} duy)

Vy=1/x0 g4
8 /2*kr<p(x07Y)<2’k“V[p(xo’y)] Ho)

5[u(Bp(xO,cKr))]l/yfl/qzj(l/yfl/m 2 2k,

k=j+1

If p=xp/(2Kp— 1), we then have

i = 2‘ j ( ) nkzjk> - gnka (ijzj>

k=j+1
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If pe (p1,k0/ (20— 1)), then by g > ¢, we have

N

Ms T

iy(l— 21'( i (nk)q2—1«1>
j=1

k=j+1

S
k

—

q/q1
(ng)92K01-9) < {22"141 } < oo,

This verifies the claim, and thus finishes the proof of Theorem 1.2. [

4. Some applications

In this section, we apply Theorem 1.1 and Theorem 1.2 to the boundedness of
commutators generated by Lipschitz functions and integral operators with kernels hav-
ing weak regularity as in Definition 1.1 (ii) on spaces of homogeneous type.

In what follows of this subsection, we always let kp € [1,00), ¥ € [1,0], N =
{n;j}jen with n; >0 and K € Dy(ko,y,n) satisfying that [K(x,y)| < [p(x,y)]~/%
forall x # y;let po € (1,%), 1/g0=1/po+1/xo—1, T be alinear bounded operator
from LPO(Z") to L9(Z") and have a kernel K as in (1.5), and let b € Lip(f) with
B €(0,1/Kp). The commutator [b,T] is defined by

[b,T]f(x) = b(X)T f(x) = T (bf)(x) (4.1)

forall f € L*(Z") with bounded supports and almost all x € 2".

Recall that on R”, if b € Lip(B) with B € (0,1] and K(x,y) = |x —y| 7"Q((x —
y)/|x—y|) for all (x,y) € R" x R"\ {(x,x) : x € R"} with Q € C*(S""!), Janson
[15] then proved that [b,T] is bounded from LP(R") to L?(R") for p € (1,n/B) and
1/q=1/p—B/n; and it was also proved in [18] that [b,T] is bounded from H”(R")
to LY1(R") for p € (n/(n+P),1] and 1/g=1/p— B /n.

Forall (x,y) € 2 x 2 \{(x,x): x& 2}, let K(x,y) = K(x,y)[b(x) — b(y)].

PROPOSITION 4.1. Let Ko € [1,), B € (0,1/Kk0), B1 = 1+B —1/Ko, [b,T]
and K be the same as above. Then [b,T] is bounded from LP\(Z") to L1 (Z") for
any py € (1,1/B1) and 1/q\ = 1/py — 1, and from Ll(%) 1o weak- L'/ (=P (27,
Moreover, K € Dy(1/(1—B1),y,1n) with y € [1,00] and ; = n;+278 forall j €N,
and for any f € L (Z") with bounded support,

— [ Renso)au) (42)
Z

holds in both L9 (Z") and almost everywhere.

To prove Proposition 4.1, we need the following dyadic decomposition on 2~ of
Christ in [2].
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LEMMA 4.1. Let Z be a space of homogeneous type. Then there exists a collec-
tion

QX c 2 kez,, vel}

of open subsets, where I is index set, and constants 6 € (0,1) and Cs, Cc > 0 such
that

(i) u(2 \UyQX) =0 for each fixed k and QX NQX =0 if v#1;

(ii) forany v, 7, k, £ with { > k, either Qﬁ c 0k or Qﬁ.OQ’\‘, =0;
(iii) for each (k,v) and each ¢ < k, there exists a unique T such that Q’\‘, - Qﬁ. s
(iv) SUp, yeqn P(x,) < G55

(v) each Q contains some ball B(zX,Cs8%), where 78, € 2.

Proof of Proposition 4.1. We first prove (4.2) holds in both L% (.2") and almost
everywhere. Let f € L™(Z") with suppf C QIS% From (1.5) for K, it is easy to see
that K is the kernel of [b,T] in the sense of (1.5), namely, (4.2) holds for all x ¢ supp f .

On the other hand, by Lemma 4.1, when k > kg, there exists a finite index set
Z{ C I such that Qlf,% = Uv€1~k Q’;. From (1.3) and Lemma 4.1 (iv) & (v), it is easy to
deduce that £1; < 87, where #1; denotes the number of indices in I;. Let fr=r Xok
for v € I.. Then f = Y,cq fy and (b, T|f =3 7 [b,T]f;. Foreach v e Iy, we have

{1 [ Reossorano
L90 (¢

JEx
i | RCosiorau0) |1

+ HT b= b))

< tte. 715 2 ()

< H{[b—b(zlf,)]va}XQ‘v' ()

+{/Q‘ [/Q'[p(x Ol 1/K°f'v‘(y)ldu(y)rodu(x)}l/%

S SPUT fla0 2y + b = BEA o

e [, () [p(x,ynﬁI/KOdm))q"du(x)}l/%

v v

S 8P| fillro oy + 8 a0t BN £y o

L90( %)

Moreover, by (4.2) for all v € Z( and x ¢ Q"‘,, we have

.10 = [ RO fi6)duly)
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Thus, from po < go, 1+ —1/xp > 0 and ﬁﬁ < 8%, we deduce that

Jio11e - [ Rensmano|

Z{bev | &G fv()du()}xgg

VEL,

VGIk
5kﬁqo 2 ||fv Lpo +5k 14+q0+Bg0—q0/%o) 2 va|

vely vel

55kﬁq°||fHL +5k (g0+Bgo—g0/%o) Hf”qo 2 =0,

q90

490

L90 (%)
40

.71~ [ R0 dut)

L90(2)

as k — oo. Therefore (4.2) holds in both L9%(.2") and almost everywhere.
By (4.2) and |K(x,y)| < [o(x,y)]"1/%+P | we have

BT S [ )]0 £) du (),
from which and Theorem 1.1 in [10], we deduce that [b,T] is bounded from LP!(.2")
to L91(2) and from L!'(2") to weak-L/(1=P)(27).

To verify that K € D, (1/(1—1),7,7), forany x # y and ZER;(Bp(x,Cxp(x,y)))
with j € N, we have

K(z,x) ~K(z.y) (2,2)[b(2) = b(x)] = K(2,)[b(z) = b(y)]|

=K
|[K(z,y) = K(z,2)][b(z) = b()][ + K (z,2)[b(x) = b(y)]]
0@ Y)IP K (z2y) = K(z,2)+ [o(z.x0)] /™ ]p(xy)]P.

Thus, by the Minkowski inequality, we obtain

v Uy
{ / [k - du(Z)}
R;j(Bp(x,Ckp(x.y))

1/y
X) — B
: {/R rncepty KD K@) mu(z)}

1/y
X ~1/%o X By

' Ly
<o { K(e) - Kl du(a)
R;j(Bp (x,Cxp(x.y)))

()P 1270 (x,y)] /%027 p (x, )]
Sy +27P) [u(By (x, 2 Crp ()] PV

<
N
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This shows that K € D, (1/(1—B1),y,1) with 7, = C(n; +27/P) forall j € N and
certain positive constant C, and hence, finishes the proof of Proposition 4.1. [

Moreover, applying Proposition 4.1, Theorem 1.1 and Theorem 1.2, we obtain the
following conclusions.

PROPOSITION 4.2. Let ko € [1,00), B € (0,1/x9), 1 =1+ —1/ko, and [b,T]
be the same as in (4.1). Forany p € (1/(1+4 By),1], let 1/g=1/p — B;.

(i) prze[l/(1+ﬁ1) N[1/(140),1], 1/q2=1/p2— Py, KEDp(KO»CILTI) with
n € (Y, then [b,T] is bounded from HP(Z") to LI(Z") for p € [pa,1].

(i) 1B e (1 1/x0,6+1 /50— 1], pr € (1/(1+0), 1/(1+ Bl (1/ (1 28), 1/(1 +
BVl 1/q2=1/p2— B, v € (1,0] and n satisfying ¥, ey jN; < o when py =
1/(1+ 1), or v € [1,°0] and n satisfying ZjeN2j(1_q2)(nj)‘12 < oo when p;y <
1/(1+pB1), and K € Dy (Ko,V,n), then [b,T] is bounded from H? (Z") to L1(Z")
for p € [p2,1]; if further assume that ([b,T])*(1) =0, then [b,T] is bounded
from HP(Z") to H1(Z") with p € [1/(1+0),1/(1+ By)].

Proof.  Notice that ¥ ;e 1; < e implies that ¥ jcy n;= Yjen(nj+ 2’~fﬁ) < oo,
Thus, if K € Dp(Ko,q2,1n) with ¥ jcn1; < oo, then by Proposition 4.1, KeDy(1/(1—
B1),q2) which together with Theorem 1.1 gives Proposition 4.2 (i).

To verify (ii), notice that K € Dy (Ko, q2,1) implies K € Dp(1/(1—1),492,1) by
Proposition 4.1, ¥ ;e jn; < oo if and only if ¥ ;e j1; < o0, p2 > 1/(142pB) implies
that g > 1/(1+B), and ¥ ;N 2/1792) (1;)92 < o if and only if ¥ ;e 2/(1792) (77;)%2 <
oo, This together with Theorem 1.2 gives Proposition 4.2 (ii), and hence, finishes the
proof of Proposition 4.2.

REMARK 4.1. (a) We remark that ([b,T])* = [b,T*], where b(x) = b(—x) for
all x € 2" and T* is the dual of T; and if 7%(1) =0 and T*(b) = 0, namely,
S b(x)T f(x)du(x) =0 forall f e LP(Z") with bounded supportand [, f(x)du(x) =
0, then ([, T])*(1) =0.

(b) Notice [b, T*] = ([b,T])*. From this and Proposition 4.2, it is easy to deduce
the boundedness of [b, 7] from Lebesgue spaces to BMO (.2") or Lipschitz spaces,
and from BMO (2") or Lipschitz spaces to Lipschitz spaces.

(c) We point out that the regularity of the kernel of the operator T in Proposition
4.2 is weak than the corresponding result in [18]. In fact, in [18],

K(x,y) =[x —y["Q((x—y)/]x—y])

for all (x,y) € R" x R" and x # y; thus ko = 1. It was assumed that Q € Lip,(S"!)
in [18], which implies that K € D, (1,o0,1) with n; = C277/" forall j € N and certain
positive constant C. However, in Proposition 4.2, we only assume that K € Dy (1,7,1)
with y and 7 as in Proposition 4.2. It is easy to see that D, (1,00,1) C Dy(1,7,1).
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Foundation (Grant No. 10871025) of China. The authors would like to thank the referee
for his several valuable remarks which made this article more readable.



884

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]
[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

LIGUANG L1U, DACHUN YANG* AND YUAN ZHOU

REFERENCES

M. BOWNIK, Anisotropic Hardy spaces and wavelets, Mem. Amer. Math. Soc., 164 (2003), 1-122.
M. CHRIST, A T(b) theorem with remarks on analytic capacity and the Cauchy integral, Collog.
Math., 60/61 (1990), 601-628.

R. R. COIFMAN AND G. WEISS, Analyse Harmonique Non-commutative sur Certains Espaces Ho-
mogénes, Lecture notes in Math. Vol. 242, Springer, Berlin, 1972.

R. R. COIFMAN AND G. WEISS, Extensions of Hardy spaces and their use in analysis, Bull. Amer.
Math. Soc., 83 (1977), 569-645.

M. COWLING, S. MEDA AND R. PASQUALE, Riesz potentials and amalgams, Ann. Inst. Fourier
(Grenoble), 49 (1999), 1345-1367.

Y. DING AND S. Lu, Homogeneous fractional integrals on Hardy spaces, Tohoku Math. J. (2), 52
(2000), 153-162.

Y. DING AND S. LU, Boundedness of homogeneous fractional integrals on LP for n/o < p < oo,
Nagoya Math. J., 167 (2002), 17-33.

A.E.GATTO, C. E. GUTIERREZ AND R. L. WHEEDEN, Fractional integrals on weighted H? spaces,
Trans. Amer. Math. Soc., 289 (1985), 575-589.

A. E. GATTO, C. SEGOVIA AND S. VAGI, On fractional differentiation and integration on spaces of
homogeneous type, Rev. Mat. Ibero., 12 (1996), 111-145.

A. E. GATTO AND S. VAGI, Fractional integrals on spaces of homogeneous type, In: Analysis and
Partial Differential Equations, Lecture Notes in Pure and Appl. Math., 122, pp. 171-216, Dekker, New
York, 1990.

A. E. GATTO AND S. VAGI, On molecules and fractional integrals on spaces of homogeneous type
with finite measure, Studia Math., 103 (1992), 25-39.

L. GRAFAKOS, L. L1U AND D. YANG, Maximal function characterizations of Hardy spaces on RD-
spaces and their applications, Sci. China Ser. A, 51 (2008), 2253-2284.

L. HORMANDER, Estimates for translation invariant operators in LP spaces, Acta Math., 104 (1960),
93-140.

G. Hu, D. YANG AND Y. ZHOU, Boundedness of singular integrals in Hardy spaces on spaces of
homogeneous type, Taiwanese J Math., 13 (2009), 91-135.

S. JANSON, Mean oscillation and commutators of singular integral operators, Ark. Mat., 16 (1978),
263-270.

D. S. KURTZ, Sharp function estimates for fractional integrals and related operators, J. Austral. Math.
Soc. Ser. A, 49 (1990), 129-137.

R. H. LATTER, A characterization of HP (R") in terms of atoms, Studia Math., 62 (1978), 93-101.
S.Lu, Q. WU AND D. YANG, Boundedness of commutators on Hardy type spaces, Sci. China Ser. A,
45 (2002), 984-997.

R. A. MACiAS AND C. SEGOVIA, Lipschitz functions on spaces of homogeneous type, Adv. in Math.,
33 (1979), 257-270.

R. A. MAciAS AND C. SEGOVIA, A decomposition into atoms of distributions on spaces of homoge-
neous type, Adv. in Math., 33 (1979), 271-309.

J. M. MARTELL, Fractional integrals, potential operators and two-weight, weak type norm inequali-
ties on spaces of homogeneous type, J. Math. Anal. Appl., 294 (2004), 223-236.

C. PEREZ, M. J. CARRO, F. SORIA AND J. SORIA, Maximal functions and the control of weighted
inequalities for the fractional integral operator, Indiana Univ. Math. J., 54 (2005), 627-644.

J. L. RUBIO DE FRANCIA, F. J. RUIZ AND J. L. TORREA, Calderdén-Zygmund theory for operator-
valued kernels, Adv. in Math., 62 (1986), 7-48.

E. M. STEIN, Singular Integrals and Differentiability Properties of Functions, Princeton University
Press, Princeton, NJ 1970.

E. M. STEIN, Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscillatory Integrals,
Princeton University Press, Princeton, NJ 1993.

E. SAWYER AND R. L. WHEEDEN, Weighted inequalities for fractional integrals on Euclidean and
homogeneous spaces, Amer. J. Math., 114 (1992), 813-874.



GENERALIZED RIESZ POTENTIALS 885

[27] 1. E. VERBITSKY AND R. L. WHEEDEN, Weighted trace inequalities for fractional integrals and
applications to semilinear equations, J. Funct. Anal., 129 (1995), 221-241.

[28] D. YANG AND Y. ZHOU, Boundedness of sublinear operators in Hardy spaces on RD-spaces via
atoms, J. Math. Anal. Appl., 339 (2008), 622-635.

[29] M. ZAHLE, Riesz potentials and Liouville operators on fractals, Potential Anal., 21 (2004), 193-208.

(Received November 24, 2008)

Liguang Liu

School of Mathematical Sciences, Beijing Normal University
Laboratory of Mathematics and Complex Systems, Ministry of Education
Beijing 100875

People’s Republic of China

e-mail: 1iuliguang@mail.bnu.edu.cn

Dachun Yang

School of Mathematical Sciences, Beijing Normal University
Laboratory of Mathematics and Complex Systems, Ministry of Education
Beijing 100875

People’s Republic of China

e-mail: dcyang@bnu.edu.cn

Yuan Zhou

School of Mathematical Sciences, Beijing Normal University
Laboratory of Mathematics and Complex Systems, Ministry of Education
Beijing 100875

People’s Republic of China

e-mail: yuanzhou@mail .bnu.edu.cn

Mathematical Inequalities & Applications

www.ele
“@el

math.c

~—math.co

om



