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A NEW GENERALIZATION OF HARDY-HILBERT’S
INEQUALITY WITH NON-HOMOGENEOUS KERNEL

CHI-TUNG CHANG, JIN-WEN LAN AND KUO-ZHONG WANG

(Communicated by J. Pecaric)

Abstract. Let p> 1, 1/p+1/p* =1, and a = (ay);_;, b= (by);,_; be two complex se-
quences. We exhibit the generalization of Hardy-Hilbert’s inequality of the following type:

nmzﬂwl ))“”bm<c<2 <n))p> <mzlfz¢z ) > 7

where K : (0,00) X (0,00) — (0,00), f1,f2,01,02: (0,00) — (0,0) and C is a suitable constant.
We also get several interesting inequalities which generalize many recent results.

1. Introduction

The famous Hardy-Hilbert’s inequality states that if p > 1, 1/p+1/p* =1,
(a,,);"  and (by,)5_, are two complex sequences with 0 < Y| |an|? < oo and 0 <

S |bm|P” < o, then
|an‘|bm‘ T P <
b, P 1.1
n%‘;l n+m sm 2|a| mE:I‘ | ’ (I.D

where the constant 7/ sin(%) is the best possible (see [3, Theorem 315]). That is, this
number in (1.1) can not be replaced by any smaller positive number. This inequality and
its varieties provide useful tools and play important roles in analysis and applications.
Recently, this topic is still popular and many generalizations of such inequalities are
obtained. In [8], B. Yang and L. Debnath exhibited the following results: if p > 1,
1/p+1/p* =1, 2—min{p,p*} <A <2, a,f >0, 0 < ¥ n'"*|a,|? < and
0<yr  m'- ’l|bm\1’ < oo, then

<l
-

1

)Y 7""'1””>A<c<in”anv’> <2m1 * Lo ,,> SN
n=1

nm=1 (OU’Z + ﬁm
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where C = ocz 5= B . B(%, %) is the best possible and B(-,) is the beta
function (see [5, Theorem 8.20]). It is obvious that (1.2) reduces to (1.1) if . = 8 =
A = 1. Later, more inequalities are examined and the corresponding non-discrete cases
are given. For details, we refer the readers to [1,2,4,7,8].

In this paper, we introduce inequalities concluding (1.2) as a special case. The
following inequality is under consideration in section 2:

e

n%lK ¢1(n), $2(m))|an|bm |<C<ZT ) (2 ‘fz (¢ (m ) 7

where K : (0,00) X (0,00) — (0,00) and fi, f2,¢1,¢> : (0,00) — (0700). The readers can
verify (1.2) is the corresponding case for K(x,y) = 1/(ax+ By)*, ¢1(2) = ¢o(1) =

Al P
fi(t)=t 7 and fo(t) =¢P" . In addition, we also give the sufficient conditions under

which the constant C is the best possible. Next, in section 3, some special kernels K
are examined to get several interesting inequalities, which extend many well-known
results (cf. [1,7,8]) and improve some related constants (cf. [2,4]). Finally, we derive
the corresponding integral analogues in the last section.

2. Main result

Now we present our main result in this section. To reach this aim, we introduce
two special classes of nonnegative functions. Let .# (o) be the collection of all dif-
ferentiable functions f : (0,00) — (0,°0) with infy~o f'(x) > a > 0. Note that by [6,
Theorem 7.18 & Lemma 7.25], functions in % (a) must be absolutely continuous.
Moreover, for p > 1, denote by 7, the set of all positive functions K defined on
(0,00) x (0,°0) having the following properties:

(1) K is homogeneous of degree —1, that is, K(tx,ty) =t~ 'K(x,y) forall t > 0,

L
*

1
(2) K(x,1)x 7 is a strictly decreasing function of x and K(1,y)y P is a strictly
decreasing function of y, where 1/p+1/p* =1, and

(3) kp(K) = i K(x, Dx Pdx = [ K(1,y)y 7 dy < o,

We mention that under the condition (1), these integrals in (3) must be equal, and hence,
the condition (3) can be replaced by

had _ L
kp(K)=/O K(1,y)y 7dy <ee.

Moreover, for convenience, we set £, the Banach space consisting of all complex se-

1
quences x = (x,);_, with the norm ||x||, := (¥, [x4|”)? < eo. Inaddition, throughout
this paper, we suppose K is a positive function defined on (0,e0) x (0,0) and fi, f>
are two positive functions defined on (0,c0). The main theorem is stated below.
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THEOREM 2.1. Let p > 1, 1/p+1/p* =1, ¢ € F(oy) for i =1,2. If
K(x,y)fi(x) f2(y) € 4, then

€1
3

Z K(¢1(n),92(m))|an|bm| <y " o Pk ol

2.1
nm>=1 ( )

(i (i (m)) f2(¢2(m |an|)p) <o’ g %,,H%,,, (2.2)

(2(2“1 (m))f1(61(n)) b |),,>1* " kpuﬁup*, 2.3)

n=1

=

where ky = kp(K(x2)A A0, Filay = oyt and 7o = (Atatn =t

are two complex sequences such that 0 < || 5= il ¢1 Hp7 | = f2 ||p < oo. Moreover, if (2.4)
11
is true, then the constant o o o, P kp is the best possible, where

lim¢/(x) =0  for i=1,2. (2.4)

X—00

Proof. Rewrite d = m b= ﬁ and K(x,y) = K(x,y)f1(x)f>(y). By the
hypotheses, we get that 0 < ||d||, || 5]+ < =, K € %, and (2.1) becomes

Y R(01 (). 620m)) anllbul < e ™ "k (R) 1]

nm>=1

_ 1
i

Hence, it suffices to prove the case that f; = f, = 1. From [3, Theorems 286 & 287],
the inequalities (2.1), (2.2) and (2.3) are equivalent, and we only need to show (2.1)
holds. Applying Holder’s inequality, we obtain

Nl (BN E L e\
nE;lK(q)l(n),q)z(m))\angm\—nﬁél\ 2| K ((Pz(m)) |bm|K <¢1(n)>

1 1
< PrQv,

where

i i ¢1 (n) l%*
P=S a3, Klor(n).onim) (201

\ | 92(m)\ [ 61(n) ” -1
rg a"‘p 2 7¢ ) <¢2(m)> ((])1(1’1))

1(n

S [T 20 (@Y
<n§1‘an‘p/(; K( ’¢1(n))<¢1(”)) (¢l(n)) dx.
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Putting u = i—(ng we have

oo

- py—1 *L*
P < S,l‘an| 129 ﬁz(?*)) K(l,u)u 7 du
n= o (n

hd il 1
<y \an|Pa;1/ K(1,u)u” 7" du. (2.5)
n=1 0
Here ¢,(0") is the right-hand limit of ¢, at 0. Similarly, we can get
o<y |bm\1’*a;1/ K(u, D 7 du. 2.6)
m=1 0

In conjunction with (2.5) and (2.6), this proves the inequality (2.1). Finally, we show
1

11
the number o ” o, "k, is the best possible constant if (2.4) holds. Note that ¢; is
strictly increasing, absolutely continuous and

lmwzl

X—oo  OliX

2.7

for i=1,2. Let (&), be a sequence with & — 07 as k — co. We define a(k) =

(an(k));_y and b(k) = (by(k));m_y, where a,(k) = (q)l(n))*“%k) and b, (k) =

(1+¢&,)

(¢o(m))  »* forall n,m>1. (2.7) leads us to the fact 0 < |[a(k)||,, ||b(k)]|p+ < oo
forall k. Let N > 0. We have

Y K(61(n), ¢2(m))lan(k)||bm (k)|

nm>=1

1+£k) (I+g)

(92(y)) 7" dxdy

> [ [ K000 (01 0)

since the integrand is both decreasing in x and in y by the conditions (1)—(2) in the
definition of .77, . Furthermore,

[ [ k@0 @)
(1+¢

%)
T[T 0) () T (2t gy
—/NZ/NK<¢2(y),1>(¢2(y)) (6200))"C* N xdy

oo oo ~ (+g)
> [0 fo KO0 i) ) 0n) 00 29)

92 (N?)

1+£k) (1+¢)

(92(y)) 7" dxdy

From Fatou’s lemma, we get

e (g = 1
h;?li?f ") Ku,Du "7 du> /m(N) K(u,)u"rdu. (2.9)
9 (N?) 9 (V%)
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On the other hand, with the help of (2.7), we can verify that

1

[ (000 Way faf of Ja@l o0 — 1 sk 210

It follows from (2.8)—(2.10) that

|an(K)]_|bm(K)]

liminf )" K(¢1(n),$2(m))

ke 1 lla(k) |l 16(K) [ -
e o 1. _
> af o, /mm K(u,1)u I’Xln[g(q){(x)) du. (2.11)
92 (N?) -

1

_1
By (2.7), the last number in (2.11) converges to o P o, "k, as N — oo. This finishes
the proof. [

Set fi = f» = 1 and Theorem 2.1 can be reduced to the following corollary. Itis a
generalization of Hardy-Hilbert’s result, which corresponds to the case ¢;(z) = ¢ (¢) =
t (cf. [3, Theorem 318]).

COROLLARY 2.2. Let p> 1, 1/p+1/p* =1, and ¢; € F(0;) for i=1,2. If
K(x,y) € J%,, then

1

> K(91(n), 92(m))lan|bm| < 0 " e 7k pllallpllbllp

nm>1

(2 (§K<¢l<n>,¢z<m>>|an|)p)’l_’ <oy 7 o Pkylall,

5

(3 (Z k@it entm |)p)”%<al"%‘ 1

where k, =k,(K), a=(an);_; and b= (by,);,_, are two complex sequences such that
1 1
0 < [|a||p,||b|lp+ < oo. Moreover, if (2.4) is true, then the constant o, ” o, "k, is the

best possible.

We mention that Corollary 2.2 also provides a technique to evaluate the norms
of some special Hilbert’s type operators on ¢,, where p > 1. Suppose T : £, — £,
is a linear operator defined by T (a) = (Tu(a));,_, for each a = (a,);_, € £,, where
Tu(a) =Y, 1 K(¢1(n),¢2(m))a, for each m > 1. We conclude that T is bounded for

such a kernel K(¢;,¢,) involved here, and furthermore, the corresponding operator
1 1

norm is exactly the constant Ocl_ o o Pkp(K).
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3. Some applications

Now it is time to investigate varieties of Hilbert’s type kernel and obtain some
interesting results. Let p > 1 and 1/p+1/p* = 1. From elementary calculation,
we can verify that k,(K) = 7/sin(%) if K(x,y) =1/(x+y) and k,(K) = pp* if
K(x,y) = 1/max{x,y}. Select approprlate @1, ¢, in Corollary 2.2 and we get fol-
lowing inequalities:

1 1
|an||bm] T < " "
)Y < Yla? | (X 1ol )
n,zn}lAn+Bm+C APL*B% sin(%) n=1 m=1
(A,B>0;C>0)

1
]| e (5 ) % N7
n b |?
2 AmaX{Bn+C,Dm+E}+F<ABPL*DL Z\a| Z| \

nm>=1 r n=1

(A,B,D>0; C,E>—-A"'F)

where 0 < Y% |a,|? < oo and 0 < 3_, |by|?” < eo. We emphasize that these es-
timations can not be improved anymore, that is, the corresponding constants are the
best possible. On the other hand, as a consequence, Theorem 2.1 generalizes many
well-known results. The first is the following corollary which extends [7, Theorem 1].

COROLLARY 3.1. Let p> 1, 1/p+1/p* =1, ¢ € (ocl) fori=12, 0<
A <2, ocBy sztha+ﬁy>0 0 <Y 01 (n)P1 =27 a,|P < oo and 0 <
Y do(m)P (1=2)=1p, |P" < o, We have

2 |an| ||
niy omax{@r (n)*, go(m)*} + Boi(n)* +ya(m)*

1 1
S 2 P hd pr
<oy "oy pCA (a,B,7) (2 o1 (n)P!1- 2)lan|p> (2 02 (m)? (=5 1p,, |p> )

m=1
(3.1)

where

marctan %+¢%arctan ﬁfor o, B,y >0;
—Ajowarctan\/i—i-laﬂ for p=0,00>0,y>0;

Co(a,B,y) = A\;@arctan\/;+mfor y=0,0>0,8>0;
%forﬁ:’}/zo o>0;

M/_foroc 0,8 >0,y>0.

Moreover, if (2.4) is true, then the constant is the best possible.
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Proof. Set

1 AL
, x2 d =
amax{xt,y } + Bx* + yyt filo) = and f2(7)

~
N>
<=

K(x7y) =

It is easy to see that K(x,y)fi(x)f>(y) satisfies (1)~(2) in the definition of .77},. Fur-
thermore, since

Ao

ky = /()OOK(l,y)fl(l)fz()’)y_p%dy: /0°° amax{1 }));}‘FB"'W

74y,

using change of variable u = y* and we find that the integral above is equal to [7, Eq.
(8)]. This confirms that k, = Cy (a, B,y) < oo and K(x,y)fi(x)f2(y) € 7. Applying
Theorem 2.1 and we find that (2.1) reduces to (3.1). This completes the proof. [

The second application generalizes [8, Theorems 3.3] (that is, (1.2)) and gives a
partial extension of [2, Theorem 2] and [4, Theorem 1]. The statement is as follows.
COROLLARY 3.2. Let p> 1, 1/p+1/p*=1, ¢ € F(o) fori=1,2, a,B,A >
0, ~1<22 1A A< A2<0, 0< 3 ¢1(n)! P g, P
<ooand 0 < X5y o (m)! AP A2 M) |p 1P < 0o We have
‘an| ‘bm‘
%1 (i (n) + Ba(m))*

1
P

1
< 1p 052 pk <2¢1 1 A+p(A1—Ay) |Cl 17) <2¢2 1 A+p*(Ay—Ay) |b 17)

(3.2)

where k, = a AZB =+ AIB(erI)i PRAZZ L Ay AL
over, if (2.4) is true, then the constant is the best possible.

2—|—A1—A2). More-

Proof. Let

1
(ox+By)
One may check that K(x,y)fi(x)f2(y) satisfies (1)~(2) in the definition of .7}, and

Al_AjtA Al ppta
K(xy) = ———, filx)= 2 and f(y) =y T

b= [ KUDADALY Fay

A
w© a2

= OFA/ y 7 Azt <1+Ey> dy
0 o

R 6y Ay g EE 44y -A L A2 4 4
—a +A1 Zﬁ ,, 2 1/u,,+2 l(l—u)l’* =42
0

2p/1
= o

A A ﬁZ*"[“rArAIB (P‘”L—z pr+A—2

AL A A2),
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where u = (1 + gy)’l. This guarantees that K(x,y)fi(x)f2(y) € #¢,. Hence, (3.2)
holds by Theorem 2.1. O

It is easy to see that (3.2) reduces to (1.2) if we set 2 —min{p,p*} <A <2
01(t) = ¢(¢t) =1 and A1 =A;. Moreover, the readers can check that —1 < u +

A2—A1\Oand—1< =2 LA —Ay<Oholdif 0 <A <1, A e (L *,pl)and

Ay e (l = l) Hence, Corollary3 21mproves the constant given in [2, Theorem 2] and
[4, Theorem 1] for the case 0 < A < 1. For example, select p 2,a=p=A=1,

¢1(t) = ¢2(t) =t and A; = Ay € (0,3). The constant B(3, 2) obtained here is the
best possible, which is less than the constant B(1 —2A;,2A4;) in [2, Theorem 2] and
[4, Theorem 1] for Ay # 1 since the function log(I'(x)) is convex on (0,) (cf. [5

Theorem 8.18]). The third application is a generalization of [1, Theorem 3.3].

COROLLARY 3.3. Letp>l 1/p+1/p =1, ¢ € (oc,)forz_lz O<)L
2,20, >0,0<35 ¢1(n)P "2 a,|P <eoand 0 < Ty go(m)?" (=)~ by, [P
< oo, We have

|an‘|bm‘

2 (G G2} -+ Bmax {6y () Ga )
<o oy 'l’cm,m(i ¢1(n>P<l—%>-lan|P>p (i ba(m)? =D, |P>’ ,
n=1

where

_4 a .
e f) = A\/@arctan ﬁfor(x >0,8>0;
%foroczo,ﬁ > 0.

Moreover, if (2.4) is true, then the constant is the best possible.

Proof. Set
1 ER .
P
amin{x* y*} + Bmax{x* y*}’ file) = and f20) =

Obviously, K(x,y)f1(x)f2(y) satisfies (1)~(2) in the definition of .7, . Moreover,

I\)\}-’
==

K(x7y) =

yi!
(xmm{l,y’l}—i-ﬁmax{l yl}

172
= - dt
A Jo omin{l,t} + Bmax{l,7}
and we can find that the integral above is equal to [1, Eq. (2.4)]. This confirms that
kp=Cy(ct,B) <o, K(x,y)fi(x)f2(y) € 7, and hence, (3.3) holds. [

We remark that for these examples in this section, the corresponding inequalities
for (2.2) and (2.3) can be obtained in a similar way (¢f. [1, Theorem 3.5] and [8,
Theorem 3.4]).

/wK(Ly)fl(l)ﬁ(y)y*,,%dy :/
' 0
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4. Integral analogues

Our results introduced in section 2 also have integral analogues. Suppose p > 1
and for any measurable function g defined on (0,0), let the norm of g be ||g|[, =

1
(Jo |g(x)|Pdx)? . Set L,(0,°) the Banach space consisting of such g with ||g]|, < eo.
The following theorem is the non-discrete form of Theorem 2.1.

THEOREM 4.1. Let p > 1, 1/p+1/p* =1, ¢ € F(oy) for i =1,2. If

K(x,y)f1(x)f2(y) is homogeneous of degree —1 and k, = k,(K(x,y)f1(x) f2(y)) < oo,
then

[ ko o0 lelinolanay < e ™ oy Pyl 0

() ()

1

R T e R M s

4.2)
( I ( / °°K<q>1<x>7¢2<y>>fl<¢1<x>>h(y)dy) dx) " o %nﬁnpa
4.3)

where (g¢1) (x) = 7 (A(p(f() 5y and (h(pz) (y) = % are two measurable functions de-

fined on (O;‘x:) with 0 < Hfl ) ”P?Hfz

constant o, P Oc2 ; kp, is the best possible.

||p < eo. Moreover;, if (2.4) is true, then the

Proof. The proof is similar to that of theorem 2.1, so we just sketch it. We may
assume f; = fo =1, K(x,y) is homogeneous of degree —1 and k,(K) < co. One may
check that [3, Theorems 286 & 287] also have integral analogues and hence, it suffices
to show (4.1) is true. The inequality in (4.1) can be established by the fact

|| K@i.6200) ) laxay < Pror, (4.4)

where

P= [Tl [ &0 22 (”’2?3)”1* (0500 () avax

o °° 1
< [lewlrey" [ Kt dudx
0 0

= a5 kyllellh (4.5)
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and
o< [ I [ K DuFdudy < a 'k, ]
0 0

It is not difficulty to verify that all equalities in (4.5) hold only if ¢}(y) = o for almost
every y > 0. It tells us that ¢(y) = cpy+ ¢2(0") since ¢, is absolutely continuous.
Moreover, if the equality in (4.4) holds, then

ol (29)" o (200

for almost every (x,y) € (0,00) x (0,0) and for some A > 0. This implies |2(y)|?" =
Cor(y)~! for almost every y > 0, where C > 0, and this contradicts to ||A]|+ < eo.

In addition, assume (2.4) holds. To show the constant is the best possible, one may
. ~ (+g) _ (+e)

take the functions gi(x) = (¢1(x)) 7 X1, (x) and e (y) = (92(y)) 7" X100 (¥)s

where € — 07 as k —  and yg denote the characteristic function of E. The details

are left to the readers. [

As in section 3, one can test some special kernels in Theorem 4.1 and obtain
corresponding well-known results (cf. [1, Theorems 2.3 & 2.5] and [8, Theorems 2.1 &
2.2]). The case f; = f> =1 is also under consideration, and the statement is as follows.

COROLLARY 4.2. Let p> 1, 1/p+1/p* =1, and ¢; € F(o;) for i=1,2. If
K(x,y) is homogeneous of degree —1 and k, = k,(K) < oo, then

1 1

/O=>°/O°°K(¢1 (x), G2(0)) g ()| | (y)dxdy < ot ”" oy 7 k|| 1]
</ow (/owml (x)»¢2(y))|g(x)|dX>pdy>; <ot 7 Myl
</ow (/owm (x>,¢2(y>>|h<y>|dy>mdx> " <oy ”L"a; 7kl

where g and h are two measurable functions defined on (0,o0) with 0 < ||g||p, [|h||p+ <
1 1

oo, Moreover, if (2.4) is true, then the constant o P a;ﬁ p 18 the best possible.

Finally, we give a remark here. Suppose T is a linear operator on L,(0,0) defined

by Tg(y) = Jo K(¢1(x),92(y))g(x)dx, where g € L,(0,0) and K, ¢;, ¢, satisfy the

hypotheses in Corollary 4.2. As a consequence, we conclude that 7' is bounded on
1 1

L,(0,%°) and the corresponding operator norm is exactly the constant 0‘1_ ” Oc; P kp(K).
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