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A CHARACTERIZATION OF THE SINE
FUNCTION BY FUNCTIONAL INEQUALITIES

IWONA TYRALA

(Communicated by Zs. Pdles)

Abstract. In the present paper we deal with the first generalization of Wilson’s difference

ﬂﬂﬂﬁ—f(??ﬁ2+f<gfﬁa

assuming that its absolute value is majorized by some function in a single variable.

1. Introduction

We shall start with solutions of the classical Wilson functional equation (the sine
equation):

THEOREM 1. (W. H. Wilson [13], see also [2]) Let (G,+) be a uniquely 2-divi-
sible Abelian group. A function f : G — C satisfies the Wilson functional equation (the
sine equation):

x4\ (x=y\?
f(T) _f<T> =f(x)f(y) forall x,yeG (1)

if and only if f is additive or there exists a homomorphism m : G — C, i.e. a solution
of the exponential functional equation

m(x+y)=m(x)m(y) forall x,y€GqG, 2)

such that
fx)=y(m(x)—m(—x)) forall x€G
with some vy € C.
We shall also be using the following
" Mathematics subject classification (2010): 39B62, 39B82.
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14 IWONA TYRALA

THEOREM 2. (Pl. Kannappan [11], also [2] and [6]) Let (G,+) be an Abelian
group. A function f: G — C satisfies d’Alembert functional equation (the cosine
equation):

fx4y)+flx—y)=2f(x)f(y) forall xyeG, 3)

if and only if there exists an exponential function m : G — C such that

flx)= %(m(x) +m(—x)) forall x€@G.

From now on, f, and f, stand for the odd and the even part of a function f: G —
C, that is,

fo(x):w, JZ(@ZW forall xe€G.

In what follows we need the following lemma concerning Wilson’s first generalization
of d’Alembert’s functional equation (see [1]):

fle+y)+flx—y)=2f(x)g(y) forall x,yeG, @)

for functions f,g : G — C, where (G, +) is a uniquely 2-divisible Abelian group.

LEMMA 1. Let (G,+) be a uniquely 2-divisible Abelian group and let functions
f,g:G—C, f#0 satisfy equation (4). Then g satisfies the cosine functional
equation (3). Moreover f, satisfies the sine functional equation (1) and f, =C-g,
with some C € C.

The proof of this lemma can be obtained by the method applied in [1], using the results
of [11].

Proof. Since f # 0, there exists an a € G such that f(a) # 0. Putting x =« in
(4), we obtain
fla+y)+fla—y)=2f(a)g(y), y€G,
i.e.
gty = L lam)
f(a)
Then using (4) and (5) we get

flatx+y)+fla—x—y)

yeG. 5)

flatx—y)+fla—x+y)

gty +elx—y) = 27a) + 27(a)
_ flatx+y)+flatx—y)+[fla—x+y)+fla—x—y)]
2f(a)
~ 2fla+x)g(y) +2f(a—x)g(y)
2f(a)
_ fla+x)+fla—x)
=2 2 (@) g(y)

=2g(x)g(y), xyeG.
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Thus, function g satisfies the cosine functional equation

gx+y)+glx—y)=2¢(x)g(y), xyeG. (6)
Now we shall distinguish two cases regarding the value of function f at zero.

1° Let £(0) = 0. Put x = 0 in (4); after simple calculation we get

f(=y)=—f(y), y€G. (7)
Moreover we have
f0 = f7 fe = O
Replacing y by x in (4) we arrive at
f(2x) =2f(x)g(x), x€G. (8)

Then, conditions (4), (7) and (8) imply that

Fa+y)? = fle=y) = [flx+y) + f =[x +y) = F(x—)]
=2f(x)gW)[f(x+y) = fx=y)]
=f)2f(x+y)gy) =2/ (x—y)g(y)]
= fO)fx+y+y) +fx+y —y) = flx—y+y) = f(x =y —y)]
=2y +x)+ f(x) = f(x) = f(x—2y)]
= f@)fQy+x)+ f2y—x)] = f(x)2f(2y)g(x)
=2f(x)g(x)f(2y) = f(2x)f(2y), xy€G,
whence,
Fa4y) = fla—y)?=f(22)f(2y), xy€G.
In view of above equation and in the light of the unique 2-divisibility of G we conclude

that f = f, satisfies the sine functional equation (1). Furthermore f, = f(0)-g=0.

2° Let f(0) =C #0 and let F : G — C be a function defined by the formula
F(x):= éf(x) forall x € G. Then F(0)=1 and using (4) we get

Flx+y)+F(x—y) =2F(x)g(y), xyeG. 9
Putting x = 0 in (9) we can determine function g as even part of function F, i.e.

o(y) = F(y) +2F(—y) _ %.f(y) +2f(—y),

yEG,
or, equivalently,
fe(x)=C-g(x), x€G.

Let F(x) = F,(x) + F,(x), x € G, where F, and F, denotes the even and the odd part
of F, respectively. Then

F(x) =g(x)+F(x), x€G, (10)
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and applying (10) in (9), we have
gx+y) +Fo(x+y)+g(x—y) + Fo(x—y) = 2[g(x) + Fo(x)|g(y), x,y€G,

or, equivalently,
gx+y) +gx—y) —28(x)g(y) + Folx +y) + Fo(x —y) = 2Fo(x)g(y), x,y€G,
which jointly with (6) gives
Fo(x+y) + Folx—y) = 2Fo(x)g(y), xy€G.

Now F, and g satisfy the equation (4). Directly from the definition of F,, we get
the equality F,(0) =0 which in case 1° implies that F, satisfies the sine functional
equation (1). Moreover, with the aid of (10), we arrive at

fx)=Cgx)+ fo(x), x€G,

where the odd part of f has a form f, = CF, and satisfies the Wilson’s functional
equation (1) as well.

Stability problems concerning classical functional equations have been treated by
several authors (see e.g. [3,4, 6,7, 11, 12]). It is known that equation (1) and equation
(3) for complex functions defined on an Abelian group are stable in the sense of Hyers-
Ulam (resp. P. Cholewa [8] and J.A. Baker [6]). Generalizations of this result appeared
in various directions. It turned out that equation (1) for complex functions defined on an
Abelian group is superstable in the sense of Ger, too. Namely, the following theorems
hold true:

THEOREM 3. (R.Badora, R. Ger [5]) Let (G,+) be a uniquely 2-divisible Abelian
group andlet f: G — C, @ : G — R satisfy the inequality

rore) - () s ()

Then either f is bounded or f satisfies Wilson’s equation (1).

< o(x) forall x,yeG.

THEOREM 4. (R.Badora, R. Ger [5])Let (G,+) be a uniquely 2-divisible Abelian
group andlet f: G — C, ¢ : G — R satisfy the inequality

'f(x)f(y) -7 (’%)Z f (;)2

Then either f is bounded or f satisfies Wilson’s equation (1).

<o) fordl x,yeG.
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2. Main results

DEFINITION 1. Let (G,+) be a uniquely 2-divisible Abelian group. We say that
f,g: G — C satisfy the first generalization of Wilson’s functional equation if and only
if for all x,y € G we have

/ ()%)2 ~f (’%)2 — F3) ) an

Solutions of the first generalization of Wilson’s functional equation yields the fol-
lowing

THEOREM 5. Let (G,+) be a uniquely 2-divisible Abelian group and let
f,g: G — C satisfy (11). Then:
(1) if f =0, then g is arbitrary,
(i) if g =0, then f(G) C {—C,C}, where C € C,
(iii) if f #0,then g satisfies equation (1) and moreover, in the case f(0) = 0, f = g,
(iv) if f#0 and f(0) =C #£0, then g is additive and

_JCc+3g(x) forall xeG\Z
f(x)_{Cs(x) forall xeZ

gx) =y(m(x) —m(—x)) forall x,yeG

and

)

Ce(x) forall xe€Z
with some o, 3,y € C, where € : G — {—1,1} and Z .= {x € G : g(x) = 0}.

flx) = {Otm(x)—i-ﬁm(_x) forall xeG\Z

Proof. Ad (ii). For g =0 putting y = x in (11) we get
f(x)*=C? forall xeG,
where C := f(0). Hence
flx)e{-C,C} forall xegG,

which ends the proof of (ii)
Replace x by 2x and y by 2y in (11). Then, for all x,y € G, we obtain

Fx+y)? = flx—y)* = f(2x)g(2y). (12)

We will prove the following implication

2 N2
f#0=>g<)%) —g(’%) =g(x)g(y) forall x,y€G.
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Assume that f # 0. Putting y =0 in (12) we obtain
0=f(x)>—f(x)*> = f(2x)g(0) forall xeG,
whence
8(0) =0. (13)
Now, replacing y by —y in (12) we get
=y = flx+y) = f(20g(-2y), xy€G.

From above and (12) we have

f(2x)g(—2y) = —f(2x)g(2y) forall x,y€G.

Hence, in the light of the unique 2-divisibility of G we conclude that

g(—y)=—g(y) forall yegG. (14)

Moreover, since by assumption, f # 0, there exists an element € G such that f(2a) #
0. Put x =a in (12), then

fla+y)?—fla—y)?
f(2a)

By (15) and (11) for all x,y € G we get

s o)

_f<a+x+y> (=57 fla+ TP fla— PP

g(2y) = forall yeG. (15)

f(2a) " f(2a)

FRAERN2 (22 g p(2EEY )2 g2 )2
- f(2a)
_ SR - fRE 4 () - ()
B f(2a)
_ fRa+y)g(x) + f(2a—y)sx)

f(2a)

fRRa+y)+ f(2a—y)

= 70a) g(x).

Hence,

fa+y)+f(2a—y)
f(2a)

Putting y = x in (16) and using (13) we have

fQRa+x)+ f(2a—x)
f(2a)

glx+y)+glx—y)= g(x) forall x,y€G. (16)

g(2x) = g(x) forall xeG. (17)
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Interchanging the roles of x and y in (16) and making use of the oddness of g we obtain

fRa+x)+ f(2a—x)
f(2a)

Hence, by (16), (17) and (18), for x,y € G, we get

g(y) forall x,y€eG. (18)

gx+y)—glx—y)=

glx+y)? —glx—y)* =[g(x+y) +g(x—y)[glx+y) — g(x—)]
_ f(2a—|—y)—|—f(2a—y)g(x)f(2a—|—x)—|—f(2a—x)
f(2a) f(2a)

= g(2x)g(2y).

Thus, we have proved that the function g satisfies Wilson’s equation.

g(y)

Ad (iii). Now, assume that, additionally, f(0) = 0. To prove (iii), we need only to
show that
f(x)=g(x) forall xeG.

Putting x = 0 in (12) we obtain
fO)?=f(=y)*=0 forall yeG. (19)

whereas replacing x by y in (12) gives

fO+x)?—fly—x)%=f(2y)g(2x) forall x,yeG. (20)
Subtracting (12) and (20) we get

—fle=y)* 4+ f(=(x =) = f(2x)8(2y) — £(2v)g(2x)
for all x,y € G. Then by (19) we conclude

f(2x)g(2y) — f(2y)g(2x) =0 forall x,y€G,

or, equivalently (in the light of the unique 2-divisibility of G),

f(x)g(y) =f(v)glx) forall x,yeG. (1)

Since f # 0, there exists an element b € G such that f(b) # 0. Set x = b in (21).
Then, for all x,y € G, we get
8(b)

g(y)= %f )

Let o := %, then g(y) = of(y) for all y € G. Since g satisfies Wilson’s equation
we have

a?f(x+y)}— o f(x—y)? = af(2x)af(2y) forall x,yeG.

Now, consider two cases
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1° Let o # 0. Then

fO+y)? = flx—y)* = f(2x)f(2y) forall x,y€G.

Thus from (12) we obtain

FOf)—g()]=0 forall x,yeG.

Putting x = b we have

forall y e G.
2° If a =0, then g =0. Moreover, from (11) we get
2 2
f(’%) —f(%) =0 forall x,y€G.

Now, setting y = x we arrive at
f(x)>=0 forall xe€G,

whence
f(x)=0 forall xeGgG,

which is impossible

Ad (iv). Assume that f(0) =: C # 0 and g # 0. Define functions F,h: G — C

by
P =T =8,
forall x € G. Then
F(x+y)??—F(x—y)?=F(2x)h(2y) forall x,yeG (22)
and from (14) we conclude that
h(—x)=—h(x) forall xe€G. (23)

Directly from the definition, we see that F(0) = 1 and & satisfies Wilson’s equation.
Putting y = x in (22) we have

F(x)>?—1=F(x)h(x) forall xcG. (24)
From (24) for all x,y € G we obtain

F(x+y)? = F(x =y = F(x+y)h(x+y) + 1 = [F(x=y)h(x =) +1]
=F(x+y)h(x+y) = F(x—y)h(x—y).
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Jointly with (22) this implies that
F(x+y)h(x+y) = Flx—y)h(x—y) = F(2x)h(2y),
Applying (23) for x = 0 in (25) we have
[F)+F(=y)lh(y) = h(2y)
for all x,y € G, whence, in particular, we get
2F,(x)h(x) =h(2x) forall xe€G.

Let
Z:={xeG:h(x)=0}.

x,y€QG.

21

(25)

(26)

From definition of the function /& and of the set Z, we see that Z={x€ G:g(x) =0}.

By (26) we conclude that

=" el rec\z

Since F = F, + F,, from (24) we conclude

Fo(x)? + Fo(x)? +2F,(x)F.(x) — 1 = F,(x)h(x) + Fo(x)h(x)
Replacing x by —x we arrive at

Fy(x)* + Fo(x)* = 2F,(x) Fo(x) — 1 = Fy (x)h(x) — Fo(x)h(x)

Subtracting the last two equations yields

2F,(x)F,(x) = Fp(x)h(x) forall xeG.

By equation (28) we get
1
F,(x) = Eh(x) forall xeG\Z.
In the light of (27) and (29) function F has a form

Pl < 1) | B0

T 2h(x) 2
Moreover, from (24) we infer that
F(x)?=1 forall xcZ.

In other words, we have

)

MM xeG\z
£(x), xezZ

+—= forall xeG\Z

for all

for all

x€G.

x€G.

27)

(28)

(29)

(30)
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where € is a function on a uniquely 2-divisible Abelian group G into a set {—1,1}.
Now, for the function 2 by Theorem 1 we obtain two cases

1° The function # is additive, then we have

2h(x) = h(x) h(x)
O =G T2 T

forall x e G\ Z.

2° There exists an exponential function m : G — C such that

h(x) = y(m(x) —m(—x))
with some y € C. Hence, by (30) and (2), for all x € G\ Z, we get
Y(m(2x) —m(=2x) | y(m(x) —m(—x)

F) = 2y ) — () 2
_ 1 m(X)2 - m(i)z Y 1
TTmw-L 2 (’"<x> - m)
I mx)*—1 ym(x)? —1

2 —Oml) 2 m)
m(x)* +1+ym(x)* —y
2m(x)
1 1-—
= %/m(x) + Tym(—x).
Because of the equalities f = CF and g = Ch, the proof has been completed.

The main idea of the proof of the next theorem has already been used by some
authors, for example P. Gavruta (see [7]), R. Badora (see [3], [4]), R. Badora, R. Ger
(see [5]) and the monograph [10].

Let (G, +) be a uniquely 2-divisible Abelian group. Fix a function ¢ : G — R (not
necessarily constant nor bounded). Now, for function f,g : G — C we shall consider
the following inequality

‘f(x)g(y) —f (%)2” ()%)2

THEOREM 6. Let (G,+) be a uniquely 2-divisible Abelian group and let func-
tions f,g: G — C and ¢ : G — R satisfy inequality (31). Then:
(1) if f =0, then g is arbitrary,
(i) if g =0, then |f(x)| < \/@(x)+|f(0)? forall x € G,
(iii) if f #0=£ g and f is bounded, then g is bounded, too,
(iv) if f #0 and g is unbounded, then there exists a solution h: G — C of the
d’Alembert equation such that

fe+y)+fx—y)=2f()h(y) forall xyeG,

<o@(x) forall x,y€G. (31)
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fe =Ch, f, satisfies equation (1), and
ICllg(x) = 2fo(x)| < @(0) forall x€G.
Moreover, if C =0, then
lg(x) = fo(X)| <N

forall x € G, where N := inf{ \Z((fc))l :x€G, f,(x)# 0}.

REMARK 1. The omitted case: f-unboundedand g-bounded, remains unresolved.

We shall prove Theorem 6.
Proof. Ad (ii). For g =0 inequality (31) assumes the form

()7

for all x,y € G. Put here y = x to get

< o(x)

IF())? < o) +|f(0)> forall x€G.

Ad (iii). If 0 # f # g is bounded, then M := sup{|f(x)| : x € G} € (0,+),
whence by (31) we obtain

If(x)g()| < @(x)+2M* forall x,y€G. (32)

Since f # 0, there exists an element a € G such that f(a) # 0. Setting x = a in (32)
we conclude that g is bounded.

Ad (iv). Assume that f # 0 and g is unbounded. Putting x = 2x and y = 2y in
(31) we have
£(2008(2y) = fx+2) + f(x—y)? < @(2x) forall xyeG. — (33)

Because of the unboundedness of g, there exists a sequence (,),cn of elements of G
such that
0+#|g(2ty)] —> 0 as n— oo, (34)

Set y =1, in (33). Thus
St~ f—n)?) (20
g(2ty) h g (2t

for all x € G and n € N. Now, passing to the limit as n — o and taking (34) into
account, we infer that

f(2x) —

fim L& 0)° — S 1)” — f(2x), x€G. (35)

e 8(2t)
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forall x € G. On setting y = y+ 2¢, in (31) we get

2 2
f(x)g(y+2t,,)—f<w) +f<)L—2t,,)

3 3 < o(x) (36)

for all x,y € G and n € N. Similarly, putting y = —y+ 2¢, in (31) we obtain

2 2
f(x)g(—y+2z,,)_f<m> +f<w>

7 7 <o) (37)

for all x,y € G and n € N. From (36) and (37) for all x,y € G and n € N we have

o) te(—yi2m) PR (R ) (R 40) () 20(x)
‘Zf() - 2g(§tn)y o 3(2t,) : - 8(2t) : S Genl

In the light of (35), we conclude that there exists the limit

hy) i lim SO 20) T8y +20)

for all .
lim 22020, orall yeG (38)

Relation (38) defines a function & : G — C which satisfies the first generalization of
Wilson’s functional equation, i.e.

FOx+y)+ fx—y)=2f(x)h(y) forall x,ye€G. (39)

From Lemma 1, for a non-zero function f, we obtain that & satisfies d’Alembert’s
equation:
h(x+y)+h(x—y)=2h(x)h(y) forall x,yeG. (40)

Moreover f, = Ch and f, satisfies Wilson’s equation (1). Fix x € G and set
f(x) = Ch(x) + fo(x) (41)

in (31). Therefore for all x,y € G, we get

- en(E2) o ()] e () o (5] | <ot
Put x — 0 in (42); then for all y € G we have )
[ch0)+ 001 - [en (3) + £ ()] + [en(-3) <4 (-3)]'| < 000

or equivalentl,
fe+ot - [n(3) w4 ()] + [or(3) £ (3)] | <00
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for all y € G. Hence

)cg(y) —4ch (%) f (%) ‘ <(0) forall yeG. (43)
By (39), (40) and (41) we get relation

folx+y)+ folx—y)=2f,(x)h(y) forall x,y€G. (44)
Put y = x in (44) to get

fo(2x) = 2fo(x)h(x), x€G,
which together with (43) gives
ICllg(x) —2f,(x)| < @(0) forall xeG.
Now, if C # 0, then
¢(0)

‘g(x) _2fa(x)| < W7 x € G;

in the case where C = 0, we have f, =0 and f = f, satisfies equation (1). Thus from
(31) we conclude that

[fo(x)g(y) = folX) foy)| < @(x) forall x,yeG,

whence
1fo@)[lg(y) = fo¥)| < @(x) forall x,yeG.

Since f = f, is a non-zero function, we may put

=1 9(x) 1X X
N := nf{|f(,(x)| (X €G, fol )750},

which ends the proof.
Below, we shall present two examples of functions which satisfy inequality (31).

EXAMPLE 1. Let f,g: G — C have the forms

m(x) —m(—x)

== glx) = 2 +1 forall x€G,

where m : G — C is exponential function, i.e. m satisfies equation (2). Then, for all
x,y € G we have

‘f(x)g(y)_w%)af(x?)z‘ _ ) =l _
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EXAMPLE 2. Let f,g: G — C be functions defined by
fx)=m(x), glx)=m(x)—m(—x)+1 forall xe€G,

where m : G — C is exponential function, i.e. m satisfies equation (2). Thus

‘f(x)g(y)—f(%)zw(’%)z

From Theorem 6 we have the following

=|m(x)| =:@(x) forall x,y€G.

COROLLARY 1. (Theorem 3) Let (G,+) be a uniquely 2-divisible Abelian group
andlet f:G — C, ¢ : G — R satisfy the inequality

rore) - () s ()

Then either f is bounded or f satisfies equation

<o(x) forall x,yeG.

(N ()
f@f) =1 3 f 5 forall x,y€G.

Proof. From the previous theorem applied for unbounded function g = f, there
exists a function /4 : G — C such that
fx+y)+flx—y)=2f(x)h(y) forall x,yeG. (45)
By Lemma 1 and equation (45) we infer that
h(x+y)+h(x—y)=2h(x)h(y) forall x,yeG.

Moreover, f,(x) = Ch(x) for all x € G and f, satisfies Wilson’s equation. Assume that
C #0. Then, for all x € G, we have

?(0)
|f(x) - Zfo(x)| < W
whence
|fe(x) = fo(x)] < 2(0) forall x€G. (46)

C|
Putting y = —y in (1) we get

xX—=Yy 2 xX+y 2
f(x)f(—y)—f<T> +f<T)
In view of (1) and (47) we deduce that

fOIfe@) < @lx) forall xyeG.

<o@(x) forall x,y€G. 47)
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Since f is a non-zero function, we infer that f, is bounded. Now, from (46) we get
that f, is bounded, as well, which is a contradiction. Thus C =0 and f = f, satisfies
Wilson’s equation.

Observe that inequality (31) fails to be symmetric with respect to x and y, we should
consider also the following inequality

‘f(x)g(y) ~f (’%)2 4 f (3%)2

for all x,y € G, where (G,+) is a uniquely 2-divisible Abelian group. Here, the func-
tion @ : G — R is given (not necessarily constant nor bounded) whereas functions
f,g: G — C are considered to be “unknown”.

<o@(y) forall x,yeG. (48)

THEOREM 7. Let (G,+) be a uniquely 2-divisible Abelian group and let func-
tions f,g: G — C and ¢ : G — R satisfy inequality (48). Then:
(1) if f =0, then g is arbitrary,

(i) if g =0, then |f(x)| < /@ (x)+|f(0)]* forall xeG,
(iii) if f #0+# g and f is bounded, then

o o(x)+2M?

lg(x)] < i forall x€G,

where M := sup{|f(x)| : x € G},
(iv) if g #0 and f is unbounded, then g satisfies Wilson’s equation (1) and

1g(X)f(x) — f(x)? < @(x)+ |f(O)? forall xeG.

Proof. Ad (ii). If g =0, then (48) has a form
x+y\? x—y\?
‘f (T) - (T)

Put y = x, to get

<o@(y) forall x,yeG.

|f(x)] <\/o(x)+|f(0)]? forall xeG.
Ad (iii). Assume that f # 0, g #0 and f is bounded; then

M :=sup{|f(x)| : x € G} € (0,+o0).
By (48) we conclude that

o(y) +2M*
8O < ==

forall yeG.
Ad (iv). Setting x = 2x and y = 2y in (48), we obtain

£(20)8(2y) = flx+3)*+ f(x—y)?| < @(2y) forall x,yeG. (49)
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Since f is unbounded, there exists a sequence (f,,),cn of elements from G such that
0# |f(2ty)| — o as n— oo (50)

Set x =1, in (49) to obtain

f(tn +y)2_f(tn —Y)2 < (p(zy)

8 = ) S )

forall yeG,neN.

Now, passing to the limit as n — oo, and taking (50) into account, we infer that

T f(tn+y)2_f(tn_y)2

forall yeG. (&29)

Put x = 2¢, + x in (48). Thus

B N2
Fntaggto)—s () g (22

> 3 <o(y), x,y€G,neN. (52)

Setting x = 2¢, — x in (48), we get

f2t,—x)g(y)—f (m>2+f (M)2

> 3 <@(y), x,yeG,neN. (53)

Adding inequalities (52) and (53) side by side we infer that for all x,y € G and n € N
one has

f@tn+2)+f 2ty —x) Flt S0 —r (=) ft 52 (0= 52)" | _ 200
‘ o 1 e (7 e (A I AT s &
In the light of (51), there exists the limit
2t 2t, —
h(x) = tim ( +’}) (;;( Y forall xeG. (54)

Moreover, the function 4 : G — C obtained in that way has to satisfies the equation

h(x)g(y) = g(x+y) —g(x—y) forall x,y€G. (55)

By definition (54) we have h(0) = 2. Now, from (55) putting x =y =0 we get g(0) =
0. Setting x =0 and y = x in (55) we conclude that g is odd. Thus

h(x)g(x) =g(2x), x€G. (56)
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Applying (55), (56) and oddness of g we have

+glx+x—y)—glx—x+y)gy)
= [8(y+2x) —g(—y) +g(—y +2x) —g(y)]g(»)

= [g(y+2x) —g(y — 2x)|g(y) = h(y)g(2x)g(v)
=g(2x)g(2y) forall x,y€G.

On account of the unique 2-divisibility of G, the above equation states that g yields a
solution to the Wilson’s equation. The last inequality of our theorem results from (48)
putting y = x.

Observe that the estimation spoken of in (iv) cannot essentially improved. This is
visualized by the following

EXAMPLE 3. Let f,g: G — C have a form
fx)=ax)+1, gkx)=alx) forall x€G,

where a: G — C is additive. Thus
2 2
X+ X —
f(x)g(y)—f(Ty> +f<Ty)

From Theorem 7 for g = f we obtain

= la(y)|=:@(y) foral x,ye€G.

COROLLARY 2. Let (G,+) be a uniquely 2-divisible Abelian group and let func-
tions f: G — C, ¢ : G — R satisfy the inequality

xX+y 2 X—y 2
FROI) -\ =) +f| =5
2 2
Then either f is bounded or f satisfies equation

ry\2 2\
f(x)f(y):f<—> —f(—) forall x,y€G.

<o) foral x,yeG.

2 2

Now, we consider a very special case @(x) = € = const in Theorem 6 and Theo-
rem 7.
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COROLLARY 3. Let (G,+) be a uniquely 2-divisible Abelian group and let € >0
be a given number. Let f,g : G — C satisfy the inequality

‘f(x)g(y) —f (%)2” ()%)2
Then

(1) if f =0, then g is arbitrary,
(1) if g =0, then f is bounded,
(iii) if f #0+# g and f is bounded, then g is bounded, too;
(iv) if g # 0 is bounded and f is unbounded, then g satisfies Wilson’s equation
(1). Moreover,

<€ foral x,yeQG.

800 f(x) = f(x)?*| < e

for all x € G and for some o € R;
v) if f#0 and g is unbounded, then f is unbounded, too. Moreover, there
exists a function h: G — C such that

fx+y)+ flx—y)=2f(x)h(y) forall x,y€G,

For = f.+ f, we have f.(x) = Ch(x) for all x € G and for some C € R
and f, satisfies Wilson’s equation. Moreover, if C # 0, then

18(x) = 2£o(x)] < =

forall xeG.
C|

If C=0, then g=f = f,.

Proof. Ad (ii). From (ii) in Theorem 6 (or (ii) in Theorem 7) for g = 0 and

©(x) = € we infer, that
|f(x)] <\/e+|f(0)]> forall xeG.
Thus, f is bounded.

Ad (iii). For f # 0, g # 0 and for bounded function f, by (iii) in Theorem 7, we
obtain the estimation

€+ 2M?
l2(x)] < +M forall xeG,

where M := sup{|f(x)| : x € G}; thus g is bounded.

Ad (iv). If g # 0 is bounded and f unbounded, then from (iv) in Theorem 7 we

get
X+y 2 xX—y 2
¢(32) ~¢(F2) —ews0) oran vyeq
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and
g f(x) = f(x)*| < et
forall x € G and « := &+ |f(0)]?.

Ad (v). If we assume that f # 0 and g is unbounded, then from (iv) in Theorem
6 we conclude, that there exists a function 4 : G — C such that

foe+y)+fx—y)=2f(x)h(y) forall xyeG.

Moreover, f,(x) = Ch(x) for all x € G and some C € R and

(Y (Y
foX)fo¥) = fo 5 fo 3 forall x,y€cG.

If C #0, then

8(x) —2f,(x)| < = forall x€G,

I

whereas in the case where C = 0, we get f = f,, and
8(x) = fo(X)| <N, x€G,

with N = inf{‘fgw (X E€G, fo(x)# O}. By (iii) we infer that whenever g is un-
bounded, then so is f. Now, for f = f, we have N =0 which means that f = g

which finishes the proof.

3. Characterizations of the sine function

From the results of the previous section we derive some new characterizations of
the sine function mapping the real line R into the complex plane C. The basic idea in
the proof was motivated by R. Badora and R. Ger [5]. Let us first recall a result that
was proved in more general version by R. Ger in [9].

THEOREM 8. (A. Ostrowski) Every not identically vanishing a Lebesgue mea-
surable solution m : R — C of the exponential equation (2) has to have the form
m(x) =e*, x€R, where a is a complex constant.

Combining that fact with Theorem 1, we conclude that every not identically van-
ishing a Lebesgue measurable solution f : R — C of the Wilson’s equation (1) is either
linear or has to have a form

f(x)=Psinax forall xeR,

with some o, 3 € C.
In the light of these remarks we get the following corollaries.
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COROLLARY 4. A function f : R — C is of the form
f(x)=PBsinax, xeR,

with some constants o € C\R and B € C\{0}, if and only if
(1) f is Lebesgue measurable,
(ii) f(0) =0 and f is unbounded
(iii) the function

fx)

R\{0} > x+— eC

is nonconstant,
(iv) there exists a function @ : R — R and a function g : R — C such that

F0g0) 1 (M)Z s (;)2

5 < o(x)

forall x,y € G.

Proof. (=) If f(x) =Bsinax forall xR and some a € C\R, 8 € C\{0},
then we define g: R — C and ¢ : R — R by

gx)=f(x), okx)=0 forall xeR.

(«=) Condition (iv) jointly with Theorem 7 yields that there exists a function #: G — C
such that

fx+y)+ flx—y)=2f(x)h(y) forall x,y€eG.
With the aid of the equality f(0) =0 and Lemma 1 we deduce that f satisfies Wilson’s
equation. Because of (iii) we rule out that f is linear. Therefore

f(x)=PBsinax

for every x € R, with some «,f € C. Clearly, a function of that form is unbounded if
and only if the constant ¢ falls into the set C\R and 8 € C\{0}.

COROLLARY 5. A function g : R — C is of the form
g(x) =PBsinax, xeR,

with some constant oo € C\R and B € C\{0} if and only if
(1) g is Lebesgue measurable,
(1) the function

R\{O}an—>gi—x) eC

is nonconstant,
(iii) there exists a function @ : R — R and a unbounded function f:R — C such

that
‘f(x)g(y)—f(¥)2+f(’“—y>2

— <o(y) forall x,yeG.
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Proof. (=) Let g(x) =B sinox forall x € R and for some o € C\R, § € C\{0}.

Define f: R — C and ¢ : R — R by

f(x)=g(x), o@kx)=0 forall xeR

Because o falls into the set C\R, the function g is unbounded. We get (iii), which
completes the proof.

(«<=) By assumption (iii) and Theorem 7 we deduce that g satisfies Wilson’s equa-

tion whence

g(x) = Bsinox

for all x € R and some o € C\R, € C\{0}.
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