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INCREASING CO-RADIANT FUNCTIONS AND
HERMITE-HADAMARD TYPE INEQUALITIES

G. R. ADILOV

(Communicated by C. E. M. Pearce)

Abstract. In this paper, we study Hermite-Hadamard type inequalities for increasing co-radiant
functions. Some examples of such inequalities for functions defined on a special domains are
given.

1. Introduction

It is well-known that if f : [a,b] — R is convex function on [a,b], then the in-
equality

1(57) <5 a/f <3 @+ 1) O

holds, and both inequalities in (1) are sharp. These inequalities are well-known as the
Hermite-Hadamard inequalities. There are many different generalizations and compan-
ion results of these inequalities for convex functions, see [3] and [9].

There are also many generalizations of these inequalities for such nonconvex func-
tions as quasiconvex functions [4, 8, 11], P-functions [5, 8], multiplicative convex
functions [7], r-convex functions [6], Godunova-Levin type functions [5], increasing
convex-along-rays functions [2, 10], increasing radiant functions [12], increasing posi-
tively homogeneous functions [1] etc.

For instance, in [6], if f € Q(I) (I is an interval in R), i.e.,

FfAx+(1—-2)y) < %4—%, x,yel, A€ (0,1)

and f € Ly[a,b], then

and the inequality is sharp.
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In the present paper, we consider one generalization of Hermite-Hadamard in-
equalities for the class of increasing co-radiant functions defined on the R} | = {x €
R'x; >0,i=1,2,...,n}.

In Section 2 we give certain concepts of abstract convexity and definition of in-
creasing co-radiant functions and we recall some results related to these functions. In
Section 3 we consider Hermite-Hadamard type inequalities for the class increasing co-
radiant functions. Some examples of such inequalities for functions defined on R,
and R% | are given in Section 4. In Section 5 the results are summarized.

2. Preliminaries

2.1. Abstract convexity and Hermite-Hadamard type inequalities

Let R be a real line and Ri.c = RU{+oo}. Consider a set X and a set H of
function % : X — R defined on X. We assume that H is equipped with the pointwise
order relation: if f,g € Y, then f > g if and only if f(x) > g(x) forall x € X.

A function f: X — R... is called abstract convex with respect to H (or H -convex)
if there exists a set U C H such that

f(x) =sup{a(x):he U} forallx € X.
Clearly f is H-convex if and only if
f(x) =sup{h(x)|h < f} forallx € X.

Let Y be a set of functions f: X — Riw. A set H CY is called a supremal
generator of the set Y if each function f € Y is abstract convex with respect to H.

A lot of authors study of Hermite-Hadamard type inequalities is based on the fol-
lowing Principle of Preservation of inequalities.

PROPOSITION 1. Let H be a supremal generator of Y and let y be increasing
functional defined on Y, thatis, (f,g €Y, f>2g )= w(f) = w(g). Then

(h(u) < y(h) forallhe H) < (f(u) < w(f) forall f€Y).

The proof of Proposition 1 is easy and can be found in [10].

A function f is called increasing (with respect to the coordinate-wise order rela-
tion) if x >y implies f(x) > f(y).

The function f is positively homogeneous of degree one if f(Ax) = A f(x) for all
X€R} and A > 0.

Let L be the set of all min-type functions defined on R’} ,, i.e. the set L consists
of all functions of the form:

I(x)={l,x):= m‘in?, XERY
il
with [ € R, . We know that (see [10]) a function f: R", | — R is L-convex if and only
if f is increasing and positively homogeneous degree one (shortly IPH).
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Let f be a function on R’ ,. For each y € R’ , consider the ray {Ay|A >0} and
the restriction f, of f on this ray. By definition

H(A)=f(Ay), =0

The function f is called convex-along-raysif the function f, is convex forall y e R’} , .
For the increasing convex-along-rays (shortly ICAR) functions on Ri ., the fol-
lowing proposition is considered in the study of Hermite-Hadamard inequalities (see

[2]).

PROPOSITION 2. Let f be an ICAR function defined on Ri +. Then for each
(x,y) € R, there exists a number b > 0 such that

b [min (_ g) - 1} < Floy) — f(E.7)

forall (x,y) € R% .

Proof of this theorem can be found in [10].

Recall that a function f: R"_ — R} = [0,0] is called radiant if f(Ax) < Af(x)
forall A € (0,1) and x e R" .
Denote by ¢ the function defined on R, by the formula

0,  if@x<l
o) = { x), i (L0 >1

where (I,x) is min-type function.
It is known (see [12]) that the set

H ={c@|l €ER | ,c €[0,0)
is supremal generator of the class increasing radiant (shortly InR) functions defined on
R ..
Using the properties of IPH functions related to min-type functions [1] and the

properties of InR functions related to ¢; functions [12], Hermite-Hadamard inequali-
ties are studied.

2.2. Increasing co-radiant functions and its some properties
A function f: K — R4 defined on a cone K C R" is called co-radiant if
Ff(Ax) = Af(x) forallx € K, A €0,1]
It is easy to check that f is co-radiant if and only if

flvx) < vf(x)forallxe K, v>1
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We shall consider increasing co-radiant (shortly ICR) functions defined on the
cone R} , .

Since an ICR function f is increasing and f(0) > O it follows that f(x) > 0 for
al xe R .

It is easy to check that a finite ICR function f is continuous on the cone R’ | .

Let us give some examples of ICR functions:

e An increasing positively homogeneous function f of degree u, where u € (0,1]
is ICR. In particular, a Cobb-Douglas function

flx)= kx?lxgz...xﬁ"’ with 2 O =1,0;20
i=1
is ICR.

e Let P be apolynomial degree m with nonnegative coefficients. Then the function

is ICR.

e Let f;, i=1,2,...,m be an increasing positively homogeneous function of degree
0 < w; < 1. Then the sum, minimum and maximum of a family fi, f5,..., fi, are
ICR functions.

e For each f € ICR its conjugate function
1

[ =—1

1)

where 1 = (L 5 -y 3)s 18 also ICR.

Consider the function y; defined on R’} |

{ (Lx) if (1,x) <1

where [ € R}, .
Recall that the set

H={cy;:1€R} ,ce0,}
is supremal generator of the class ICR functions defined on R’} , (see [10]).

PROPOSITION 3. Let f be an ICR function defined on R’ . Then the following
inequality holds for all x,l € R, , :

fOwix) < fx) )
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Proof. If (I,x) > 1, then y;(x) =1 and 7£ > 1 forall i = 1,2,...,n. Consequently,
we can write x > [. Since f is increasing functlons then (2) holds
If (I,x) <1, then y;(x) = (I,x). Since (I,x) = min ¥ = x; = Liy;(x) for

107
1<i<n
i=1,2,...,n = x> 1y;(x). Because the function f is ICR, we have

fx) = f(lwi(x) = wi(x) £ (1)
Hence inequality (2) holds forall x,/ e R . [

Let f be an ICR function defined on R | and D C R’} ,. It can be easily shown
by Proposition 3 such that,

Jp(x) =sup (f(I)wi(x)) 3)

leD

is ICR function and possesses the properties:

fo(x) < f(x) forallx e R |, fp(x) = f(x) forallx € D.

A function f: D — [0,c0] is called ICR on D, if there exists an ICR function F
defined on R, | such that F|p = f, thatis, F(x)= f(x) forall x € D.

PROPOSITION 4. Let f: D — [0,00] be a functionon D € R, |, than the following
assertions are equivalent:

1) f is abstract convex with respect to the set of functions cyy : D — [0,00] with
leD, ceg|0,e];

2) f is increasing co-radiant on D;

3) fD)yi(x) < f(x) forall 1,x € D.

Proof. 1) = 2). It is obvious since any function cy, defined on D can be con-
sidered as elementary function cy,, € H defined R', .

2) = 3). By definition, there exists an ICR function F : R, | — [0,ee] such that
F(x) = f(x) forall x € D. Then by (3), we have

f(x) = Fp(x) = sup F (1) y; = sup f (x) i (x)

leD leD

for all x € D, what implies the assertion 3).
3) = 1). Consider the function fp defined on D fp(x) = sup f(x)y;(x). It is
leD

S
clear that fp is abstract convex with respect to the set of functions defined on D, i.e.,
{cwi 11 €RY,,c €[0,00)}. Further, using 3) we get forall x € D

Jo(x) < f(x) = f(x)ynlx) < ?ggf(l)lm (x) = fp(x)
Hence fp(x) = f(x) for all x € D and we have the defined statement 1). [

The result of this proposition given below implies that the class ICR is broad
enough.
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COROLLARY 5. Let D C R, be a set such that every point x € D is maximal in
D, ie., forall x,y € D: (y>x)= (y =x). Then for any function f : D — [0,0| there
exists an ICR function F : R, | — [0,o], for which F|p = f.

Proof. By proposition 4, it is sufficiently to check only that f(I)y;(x) < f(x) for
all ,xe D. If Il =x, itis clear. If [ # x, then (I,x) < 1 since ! is maximal element in
D, hence y;(x) =0 and f()y;(x) =0< f(x). O

3. Hermite-Hadamard type inequalities for ICR functions

Using the properties of ICR functions given in the second section, we examine
Hermite-Hadamard type inequalities for ICR functions.
Let’s state an important proposition which can be proved easily:

PROPOSITION 6. Let D C R, f:D — [0, is ICR function and integrable on
D. then the following inequality holds for all u € D

0 [vuwdx < [ s )
D D

Proof. 1t can be easily shown by Proposition 4. [

Now let’s survey Hermite-Hadamard type inequalities for ICR functions via sets
Ok(D). Let D C R’ | be closed domain, i.e., D is bounded set such that cl(intD) = D
and k is positive number. Let Oy (D) denote the set of all points X € D such that

k
D) Z Ye(r)dx =1 5)

where A(D) = [dx.
D
In the case of k =1, Q1(D) will be the set Q(D) in [2] and [12].

PROPOSITION 7. Let f be an ICR function on D. If the set Q(D) is nonempty
and f is integrable on D, then

k
— 6
xesQukI()f D/f (6)

Proof. If f(X) = +eo, it is clear from Proposition 4 that f is not integrable.
Hence, f(X) < 4oo. According to Proposition 4, f(x)yz(x) < f(x) for all x € D.

Since x € Q(D), then by (4), we get
k k
—D)D/Wx(x)f( —D/

D

f(x)=f(x)
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whence (6) is derived. [

Now that for each x € Qx(D), we have also the following inequality
1) < g [ S )
S a) )

and it is sharp. For example, if f(x) = y;(x), then (7) holds as the equality.

Now let us examine the right hand side of (1) for ICR functions. First, let’s
prove the auxiliary proposition. Let’s denote maximum type functions by (/,x)", i.e.,

(I,x)" = max .
1<i<n i

PROPOSITION 8. Let f be an ICR function on D. Then the following inequalities
hold for all 1,x € D

f) <y ()f(x) (8)

where

v (1) =

Proof. Since f is ICR function onD, then f(I)y;(x) < f(x) for all x,I € D, that
is,

FO)Lx) < flx), if (Lx) <1
F) < flx), if (1,x) > 1
whence
FO<EF =0T, i DT>
f) < fx), if (x.[)" <1
thus

fO<wt()f(x) forallx,leD. O

PROPOSITION 9. Let function f be an ICR function and integrable on D. Then
forall ue D

[ reax< ) [ xax. ©)
D D

Proof. 1t follows from Proposition 8 [J
Inequality (9) is sharp since we get equality for f(x) = v’ (x). The inequality (9)

can be shown in a more general way as follows:

[ redx < inf & ) [ it () (10)
D

D



52 G. R. ADILOV

4. Examples

Hermite-Hadamard type inequalities have been studied for ICAR functions [2],
InR functions [12] and IPH functions [1] on the special domains of R, and R%r L
Let’s derive (4), (6), (9) inequalities and the sets Qi (D) for ICR functions.

EXAMPLE 10. Let D = [a,b] C R4 . Since

b u b b 2 5
/l[/u(x)dx:/fdx—k/dx: i
u 2u

the formula (4) is as follows:

b
2
1) < 35— [ flayax (an

which are sharp in the class of all ICR functions f € L;[a,b], and holds for any u €
[a,b].
By definition, the set O (D) consists of all points x € [a,b], for which,

b

k ok k(i -3 —-d®)
m!wx(x)dx— m/ll/x(x)dx— m =1

So, a point x € [a,b] belongs to Qx(D) if and only if

kx*42[b—a—kb]X+a*k =0 (12)

b—a b—a 2
x=b— _ 2
x=b T j:\/( 3 b) a

If k=1, then x =a. If kK < 1, itis easily shown that discriminant is negative, i.e.,
(e — b)2 —a? <0, so there is no real root of (12). If k > 1, then one of the roots

We get

- 2 . . . . .
is ¥ =b—224— /(2% —b)"—a® < a and itis not in [a,b]. It is easily seen that if

k < 22 then second root is in [a,b]. If k € [1, 2], Qx(D) is not empty and is as

= b—a Y b—a

follows:
b—a b—a 2
pr— —_ — P 2
O«(D) b X + \/ ( 3 b) a

Now let’s derive the inequality (9).

u b 2 ‘o
[ rwx< 1) [wiar= s | faxt [ax) = p ™2 as)
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By combining the inequalities (11) and (13), for all u € [a, b], the following inequality
is derived:

2bu —u* —a? b2—|—u2—2au
= /f e
a

) 2u(b—a) 2u(b—a)

(14)

In order to examine Hermite-Hadamard type inequalities on the domains D C
R2 ., let’s derive the formula to compute the integrals g W, (x)dx and g v, (x)dx on

these domains. Let D C R%r + and u € D. In order to calculate integral, we represent
the set D as Dy (u) UD,(u) UD3(u), where

Di(u) = xeD:’;—igm,ngm ,
D;(u) = xeD:%}ﬁ—i,xlgul ,
Di(u)={xeD:x;Zu, xx>ur}.
Then
/l[/,,(x)dx = / (u,x) dx+ / (u,x) dx+ / dx
D Dy (u) Dy (u) D3 (u)
1 1
= . / xodxi1dxy + P / x1dxidxy + / dxdx, (15)
2 1
Dy (u) Dy (u) D3 (u)

In a similar way, [y, (x)dx can be computed. For this case, D} () UDj (u)U
D
D7 (u), where

%gz_laulgxl B}
D2 (M)— (X1,)C2)€D %2%7u2<x2 )
D3 (u) = {(x1,x2) € D:xy <uy, xp <up}

and we have

/w,f(x)dx = (u,x) " dx+ / (u,x) " dx+ / dx
b Dy (u) D3 (u) D (u)
= uil / xldxldxz—kuiz / Xodxidxy + / dxdx; (16)
D (u) D3 (u) D (u)

EXAMPLE 11. Let D C R%r . be the triangle, that is

D:{(xl,xz)ERi+:0<x1<a, O<x2<vx1}
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If u € D, then we have

D (u) (x1,%2) €RZ, 10 < x2 < ua, %xz <xi a}7

<
D (u) (xl,x2)6R1+:0<x1<u1,Z—fxlnggvxl},
D3(u) = {(x1,x2) ERZ, tuy <x1 < a, up <xp <vxy )

By (15) we get

/l[/,,(x)dxz /(ux)dx—f— / (u,x) dx + / dx
D

Dl Dz( ) (M)

//xgdxldxz—i- //xldxgdxl—i-//dxzdxl

0 ”l’(Z uy uz

1 (2u1u2—|—3a v—vul 3au2)

Thus the inequality (4) will be as follows:

6
, X)dx,d 17
fluu2) < 2uyus + 3av — vud — 3aun /f(xl *2)dx1dxy (1n

A point ¥ € D belongs to Qi (D) if and only if

2k 3va®+ 2% Xy — 3ax; — v}
ENCHINR IR T 0% — 3afs — v = 3vak!
va 6
Consider now inequality (9) for domain D. Let’s calculate the integral of the func-
tion v, (x) on D. In this case, D} (u),D5 (1) and D3 (u) are as follows:

D} (u) =14 (x1,x) €D:u; <x; <a, 0<x2<Z—2 }7
Dy (u) = {(x1,02) €D: %2 <xy <uy, up <x3 < 1}U
(x1,%2) € D1 ujp < x1 < a, —2x1< X1

<wx
D3+(u)={(xl,x2)6D10<x2<u2, <x1 < 1}

By (16) we get

a u

/w,:r(x) //xldxzdxl—F //xzdxzdxl—i- //xgdxgdx1+//dx1dx2
D

w0 upy uj ”2’(1

a3vu%—u u2—|—2vu u2—|—a v u%

6u2u1v

thus

6usu?y
X1,X)dx1dxy; < 1 up,u 18
Zf( 1%2)dxidx; a3vu%—u%u%+2vu?u%+a3v3u%f( 1u2) (18)
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EXAMPLE 12. Consider the triangle D C R , defined as

( ) a b

Di(u) = (xl,x2)€R1+:0<x2<u2, "—lxg <x -

<a-gn
Dy (u) = (xl,xg)ER T 0<x1<u1,ux1<x2< —g
Di(u) = {(x1,x2) ERZ tus <x1 <a—%up, uy <xp < b—

By (15) we have

!,

au2 b

uyxp ’(1“2
uy

ab | ru; uz) ( 1 2)
6 [( a + b a * b +
In this domain, the inequality (4) is as follows:

fluy,u) <

b |(3+5) -3 (3 +5)+3]

6ab

hrl
/l/fu(x) / / xodx1dx, + — / / x1dxydxy + / /dxszq
D

flur,up) < /f(xl,xg)dxldxz

(u1b + upa)? — 3ab (u1b + ura) + 3a2b2 )

Let’s derive the set Qx(D) for the given triangular domain D. Since A(D) =

then for x € D

55

} /f(XI;XZ)dxldXZ (19)

ab

2

whence
Xy xp 3 3 3
D)oty 22 )2 2
If0<3—4/2—32 <1, QD) is not empty. Hence, k € [1,3]. Thus for k € [1,3]
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and for k € Ry\[1,3], Ok(D) is empty set.
For the same domain D, let’s compute [ . (x)dx in order to derive the inequality
D

(9). To do this, let’s express the sets D} (1), D5 (u) and Dy (u) first:

. b
DT(”) = {(x17x2) ER2++ tup <xp < W“Zféu“ 0<x < Z—f)ﬂ

b
{(xl,xg) R, : ao Tl S¥1 <@, 0<xn < b—gxl}
D3 (u) = {(xl’”) ERLy i <o < G, 0<m < uixz}u

2 . _abw a
(x1,%2) €RY | - T <0 <bh, 0<x <a—3x

D;“() {(x1,%) €D:0<x; <up, 0<x <up}.

Hence
abul upx|
a142+l)u1 uy
/w,j(x)dx = / / xldxzdx1—|—— / / x1dxpdxy
D abuy
auy+buy
abuy uypxy ax
auy+buy “uy a_T up up
/ /xzdxldxg—i—— / / xzdxldxz—l—//dxzdxl
abuy
auy+buy
_wuy | ab(auy +buy) ab?
T3 6uuy 6(aus +buy)’
Therefore
ab (2uiuy  aus + buy ab
,x0)dxd — , 20
/f ,%)dxdx < 6 ( ab + ujuy auy + buy flu,uw) (20)

By combining (19) and (20), for all u € D, the following inequality holds:

Kl (34 8)" =3 (54 8) 3] < sl [ S

¢ 1)
f(ul u) (2141142 4 auptbuy ab )

upuy auy+buy

EXAMPLE 13. Let D C R%, be the rectangle defined as
D= {(x17x2) ER%FJr x1 <a, x < b}
If u € D, then

Di(u) =14 (x1,%2) ERZ, : 0 <xp <up,

u
ﬁxz <x <
<

Do (u) = < (x1,x2) ER%Hr (0 <xp <uy, Z—?

D3(u) = {(x1,x2) €RA, 1u1 <x1 < a, up <xp < b}
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By (15),

/l[/u(x) //xgdxldxz—F //xldxgdx1+//dx2dx1
D

0 ”lYZ ’(1”2 up up

1 1
=ab— E(auz—kbul) + i1

In this rectangular domain D the inequality (4) is as follows:
1

up,up) < / X1,X)dxdx 22)
flur,u2) ab—%(auz—kbul)—k%uluzDﬂl 2)dxid;

Since A(D) = ab, then we get the equation for X € Qx(D)

k 1 1
b( ab — 3 (axy+bxy)+ 3x1x2) =1&2x1x—3(axy+bxy) = (1 —k)ab
a
whence
Qk(D) = {(fl,fz) €D :2x1x; —3(a)?2—|—b)?1) = (1 —k)ab}

Consider now inequality (9). Let’s study two cases:
a) If 2 < 2 then D} (), D (u) and Dy (u) will be as follows:
9y

Df(u) = {(xl,xz) 6R1+:u1 <x1<a,0<x o
U

<
D;(u):{(xl,xg)eRi+:O<x1 Sup, up<xa<b
{(xhxz)eR?H'ul <x <a, M—2x1 Sx<by,

DI (u) = {(x1,%) €RE, 10 <x; <up, 0<x2<ua

By (16) we have
/l[/;(x)dx = —/ /xldxgdxﬁ— //xgdxgdxﬁ— / /xgdxgdx1+//dx2dx1
D u1 L
¥
Puy  bra
= i + 6—u% + 20

b If 2 > b then D (u), D3 (u) and D3 (u) are follows:

Df(u) = {(xl,xz) ER?H 0<xy<up, ug <x1<ary
{(xth)eRiJr:ngung, —1x2 x1 <
D;(”)_é(’“l:x2)€R2+'“2 <o <b 0<x <X
<

(xl,xz)ER++ 0<xr<uy, 0< 1

a}
a} }
T
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and after necessary computations, the following inequality is derived:

bPu;  bd?
/u/u ——u1u2+62+—1.

By combining two cases, for u € D, the following equality is derived:

/ - 3u1u2—|—“"2+2u2 if%gg
v D(uy,uz .
u §u1u2+hu1+lzyzl lf%>§
Hence, for the rectangular region D, (9) inequality is as follows:
/f x1,x2)dx < @(uy,uz) f(ur,uz) (23)

EXAMPLE 14. We shall now consider the case where the set D is part of the disk
defined as
D:{()ch)cz)ERzJr X+ < 2}

If ue D, we get

Di(u) = {(xl,xz) ER?Hr 10 <x <uy, %xz <xp <4/ —x%},
Dz(u):{(x17x2)6Ri+:O<x1gul, 2x1<x2< —x%}7
Ds(u) = {(xhxz) ERL, <<y <n< rz—x%}.
By (15) we have
1 1
/wu(x)dx: —/ / xzdxldxz—i-—/ / xldxgdxl—i-/ / dxrdx;
u u
D 20 uin 10wy TS
i uy
2 2 2 ol 2 23
= aresin® - m(”—w)? (7 —u)®
4 2 r 2 3uy
3
P—ud)r wuy P "
T3 3w e = elnn).
By using the equality above, the inequality (4) will be as follows:
Flun,u) < ———— / Fr1,02)dx . (24)
¢ (u1,u2)

Since A(D) = ”7’27 then we get

2
Or(D) = {(Xl,XQ) €D:@(xy,x) = Z_k}
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For the same domain D, let’s compute [ . (x)dx in order to derive the inequality
D

(9). Let’s determine the sets D (), D3 (u) and Dy (u). Let u € D. Then

Dy (u) = {(xl,xg) ERL,:0<xy<up, up <x1 < \/rz—x%}u

2 . u
(x1,02) ERY | 1up <x2 < L =L 2 x5

—— Mo <n <\ /rP-3 ),
(i)

D;r(u):{(X1,xz)€Ri+:0<x1 <up, up <xp < /rz—x%}u

(x17x2)ERi+:u1<x1<+ Ry <x < rz—x%

R ulxl S
1+(12)

D;r() {(xl,xz)ERJrJr 0<x1<u, 0<x < 2}.

By (16) we get

r2 7x2 \/ 1+ Mz /\/ 7)62
/1//; (x)dx = / / x1dx1dx; —|— — / x1dxidxy
D

upxy
u
P
u

| u VP " % uy iy
+—/ / xgdxgdx1—|—— / / xzdxzdx1+//dx2dx1
up
0 0

0 u

r3(1/u% —l—u%—l—u%u%)

3u1u2

Hence

fur,u) (25)

(/1 +ud 4+ uup)
/f(m,xz)dxldm <

Sujun

forall (u,uz) € D.

5. Conclusion

Hermite-Hadamard inequality, which is derived for convex functions and denoted
by (1) is generalized by some authors (see [1], [2] and [12]) for some certain classes of
abstract convex functions (for IPH, ICAR and InR functions)

In this article, same inequalities are studied for ICR functions, a class of abstract
convex functions and considerable results are derived. Q(D) which presented in the
previous works is defined for more general cases and the inequality (6) which is more
general is derived. In order to derive the similar inequality of the right hand side of
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(1) for ICR functions, some studies are done and the inequalities like (9) and (10)
are derived. Special domains which are studied for IPH, ICAR and InR functions are
taken into consideration for ICR functions (in some examples, more general domains
are studied) and some inequalities like (14), (17), (18), (21), (22), (23), (24) and (25)
changing with respect to domain are derived.
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