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STABILITY OF THE BARON—VOLKMANN FUNCTIONAL EQUATIONS

BARBARA PRZEBIERACZ

(Communicated by M. Goldberg)

Abstract. In this paper we prove the stability of the equations sup, o f(x+Ay) = f(x) + f(y)
and infycr f(x+Ay) = |f(x) — f(y)|. Here, f is a real-valued function on V, where V is
a complex vector space and T = {z € C: |z = 1}. Each of these equations characterizes the
absolute value of complex linear functionals.

1. Introduction

Denote by R the space of real numbers, by C the space of complex numbers, and
by T the unit circle in C, that is,

T={zeC: |z]=1}.

Throughout this paper let V' be a complex vector space. Consider the functional equa-
tions

sup f(x+Ay) = f(x)+f(y), xyeV (1.1)
AET

and
/{gf(xﬂL?Ly):If(X)—f(y)l, x,y€V. (1.2)

These equations were introduced by K. Baron and P. Volkmann in [1], where the
following result was proven:

THEOREM 1.1. ([1], Theorem 1) For f:V — R the following are equivalent:
(a) f satisfies (1.1).

(b) f satisfies (1.2).

(c) f is of the form f(x) = |§(x)|, x €V, where ¢:V — C is a linear functional.

In this paper we investigate the stability of equations (1.1) and (1.2); that is, for
each of these equations we show that if g is an approximate solution then there exists
an exact solution which is close to g.

Our main results read as follows:
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THEOREM 1.2. For § >0, let g: V — R be an approximate solution of (1.1),
Le.,

\iupg(xﬂty)—g(X)—g(y)\<5, x,yeVv. (1.3)
eT

Then, there exists a solution of (1.1) of the form f = |¢
functional, such that

, where ¢:V — C is a linear
f(x) —gx)| < 178, x€V. (1.4)

THEOREM 1.3. For § >0, let g: V — R be an approximate solution of (1.2),
Le.,

Ilirelng(xﬂL/ly)—\g(X)—g(y)\|<5, x,yeV. (1.5)

Then, there exists a solution of (1.2) of the form f = |¢
functional, such that

, where ¢:V — C is a linear

|f(x) —g(x)| <498, xeV.

2. Proof of Theorem 1.2

Given real numbers a,b and € > 0 we shall often use the notation « £ b to mean
|a — b| < €. Notice that the following implications hold:

£ & E1+&
a~bSc=a ~"c,

agbrfdc:>a c+E€,

<
<

aibécéa c+E.

Further, if I is a set of indices, then we have
€ . € . E .
aj ~ bj,i € I = supa; ~ supb; and infa; ~ infb;,
i€l i€l i€l i€l

provided the involved suprema and infima are finite.
We proceed with the following simple lemma.

LEMMA 2.1. Let g: V — R satisfy (1.3). Then:
(i) le(0)] < 8,

(ii) g(x) = -6, x€V,

(i) g(x+y) <g(x)+g(y)+8, xyeV.

Proof. Part (i) is obtained by putting x =y = 0 in (1.3). Part (ii) is a consequence
of (1.3) and part (i), since

2g(x) 2 supg(x+Ax) > g(0) > 6.
A€eT
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Part (iii) follows from

S
glx+y) <§upg(X+/1y)~g(X)+g(y)~ O
eT

We shall next deal with the stability of equation (1.1) in the one-dimensional case
V =C. In this case every linear functional ¢ : C — C is, of course, of the form ¢(z) =
cz where ¢ is a complex constant.

PROPOSITION 2.1. Let g: C — R satisfy (1.3). Then there exists a solution of
equation (1.1) of the form f(z) = c|z| where ¢ is a nonnegative constant, such that

lg(z) — f(2)| <78, zeC.

Proof. For convenience denote S, := sup; oy g(Ar) for r € [0,00). By (1.3) with
x =0 and by Lemma 2.1(i), we get

9
Sy = supg(Ay) © g(y), yeC. 2.1)
AET

More precisely, since

g(y) < supg(Ay) = supg(Aly|) =Sy

AeT A€eT
we have

Sy =28 <g(y) < Sy, (2.2)
and

Sy —26 < g(yl) < Sy
Therefore,

26
gy)~g(y), yeC (2.3)
We will show that the restriction g| [0,0) 18 5 d —approximately additive, that is,

2+ L g(x) +8(y), xye0,%0). 2.4)

By Lemma 2.1(iii), we have g(x+y) < g(x)+g(y) + 0 . Hence, to prove (2.4) it suffices
to show that g(x)+g(y) < g(x+y)+506. Let 0 < r <t. From (1.3), (2.2) and (2.1) we
obtain

S
2g(r) ~ supg(r+Ar) < supSy 145 = sup g(z)
AET AET lz]<2r

26 )
< sup g(z) = sup Syj14.4) ~ supg(t+ A1) ~ 2g(1).
|z<2r AT AT

Hence,
g(r) < g(t)+26. (2.5)
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Fix 0 <y < x. By (1.3), (2.3) and (2.5) we get

1) 28
g(x)+g(y) ~supg(x+Ay) ~ supg(|x+Ay|) < g(x+y)+29,
AET AET

so (2.4) follows.
Since (2.4) holds, it is well known ([2], Ch. XVII, §1, Theorem 1) that there exists
a unique additive function %: [0,e0) — R such that

|g(x) —h(x)] <58, x€[0,0). (2.6)

Thus, combining (2.6) and Lemma 2.1(ii), we obtain A(x) > —69 for all x € [0,0).
Consequently, / is continuous (e.g. [2], Ch. XII, §1, Theorem 3 ), so & must be of the
form h(x) = cx, x € [0,00), where c¢ is a real constant. Of course, ¢ > 0, as cx > —66,
x € [0,%0). Finally, for an arbitrary z € C, we use (2.3) and (2.6), to obtain

28 56
g(z) ~ g(lz]) ~ clzl. O

We now pass to the general case:

Proof of Theorem 1.2. In view of Proposition 2.1 we may assume that the complex
vector space V is at least two-dimensional. Define

W ={xeV: supg(ox) <eo}. (2.7
oecC

Considering Lemma 2.1(iii), we see that W is a subspace of V.
For x € V,let g,: C — R be the function defined by

g+(ar) = g(ow). (2.8)

It is not hard to see that for every x € V,

supgi(o-+ ) 2 g(@) +g.(B), a,BeC.

Hence, in view of Proposition 2.1, we get

glox) = gx(a0) Y lal, aeC, (2.9)

where c, is a nonnegative constant. If x € W we thus infer that ¢, = 0. So conse-
quently, g(ax) <78 forall a € C, x € W, and in particular,

gx) <78, xeWw. (2.10)

If W =V, the above inequality ensures that f = 0 satisfies (1.4). So we may
assume that W is a proper subspace of V, in which case we will show that codimW =
1. Asin [1], this will be done by proving that every two-dimensional subspace of V has
a nonzero element which belongs to W. To this end fix arbitrary linearly independent
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elements £,7 € V. Consider the function p: C> — R defined by p(a, B) = g(at+ ).
Further, for each pair (a,8) € C? define the function d(ap): C—=R by qup)(&) =
p(§a,EB). Tt is easily verified that p, as well as the functions g(y gy, satisfy the
functional inequality in (1.3). From Proposition 2.1 we conclude that for every (¢, 3) €
C? there is a nonnegative value k(c,8) such that

76
q(ap)(&) ~ k(. B)IEl, EeC. (2.11)
Now, by (2.11), and since p satisfies (1.3), we find that for every z,w,u,v,& € C,

S
sup k((z,w) + A (1, 7)) |€] 2 SUP G 4 () ()
AET AET

= sup p(& (&) + A& () X p(E(2,w)) + p(E(u,))

AET
S5+768
= (e (E) + a1 (&) T8 k(z,w)|E] + k(u, v) €.
Thereby,

)sLupT)k((z,w) A () €] (k(zyw) +k(u,v))|E]. (2.12)

Next, dividing (2.12) by |&| and letting |£] — oo, we get

supk((z,w) + A (u,v)) = k(z,w) + k(u,v),
AET

i.e., the function k: C2 — R satisfies (1.1). Therefore, by Theorem 1.1, & is the abso-
lute value of a linear functional from C? to C; hence of the form k(c, B) = |co+dB|,

where ¢ and d are complex constants. We conclude that there exist a, ﬁ € C, not both
zero, for which k(&,) = 0. By (2.11), it follows that

g(E(@t+B9) = p(Ea,EB) =g, 5, (&) P k@, B)E| =0, EeC.

This implies that &£+ Bﬁ € W, showing that codimW = 1.
We now claim that

glx+y) 19 glx), xeV,yew. (2.13)

Indeed, by (1.3),
S S
g(x)+g(y) ~ iupg(ﬁly) ~g(x)+8(—y),

€T

which implies
28

g(y) ~ g(=y). (2.14)

By Lemma 2.1(iii) and by (2.10) and (2.14), forevery x€V and y e W,
glx+y)<glx)+g(y)+6<g(x)+76+6
=glxr+y—y)+83<glx+y)+g(—y)+5+8d (2.15)

2 g(x+y)+2(y) +95 < g(x+y) +75+95,
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which proves (2.13).

Finally, since codimW =1, we have V = Cxy & W, where xj is some fixed vector
in V and Cxy is the one-dimensional subspace of all complex multiples of xp. It
follows that every x € V can be written as x = xg + yx, where o, € C and y, € W
are uniquely determined. By (2.13) and (2.9) we obtain

108 78
g(x) = g(Ofxxo +yx) ~ g(OCXXO) :gxo(ax) ~ Cx0|ax‘a

SO
lg(x) — cxplon|| < 178.

Hence, introducing the linear functional ¢ (x) := ¢y, 0 we see that f(x) = |¢(x)| sat-
isfies the inequality in (1.4), and the proof is complete. [

3. Proof of Theorem 1.3
LEMMA 3.1. Let g: V — R satisfy (1.5). Then
@@ [g(0)] <9,
(ii) g(x) > =0, x €V,
(iii) g(x+y) < g(x) +g(v) +8, x,y V.

Proof. We obtain part (i) by putting x =y = 0 in (1.5). Part (ii) is an immediate
consequence of (1.5). Part (iii) follows from

g(x+y)—g(y) < lg(x+y) — ()| 2 Airelgg(erer/ly) <glx+y—y). a

As in previous section, we first deal with the one-dimensional case of Theorem 1.3,
thatis, V =C.

PROPOSITION 3.1. Let g: C — R satisfy (1.5). Then there exists a solution of
equation (1.2) of the form f(z) = c|z| where c is a nonnegative constant, such that

|f(z) —g(z)| <236, zeC. 3.1)
Proof. We claim that
inf g(Ay) <g(y) < inf g(Ay) +28, yeC. (32)
AET AET

Indeed, the first inequality is obvious. To obtain the second, we consider two cases. If
g(y) = g(0), then by (1.5) with x = 0 and Lemma 3.1(i),

. S
inf g(Ay) ~1g(0) —g(y)| = g(v) — £(0)

Otherwise, by parts (i) and (ii) of Lemma 3.1, we have

—6 < inf g(Ay) < g(v) <g(0) < 6.
AET
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So, (3.2) is proved, from which we obtain

2 Xg(yl), yeC. (3.3)

Let x > 0. Using (3.3) and Lemma 3.1(iii) we get

g(|1+ A1) 2 gx+ Ax) < g(x) +g(Ax) +8
R g(x) +g(x)+8=2¢(x)+ 5
for every A € T. Therefore,

supg([0,2x)) = sup g(|1+Alx) <2g(x) +58, x>0. (3.4)
AET

Taking again advantage of (3.3), we have

infg([t —x,r+x]) = Aingg(|t+/lx|)
S

25 5 (3.5)
~ inf g(t+Ax) ~|g(t) —g(x)], 0<x<r.
AET
Thereby, for 0 < x <y <, we obtain
35 . . 38
|g(1) —g()| ~ infg([t —y,z +y]) <infg([t —x,t +x]) ~ [g(r) — g(x)].
Hence,
g(1) —g(y) < [g(t) —g(x)[+65, 0<x<y<rt. (3.6)

Notice that if g(z) < 159 for every z € C, then with f =0 we get (3.1). So, from
now on we can assume that there is z € C with g(z) > 159. By (3.3), therefore,

S
g(|2l)  g(z) > 156. 3.7)
‘We will next show that
lim g(x) =oo. (3.8)
Rox—00

Suppose, on the contrary, that there is a real sequence {ay}nen tending to infinity, such
that {g(a,) }nen converges to some real limit. Since {g(ay)},en is a Cauchy sequence,
there exists N € N such that |g(a,) — g(an)| < § forevery n > N. By this and by (3.5)
we infer that infg([a, — an,a, + an]) < 40 for all n > N. Hence, there exists a real
sequence {by}, tending to infinity, such that g(b,) < 48, n € N. Substituting b, for x
in (3.4) we obtain supg([0,)) < 138. But this contradicts (3.7); so we proved (3.8).
Thereby, for any 0 < x <y, we can choose 7, ¢ >y, with g(z) > max{g(x),g(y)}. For
this ¢, (3.6) implies

g(x) <g(y)+68, 0<x<y. (3.9)

Fix 0 < x <y and notice that if g(y) < g(x) then, by (3.9), |g(y) —g(x)| = g(x) —
g(y) < 60. Therefore, |g(y) — g(x)| + g(x) — g(y) < 125. Hence,

lg(y) —g(x)| < g(y) — g(x) +124.
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Of course, if g(y) > g(x), then the above inequality is also true. Moreover, by (3.9),
g(y—x) <infg([y —x,y+x]) + 6. By this inequality, and by (3.3) and (1.5), we get

8(y—x) — 68 <infg([y—x,y+x]) = inf g(|y +Ax])
% inf g(y+4x) 2 |g0) — g(x)| < g(3) ~g(¥) + 128, 0<x <y,

Therefore,
gx) +g(y) <glx+y)+215, x,y=>0. (3.10)

Lemma 3.1(iii) and (3.10) imply that the restriction g|(p..) is 215 -approximately ad-
ditive. Now, as in Proposition 2.1 we conclude that there exists an additive continuous
function of the form i(x) = cx, x € [0,00), where ¢ is a nonnegative constant, satisfying
g(x) L h(x). Finally,

) 20 clzl, zeC.

20
8(z) ~ g(lz|
Hence, (3.1) holds with f(z) :=c|z|]. O
We are now ready to prove the general case of Theorem 1.3.

Proof. [Proof of Theorem 1.3] As in the proof of Theorem 1.2, we may assume
that dimV > 2. Let W be the subspace of V defined in (2.7). As before, it can be
shown that codimW =1, provided W ¢ V.

Now, for every x € V we recall the function g, in (2.8). Since g, is a solution of
the functional inequality (1.5), we use Proposition 3.1 to obtain

glox) = go(a) X e]al, aeC, (3.11)

where c, is a nonnegative constant. We see that ¢, = 0 for x € W; whence

g(x) <235, xeWw. (3.12)
Moreover, we claim that
g L g(—x), xeV. (3.13)

Indeed, notice that
5 . . )
|g(0) — g(x)| ~ inf g(Ax) = inf g(A(—x)) ~ [g(0) —g(—x)].
AET AET

Thereby,
26
18(0) = g(x)| ~ [g(0) — g(—x)].
If the signs of the differences g(0) — g(x) and g(0) — g(—x) are identical, then (3.13) is
a consequence of the last formula. Otherwise, we can assume without loss of generality
that g(—x) < g(0) < g(x). By Lemma 3.1(i) and (1.5), we get
8(—x) < g(x) = (g(x) — g(0)) +g(0)

S5 . S5 .
~ inf g(Ax) + g(0) ~ inf g(Ax) < g(—x).
Inf g(Ax)+(0) ~ inf g(Ax) < g(—x)
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This ends the proof of (3.13).
Using Lemma 3.1(iii), (3.12) and (3.13), we repeat the calculations in (2.15) to
find that

g +y) P glx), xeViyew. (3.14)

Again, we have two possibilities: either W =V, so in view of (3.12), f = 0 satisfies
(1.3); or V.=Cxo @ W for an xy € V. In this latter case, for every x € V there are
unique ¢, € C and y, € W such that x = ogxg + y,. The function ¢: V — C defined
by ¢(x) := cx, 0 is a linear functional. By (3.14) and (3.11), we have

2(x) = g(atxo+y2) 2 g(0uxo) = gy (o) 2 ] = [6(x)] =2 £(x),

and the proof is at hand. [J
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