athematical
nequalities
& fapplications
Volume 14, Number 2 (2011), 295-312

BREZIS-GALLOUET-WAINGER INEQUALITY
WITH A DOUBLE LOGARITHMIC TERM ON A
BOUNDED DOMAIN AND ITS SHARP CONSTANTS

KEI MORII, TOKUSHI SATO AND HIDEMITSU WADADE

(Communicated by J. Pecari¢)

Abstract. The Brézis-Gallouét-Wainger inequality gives an estimate of the L* -norm by the crit-
ical Sobolev norm with the aid of the logarithmic dependency of a higher order Sobolev norm.
We investigate the Brézis-Gallouét-Wainger inequality on a bounded domain with the first or-
der critical Sobolev space, and give the best constant in the inequality in some special cases.
Furthermore, since the inequality does not hold with the sharp constant, we add a double loga-
rithmic term and give the sharp constant for its coefficient. A part of our results is mainly based
on an investigation of the inequality with the higher-order Sobolev norm replaced by the Holder
seminorm.

1. Introduction and main results

In this paper, we consider a Brézis-Gallouét-Wainger inequality with a double
logarithmic term. First we recall the Sobolev embedding theorem in the critical case.
For 1 < p < oo, it is well-known that the embedding W"/?-?(R") < L4(R") holds for
any p < g < 0, and does not hold for g = o=, that is, one cannot estimate the L™ -norm
by the W"/P:P -norm. However, the Brézis-Gallou&t-Wainger inequality states that the
L= -norm can be estimated by the W"/P-? -norm with the partial aid of the W*"-norm
with s > n/r and 1 < r < 0. Precisely,

[Py < C(1+ Tog(1 + [l yersen) (1.1)

holds for all u € W"/P:P(R") N W*"(R") under the normalization llul] yno. pmy = 1-
Note that the embedding W*"(R") < L*(R") holds for s and r specified as above.
Originally, Brézis-Gallouét [2] proved (1.1) for the case n = p = r = s = 2. Later on,
Brézis-Wainger [3] obtained (1.1) for the general case, and remarked that the power
p/(p—1) in(1.1) is optimal in the sense that one cannot replace it by any larger power.
However, it seems that little is known about the sharp constant in (1.1).

We make the following replacements in the inequality (1.1). First we replace the

domain R" by Q, which is a bounded domain in R", and we consider W, /pp (Q)
Mathematics subject classification (2010): 46E35.
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296 K. MoRII, T. SATO, AND H. WADADE

instead of W"/PP(R"). Then (1.1) holds for all u € Won/p’p(Q) NAW*"(Q) under the
normalization ||ul|ym/p. r(q) = 1. We restrict our attention to the case p =n > 2, and
investigate the sharp constant in this inequality under the normalization || Vu(|;q) = 1
instead of [|ul|y1n(q) = 1, using an equivalent norm. We assume that s = m is a positive
integer due to a technical reason, and take r = n/(m — a) with 0 < oo < 1. Then we
formulate the problem as follows.

PROBLEM A. For a given constant L1 > 0, does there exist a constant C such
that

;" < Litog(1+ [[ullyymasin-a) ) +C (12)

holds for all u € Wy (Q) NW"/ ("= (Q) with ||Vul|nqy =12

In the introduction, let m € {1,2,...,n} and 0 < or < 1. We can show that L; =
A1/ is the sharp constant in (1.2). Here, we define

1

T

A=

and ,_; = 27"/?/T(n/2) is the surface area of the unit sphere §"~! = {x € R"; |x| =
1}. We can show the following, which solves Problem A@. See Definition 2.2 below
for the definition of the strong local Lipschitz condition for a domain Q.

THEOREM 1.1. Let n 22, me {1,2,...,n}, 0 < o <1 and Q be a bounded
domain in R" satisfying the strong local Llpschitz condition.

W If
Ly >—,

then there exists a constant C such that the inequality (1.2) holds for all u €
Wy " (Q) "W (n=0)(QY with || Vul| gy = 1.

(i) If
L
04

then for any constant C, the inequality (1.2) does not hold for some u € WOI’"(Q) N
Wy =) (Q) with (V|| gy = 1.
Furthermore, we formulate the problem more precisely as follows.
PROBLEM B. For given constants L1 > 0 and L, € R, does there exist a constant
C such that
;)" < Litog(1+ ullymarin-w) )

(1.3)
+ Lo log(1 +log(1 + [|ullyymn/mn-a) (q))) +C
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holds for all u € Wy (Q) NW"/ "=)(Q) with ||Vul|nqy =172

The double logarithmic term in the right hand side of (1.3) is essentially meaning-
ful only if L; = A;/a because of Theorem 1.1. Then we can also show that L, = A, /«
is the sharp constant in (1.3) in the critical case L; = Aj/or, and Problem B can be
solved completely. Here, we define

Aq 1
A=t
n nwii(lrhl)

THEOREM 1.2. Let n > 2, me€ {1,2,....n}, 0 < a <1 and Q be a bounded
domain in R" satisfying the strong local Lipschitz condition.

@ If A A A
ML >Landl, eR or ()L ="Landly> =2,
o o (04

then there exists a constant C such that the inequality (1.3) holds for all u €
Wy " (Q) W™ (n=0)(QY with || Vul| gy = 1.

(i) If
A A A
A L, < —al and I €R or (IV)L, = —a‘ and Ly < _052’

then for any constant C, the inequality (1.3) does not hold for some u € WOLn 0
W(;mn/(m—o‘)(g) with HV””L"(Q) =L

Now we give some remarks on our results.

REMARK 1.3. The power n/(n— 1) on the left hand side of (1.2) is optimal in
the sense that ¢ = n/(n — 1) is the largest power for which

]l < Lalog(L + [ullymn/on-a) () +C (1.4)

can hold for all u € W, ™ (Q) N W™"/"=@)(Q) with ||Vul|nq) = 1. Indeed, if g >
n/(n—1), then for any L; > 0 and any constant C, (1.4) does not hold for some
ue WOI’"(Q) AW/ (m=a)(Q) with |Vu| @) = 1, which is shown by carrying out a
similar calculation to the proof of Theorem 1.2 (ii); we omit the details. On the contrary,
if 1<g<n/(n—1),then forany L; > 0, there exists a constant C such that (1.4) holds
for all u € Wy " (Q) "W/ ("=)(Q) with ||Vu|;n(q) = 1. This fact follows from the
embedding W/ ("=@)(Q) < C*(Q) and the same assertion concerning the Brézis-

Gallouét-Wainger type inequality in the Holder space, which is shown in [5, Remark
3.5].

REMARK 1.4. Let us consider the best constant C for the inequality (1.2). For
fixed L; such that (1.2) holds, i.e., for L; > Ay /o, we introduce the notion of the best
constant as follows. We call

C(L1) = sup{ Flus LiJ; u € Wy " (@) W™/ "= 9(Q), ||Vl n() = 1}
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the best constant for (1.2), where F[u;L;] is defined by

n/nl

Flus L] = |lull =gy " — Lalog(L + [|ullyymn/on-a) ()

In the case that Q is an open ball Bg = {x € R"; |x| < R}, we can show that
C(Ly) — o0 as L1 \( A/, C(Ly) — —eo as Ly — oo,
However, we know little about their limiting behaviors.

REMARK 1.5. It is essentially meaningless to consider an inequality with any
weaker term. More precisely, we can prove the following facts. In each part, the
former fact follows from the embedding and the same assertion in the Holder space,
which is shown in [5, Remark 3.6], and the latter fact is shown by carrying out a similar
calculation to the proof of Theorem 1.2 (ii).

(i) We choose a continuous function @: [0,e0) — [0,0) such that

D(s)

P(S) = g1 Tog(1 +5))

— 0 as s — oo,

and consider the inequality

n/(n—1
][}y < Li1og(1 -+ [l ymasin-) )

+ Lalog(1 +log(1 + [|ullyymn/mn-a) (q)))
+ LO(|ul [ yymn/ om0 () +C

for u € WOI""(Q) AW/ m=a)(Q) with [Vullr@) = 1. For the completeness of the
argument, we assume in addition that

max{®(st), P(s+1)} < D(s) +D(t) +¢ fors,t >0
with some constant ¢ > 0, the functions
O(s)
sn/(nfl)
are both decreasing. Then this inequality holds if and only if one of the following holds:
@ Ly > Al/OC and Lp,L € R;
(MI-1) Ly =Ay/o, Ly > Ay/oc and L € R;

I1-2) L, = Al/OC L, = AQ/O( and L > 0.
(i) Let N > 3 and consider the N -ple logarithmic inequality

Dod(s)

(0,00) 55— =

€ (0,00) and (0,00) > 5+ € (0,0)

N
n/(n—1
luli0," < 3, Ljlog(1 +log(1+ -+ log(1 + [[ullymason-) ) )) +C
Jj=1

Jj times

for u € Wy "' (Q) W™/ ("=)(Q) with ||Vul|zs(q) = 1. Then this inequality holds if
and only if one of the following holds:
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@ Ly >A/a and Ly,...,Ly €R;
(II-1) Ly =A/a, Ly > Ay/c and L, ..., Ly € R;

(H-Z’) L1:A1/O(,L2:A2/O(,L3:---= m—1 =0, Ly, >0 forsome 3<m<N
and L,11,...,Ly €R;
(IL2") Ly=Ay/a, Ly=As/a and Ly = - = Ly = 0.

Since Theorem 1.1 is completely contained in Theorem 1.2, we may prove only the
latter. The proof of Theorem 1.2 (i) is mainly based on [5, Theorem 1.2], which gives
the sharp constants in the Brézis-Gallouét-Wainger type inequality with the Holder
seminorm instead of the higher-order Sobolev norm, combining with the embedding
theorem [1, Theorem 4.12]. We have to assume that € is bounded because of the
assumption of [5, Theorem 1.2]. In order to prove Theorem 1.2 (ii), we concretely con-
struct a sequence of functions {u;}7_; C WOI’"(Q) Awm =) (Q) with IVl o) =
1 so that

n/(n—1
1174y = L 10g(1 -+ [l yymasin-) )

— Lylog(1 +log(1 + [[ujllymm/in-a)(q))) = o= as j— o.

The organization of this paper is as follows. In Section 2, we introduce some
notation of function spaces and state an embedding theorem under the strong local
Lipschitz condition. In Section 3, we shall give the proof of the main theorem by using
[5, Theorem 1.2], [1, Theorem 4.12] and a key lemma, which gives a sequence {uj};-":l
as above for given constants L; and L, under the assumption (III) or (IV). The key
lemma will be proved in Section 4.

2. Preliminaries

First we introduce some function spaces. Throughout this paper, let the dimension
n> 2, and Q be a bounded domain in R"”. We denote by Bg the open ball in R”
centered at the origin with the radius R > 0, i.e., Bg = {x € R"; |x| < R}.

We describe a standard notation of multi-indices for the sake of completeness. Let
Z, = {0} UN. For a multi-index v = (vi,V2,...,V,) € Z , we define

o\Y oVl
vV __ VI V; Vi _

X _xll'sz Xy, <$) - ax\lzl axgz “.ax;l/n 9
where |v| = v+ Vv, +---+ v,. For multi-indices v, u € Z" , we write u < v if w < v
forall k € {1,2,...,n}. In what follows, we denote

m

leellp = lleelloys Nutllm,p = lullwmri@) = 21V ullps [1V7ullp = [ [V7ul
Jj=0

for 1 < p <o and m € N, for simplicity. Here, for j € N, we define the j-th order
derivative of the function u as

. 9 9 9
Viu= (a_a_a—u> ’
Xip OXiy Xij I<iy ig;eenij<n
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o\ 172

n

vi=(3 3%

i1=lip=1 ij=1

L9
Bxl . Bxlz 8xij "

We note that the norm of WO1 "P(Q) is equivalent to ||Vul|, if Q is bounded and 1 <
p < oo, because of the Poincaré inequality.

First we note that the inequality (1.3) holds for all u € W1 Q) nwmn/ (m—a) (Q)
with ||Vu||, = 1 if and only if there exists a constant C such that F™%*u; Ly, L) < C
holds for all u € WO1 Q) Nwmn/ (m=a) () \ {0}, where

U||oo n/(n=1) HuHmn m—
Pttt = (e ) e (14

u mmn/(m—
—Lylog <1+10g (1—!—7 V/h OC)))
foruEWOl"n(Q)ﬂWm"/m (Q )\ {0}.

The following proposition shows that Theorem 1.2 remains valid without changing
the assumptions concerning L; and L, if we replace the definition of the Sobolev norm
defined as above with any equivalent norm.

PROPOSITION 2.1. Let m € N, 0 < o« < m and Q be a bounded domain in
R". Assume that ||-|| is a norm on Wol’"(Q) AW/ (M=) (QY which is equivalent to
H'”m,n/(m,a). Then for given constants Ly > 0 and L, € R, the inequality (1.3) with

some constant C holds for all u € WOI"n(Q) AwWmn/ =) (QY with ||Vul|, =1 if and
only if the inequality

|2/ "1 < Ly log (14 [Jul]) + Lolog (1 4 log(1 + [|ul])) + € 2.1

with some constant C holds for all u € WOI"n (Q) W/ (m=2)(QY with ||Vul|, = 1.

Proof. We have only to show that the inequality (1.3) implies (2.1). Note that
there exists a constant ¢ > 1 such that

) < Wl < ] for u € W (@) /= (@),
Since
max{log(1+st),log(1+s+1)} <log(l+s)+log(1+¢) fors,t >0, (2.2)
we have that

log (1 [[utllmn/m—a)) < log(1 +cllul]) < log(1+c) +log(1 + [|ul])
log(l +10g(1 + HuHm,n/(m—OC))) < log(l +10g(1 +C) +10g(1 + HMH))v
<log(1+41log(1+c¢))+1log(1+log(1+ [Ju]))
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and

log(1+1log(1 + [|ul])) < log(1 +log(1 +cllullmn/m-a)))

<
< log(1+log(1 +¢)) +log(1 +log(1 + [[flmn/(n—c))

hold for all u € WOl Q) nwmn/m=a)(Q) . By using these inequalities, we can easily
show that the inequality (1.3) implies (2.1) with € = C + L log(1 +¢) + |Ly|log(1 +
log(1+¢)). O

For 0 < a < 1, C*(Q) denotes the subspace of the homogeneous Holder space
of order ov endowed with the seminorm

u(x) —u(y)|
u = [|U|| = sup ——————
[ull (@) = llull (g wegl x— y[@
XF£y

and C%%(Q) denotes the Holder space of order o endowed with the norm
ull0.0) = Il co.e( 3y = Nletllee + [l (1)

As is mentioned in the introduction, the embedding W/ ("=)(Q) < C%*(Q) holds
under our assumption, which can be found in [1, Theorem 4.12].

DEFINITION 2.2. We say that a bounded domain Q satisfies the strong local Lip-
schitz condition if € has a locally Lipschitz boundary, that is, each point x on the
boundary of Q has a neighborhood U, whose intersection with the boundary of Q is
the graph of a Lipschitz continuous function.

The definition for a general domain is more complicated; see [1] for details.

LEMMA 2.3. ([1, Theorem 4.12]) Let n > 1 and Q be a domain in R" satisfying
the strong local Lipschitz condition.

() If me {1,2,...,n} and 0 < a0 < 1, then the embedding W’"’”/(’”‘O‘)(Q) s
C%*(Q) holds, that is, there exists a constant Co, such that

lulloo 4 el () < Calltllmnm—ecy for w € W "=(Q).

(ii) The embedding W11 (Q) — C%Y(Q) holds, that is, there exists a constant C;
such that
leelleo + lull 1y < Culltllsr,1 for ue WHHH(Q).

3. Proof of the main results

In this section, we shall give the proof of Theorem 1.2. The key point is to consider
the sharp constants in a slightly modified inequality

[l 2/ D < Ly log (1 + ||u]| (o) + Lalog(1 +log(1 + [[ul| @) +C  (3.1)
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for u € WOI""(Q) NC%(Q) with ||Vul|, = 1. The following result in our previous paper
is essential for the proof of Theorem 1.2.

LEMMA 3.1. ([5, Theorems 1.1 and 1.2]) Letn>2, 0 < a < 1 and L be a bounded
domain in R".

W If
DL > %andLg eR or (DL, = % and Ly > %,
thelizq there exists a c?nstant C such that the inequality (3.1) holds for all u €
W, "(Q)NC*(Q) with | Vul, = 1.
G If
In L, < % andLyeR or (V)L = % and Ly < %,

then for any constant C, the inequality (3.1) does not hold for some u € WOI’"(Q) N
C*(Q) with ||Vul|, = 1.

REMARK 3.2. For the proof of Lemma 3.1, in the case € = By, it is essential to
investigate the behavior of F*[u%;L;,L,] as T\, 0, where

laefjee \"™/ 0 2] o0
F* u;Ll,Lz = ( —Lllog 1+
wila Lo = g, 19l

2l ()
—L210g<l+log<l+ )),
[[Vul|

and for 0 < 7 < 1, the function u¢ is defined by

1 |x|)°f _
—— (M) forxeB,
log(1 1( :
Ul (x) = “ (;g( [0+ N 3.2)
% jeg— for x € B, \ By.
alog(1/7) +1 2] orx € Bi\ Be

The assertion (ii) follows from the behavior of F*[u%;L,,L,]. The assertion (i) can be
proved by the fact that the minimizer of

m¢ = inf{||VuZ; ueWwy" (By),

1 EAN
>1-— [ — forae.x€B
u(x) olog(l/7)+1 ( T ) rem
is given by uZ.
REMARK 3.3. In the case n = 2, a part of Lemma 3.1 is originally proved by

Ibrahim-Majdoub-Masmoudi [4, Theorems 1.3 and 1.4]. However, they did not men-
tion the assertion that (IV) implies the failure of the inequality (3.1).
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Now we can prove the following theorem, which implies Theorem 1.2 (i).

THEOREM 3.4. Let n > 2 and Q be a bounded domain in R" satisfying the
strong local Lipschitz condition. Assume m € {1,2,....n} and 0< o <1, orm=n+1
and oo =1.If

A A A
ML > Elansz €ER or (DL, = El and L > —2

then there exists a constant C such that the inequality (1.3) holds for all u € WO1 Q)N
wmn/(m=a)(Q) with ||Vul|, = 1.

Proof. The assertion immediately follows from Lemma 3.1 (i) and Lemma 2.3 by
using a similar argument to the proof of Proposition 2.1. [

As we mentioned above, Lemma 3.1 (i) and Lemma 2.3 immediately yield Theo-
rem 1.2 (i). Hence, it is a natural question whether the sharp constants for the inequality
(1.3) are strictly smaller than those for (3.1). However, we can show that these sharp
constants coincide with those in Lemma 3.1.

REMARK 3.5. The embeddings in Lemma 2.3 are also valid for any bounded
domain Q without satisfying the strong local Lipschitz condition if we replace the
spaces W/ (M=) (Q) and W"+11(Q) with Wom’n/(m_a)(gl) and W11 (Q), respec-
tively. This fact can be also found in [1, Theorem 4.12]. Therefore, Theorem 3.4 is also
valid for an arbitrary bounded domain € if we make the same replacement.

To complete the proof of Theorem 1.2, we shall prove the following theorem,
which does not require the strong local Lipschitz condition.

THEOREM 3.6. Let n 22, me {1,2,...,n}, 0 < o <1 and Q be a bounded
domain in R". If

A Ay A
n L, < El andLyeR or (V)L; = o and L < —2

then for any constant C, the inequality (1.3) does not hold for some u € WOl Q)N
w0 Q) with ||V, = 1.

For the proof of Theorem 3.6, we have to find a sequence {u j};"zl - WO1 Q)N

W/ (m=a) (Q)\ {0} such that F™%[uj;L;,Ly] — oo as j — oo under the assumption
(III) or (IV). In the case € = By, we can choose such a sequence as follows by modi-
fying {u? }o<7<1 defined by (3.2).

We choose a cut-off function ¢ € C7’(R) satisfying ¢(s) =1 for s <1/3, ¢(s) =
for s >2/3, and introduce polynomials

-t SH0-0 (15 0
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(we regard the summatlons above as zeroes when m=1). For 0 < 7 < 1/e and 0 <
0 < 1, define ur 9 and ”r.o by

ury (x) = g (x])

a m, ol =
—— P ((1 f B
OCIOg(l/‘L’)-l—l T (( +9)"x‘> orx € 7/(140)>

o (146)x|—1 |
alog(l/r)—i—lq)( 0 )IOg(1+6)|x|

ifme {2,3,...,n}, and

for x € R” \BT/(1+9)

(04 L,a =

— P f B

alog(/nrite () forxe B,

1,a ~1,0 o 1 —
ugg () =d () =9 — =% _joga— f B\ B
7,0 7,0 alog(1/7) £1 og ] or x € By \ B,
0 for x € R"\ B}

if m = 1. Then we can prove the following lemma, which will be proved in Section 4.

LEMMA 3.7. Let n 22, me {1,2,....,n}, 0 <o <1 and Q = Bj.

() If me{2,3,...,n}, then ulls € Wy (Br) nWy™"/ "~ (By)\ {0} for 0 < 7 <

/e and 0< 0 < 1. If m=1, then ub¢ € Wl (By) nwy "/ "% (B,)\ {0} for
0<t<1/e. ’

(i1) Under the assumption (IIT) or (IV) of Theorem 3.6, it holds
F™urt s Ly, La) — o0 as TN, 0
with 0, = "¢/((m=Dn=m+0) je e {23 n}, and 6; =0 if m=1.

We now prove Theorem 3.6 by using Lemma 3.7.

Proof. [Proof of Theorem 3.6] In order to examine the failure of (1.3), we may
assume L;,L; > 0. Fix zg € Q and Ry > 1 such that

1
B= {xeR"; |x —z0] < —} C Q.
Ro
By virtue of Lemma 3.7 (ii), there exists a family of functions {u;"’g‘r Yo<r<ise C WOl (BN
W(;m"/(m_a)(Bl) such that F™®[u'g'; Ly, Ly] — o0 as 7\, 0. If we define
ve(x) =y (Ro(x —20)) forxeR”,
then v, € W (B) W/ "= (B) ¢ Wl (@) nwma/(m=2)(Q) and

m,o
7,07

[velleo = Nz g, lleo, 1Velln = 1| Vadg,
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m,o

Hv‘l'”mm/(m—ot) < Rg”urﬂT (m—or)

since

HVZVTHn/(m—a) ROH_Z m”Vl Te,”n/ (m—or) <ROHVZ Tg:,
for/ €{0,1,...,m}.

n/(m—a)

Because of (2.2), we have

Fm’“[uﬁ’goi;LhLz]
n/(n—1) 1
< ( V‘L’”OO) — L1 g<1+ - ” THmn/m oc))
[Vvelln RS [[Vveln
1 ”vTHmn/m a ))
—Lylog|( 1+log( 14— —F+———
’ g( g( RE Vel

el N [ — .
< Vvl —Lylog 1+7HWTH +Lilog(1+R§)

v _
“Lylog (1 +log (1 + W)) + Lylog(1 +log(1+R%))
Tlln

= F"%[ve; Ly, Ly] + Lilog(1 + R) + Ly log (1 +log(1 + Rp))

and it follows F™%*[vg; Ly, Ly] — o0 as T\, 0. O

4. Proof of the key lemma

In this section, we shall prove Lemma 3.7. First we state the following proposition.
We omit the proof because it is elementary; one can prove it by an induction on |v|.
Here, C¥!(]0,R]) denotes the space of all k-times continuously differentiable functions
on [0,R] whose k-th derivative is Lipschitz continuous.

PROPOSITION 4.1. Let n> 1, m€ {1,2,...,n}, R> 0 and ii € C" 11([0,R]),
and define u(x) = ii(|x|) for x € Bg. Then for any multi-index v € Z"\ {0} with
|V| < m, there exists a family of constants {yy k}y<v ke{12,..v[} CZ such that

v|

(i)v =2 > Yvuk ‘x‘) for a.e. x € Bg\ {0}.

dx k=lpu<v

Furthermore, the right hand side is integrable on Bg and coincides with the v-th
derivative of u on Bg in the sense of distribution.

We also use the following estimates to prove Lemma 3.7.

PROPOSITION 4.2. Let n 22, me {1,2,....n} and 0 < <1. Let 0 < 0 < 1
ifme{2,3,....n},and 6 =0 ifm=1. Thenthefollowingholdfor0<TSl/e:
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() &g e C"11([0,1]), and (@) V(1) = 0 for 1 €{0,1,...,m—1}. In partic-
ular, for v € 7"\ {0} with |v| < m, the v-th derivative of Uy on By in the
sense of distribution is given by /

(@5 )™M (]

2\ i
(g) 7:6 ZJ Z, ,kW fora.e. x € By.

(i) It holds ||u} g ||l > 1.

(iii) There exist constants Km7a7km7a > 0 such that

Kma H moc 1 1 + Km,oc
Tog(1/D) T = A (log(1/7)) 1 (log(1/7))"

(iv) If me{2,3,...,n}, then there exists a constant My, o > 0 such that

on/(m—a)

[ T

M, o 1 n 1
Z(IOg(l/T))n/(m—oc) no/(m—a) @(m=Un/(m—a)-1 |~
If m =1, then there exists a constant My o > 0 such that

n/l o) Ml,oc
Tnoc/(lfoc)(log(l/r))n/(lfa) ’

In particular; W5 € W," (B)) OW(;""H/(m_a)(Bl).

Proof. In what follows, we denote by C,, o a constant depending only on m and
o which may differ from line to line.
(i) First note that P;"* is the unique polynomial of degree m satisfying

a m,o.
— P77 (0)=1
alog(1/t)+1° " =1

00 = (2) [le]

Hence, @5 € C"~11([0,1]). We can easily see that (ii5))(1) =0 for 1 € {0, 1,...,

m—1} since ¢V (1)=0for I €Z.
(ii) Since u':g‘ is continuous on B, we see that

forie{1,2,...,m—1}.

r=t

ﬂ’laoo> m,OCO :#Pm,(xo :1.
||M || u‘[ﬁ( ) Otlog(l/’[)—l—l T ( )
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(iii) First we consider the case m € {2,3,...,n}. Since

Vum’a(x)
= (iyp ) (Ix |)

(1+6 =B +0
(m%m%+1[270_ al
1 mll

e X1

o [_¢<(1+9)x—1 1
1

alog(1/0)+1 1 ° 1 1 1
( +5>")/<( e )1°g<1+6>|x|]§

for x € By \BT/(1+9),

+

and
X X _
%log((l + 6)‘)6‘) < %((l + 6)‘)6‘ — l) <1 forx e B; \Bl/(1+9)7 4.1
we have
m o
Vil g ()| = alog(1/7) + 1 for x € By(140) \ Bz/(1+0); 4.2)
Cn,o
tlog(1/r) O S PH/oy
. 11 _
Vil (x)] < Tog(1/7) x| for x € By/(140) \ Br/(1+6); (4.3)

Cno 1

log(1/7) [x|

Calculating the norms by using (4.2) and (4.3), we obtain the estimate from above.
Since

for x € By \El/(1+9)-

IV 15 = Vg 117,

(B1/(1+0)\Br/(149))
1 o*log(1/7)
~ A (odog(1/T) 4 1)

< 1 o \" 1
T AT \at+1) (log(1/T)n 1
we obtain the estimate from below.
In the case m = 1, since
1 X

a 8  t(atlog(1
Vul ) = gy ()2 = § s/

~alog(1/7)+ 12

for x € By,

for x € By \ B,
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we have

1
T(alog(l/T)+1)
e 1
olog(l/7)+1 |x|

for x € Bz,

1,
Vg (x)| = _
for x € By \ B.

Arguing similarly as above, we deduce the desired conclusion.

(iv) First we consider the case m € {2,3,...,n}. From the definition of u':g , We

have

Cn.ax forx € ET/(1+9)7

1
m,o

1
W8 ()] < < Tog(177) & T+ 0Yx]

for x € By (10 \ B/ (1+6);

1 _
mlog((l+6)|x|) fOfXEB]\Bl/(1+6).

By using the change of variables p =log(1/(1+0)r) and p =log((1+ 0)r), we have

/1/(1+9) <1 1 )n/(m—(%)rn_ld 1 /log(l/r) pn/(m—oc)d
7/(1+0) °8 (1+0)r "= (14+6)" Jo e P

<F(n/(m—a)+1) 1
nt/ (m—oa)+1 (1 + 6)"

< Cma
and
1 1 log(1+0)
log((1 4 0)r))"/ (m=a)n=1g :7/ n/(m=a) gnp
[0 G100 R v A
< (log(1 + @)/ (m-a)+1
< 1.
Then we can easily show that
G,

m,ocp n/ (m—o)
luz Hn/(mfa) S (log(1/7))n/(m=a)”
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Next, applying Proposition 4.1, for a multi-index v € Z \ {0} with |v| < m, we have

o\
(5) 500
vl k
o 1+6 e
m=1 -k
(-1t 1+6 )
X 1—
[%a—kn

for x € BT/(1+9)7

x#
VI

(04
— Yv,uk
oclog(1/r)+1,gfwgv VoK

B () (eg) o () L

l=l<1 +é>k¢<k> <(1+62)x - l) e +l">'x']

for x € By \BT/(1+9).

_|_

Hence, for j € {1,2,...,m}, we have

Cro 1
gl 7T B
- Cn. 1 _
Vg ()] < %W forx € Byj(110) \ Br/(1+0),
G Loy Bi\B
o Tlog(1/m) O E BB
Then we can show that
Jj ma n/(m—a)
V70 ot
Cn.o 1 .
_ (log(1/)) /3 (1 + 9n(j1)/(ma)1> for je{l1,2,....m—1},
= 1
m,o

+ for j=m

1
(log(l/r))n/(mfa) Tnoc/(mfa) 6(m1)n/(moc)l>

and the assertion follows.
Arguing similarly as above, we have

”n/ Cloc
S {log(1/m) /e

luz
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Cl o
,L-noc/(l O‘)(log(l/T))"/l o)

Vg1

which implies the desired conclusion in the case m =1. [
Finally we prove Lemma 3.7.

Proof of Lemma 3.7. (i) The assertion immediately follows from Proposition 4.2.
(ii) We may assume Lj,L, > 0. Let 0 <7< 1/ e!/% be sufficiently small so that
t*(log(1/7))"/" < 1. We estimate Fm’o‘[u':_boi;Ll,Lg} from below. Since

1 _ (Snfl_i_tnfl)l/(nfl)_t
] NG =5 ("1 ¢ 1) 1/(n=1)
(Fr+7)

>S_S<<(;>n—1_’_1>1/(n—1)_1)

n

for s, > 0,

>s_tn71

we have from Proposition 4.2 (ii) and (iii) that

m, n/(n—1)
[Tl 1
TS > /(-1
IVuz g, Il ) ) R J(n=1)
+ ,
A”*1 (log(1/7))*! ~ (log(1/7))"
> A\ log — — Ko
Moreover, it follows from Proposition 4.2 (iv) that

H Hn/ m—ao) Mm,oc
T@T m,n/(m—o) < Tnoc/(mfoc)(log(l/r))n/(mfa)'

Using the inequalities (2.2) and
log(1+s) < logs+1log2 fors > 1,

we have from Proposition 4.2 (iii) that

HMTgHmn/(mfa)
log| 1+ ——F——
( Vi g1
(m—a)/n
M’Tla l
<1 1+ .
°g< K" r&(log(l/r))l/*l)

<1 14+ ! +1 1+M(m o
SO Zaiog(1/m)) ) T8 K
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1 plm—o)/n
< log —)+log2—|—10g 1+
v (log(1/7))1/" K

mOC

11 1 My
=oalog———-log|log— | +log| 2|14+ ——F+7—
T n T /

1 1 1
= alog Pl log <log ;) + G

H Zlgj.”mn/m o)
log | 1 +1log l+—
||V T@TH"
1 1 1
<log( 1+ alog———log|log— | +Cpa
T n T

and

1
1+ alog ;) +1log(1+Cp,a)

1
< log ((xlog ;) +log2+log(1+Cya)

Therefore, we have

1 Ly 1
F™%u Tg‘,Ll,Lz} (A1 —aLy)log - +<——L2>10g<log;)

Ko} — LiCo — Lalog(20(1 + Cpir))
— o0 as T \,0

under the assumption (IIT) or IV). O
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