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(Communicated by J. Pečarić)

Abstract. The Brézis-Gallouët-Wainger inequality gives an estimate of the L∞ -norm by the crit-
ical Sobolev norm with the aid of the logarithmic dependency of a higher order Sobolev norm.
We investigate the Brézis-Gallouët-Wainger inequality on a bounded domain with the first or-
der critical Sobolev space, and give the best constant in the inequality in some special cases.
Furthermore, since the inequality does not hold with the sharp constant, we add a double loga-
rithmic term and give the sharp constant for its coefficient. A part of our results is mainly based
on an investigation of the inequality with the higher-order Sobolev norm replaced by the Hölder
seminorm.

1. Introduction and main results

In this paper, we consider a Brézis-Gallouët-Wainger inequality with a double
logarithmic term. First we recall the Sobolev embedding theorem in the critical case.
For 1 < p < ∞ , it is well-known that the embedding Wn/p, p(Rn) ↪→ Lq(Rn) holds for
any p � q <∞ , and does not hold for q =∞ , that is, one cannot estimate the L∞ -norm
by the Wn/p, p -norm. However, the Brézis-Gallouët-Wainger inequality states that the
L∞ -norm can be estimated by the Wn/p, p -norm with the partial aid of the Ws,r -norm
with s > n/r and 1 � r � ∞ . Precisely,

‖u‖p/(p−1)
L∞(Rn) � C(1+ log(1+‖u‖Ws,r(Rn))) (1.1)

holds for all u ∈ Wn/p, p(Rn)∩Ws,r(Rn) under the normalization ‖u‖Wn/p, p(Rn) = 1.
Note that the embedding Ws,r(Rn) ↪→ L∞(Rn) holds for s and r specified as above.
Originally, Brézis-Gallouët [2] proved (1.1) for the case n = p = r = s = 2. Later on,
Brézis-Wainger [3] obtained (1.1) for the general case, and remarked that the power
p/(p−1) in (1.1) is optimal in the sense that one cannot replace it by any larger power.
However, it seems that little is known about the sharp constant in (1.1).

We make the following replacements in the inequality (1.1). First we replace the

domain R
n by Ω , which is a bounded domain in R

n , and we consider Wn/p,p
0 (Ω)
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instead of Wn/p,p(Rn) . Then (1.1) holds for all u ∈ Wn/p, p
0 (Ω)∩Ws,r(Ω) under the

normalization ‖u‖Wn/p, p(Ω) = 1. We restrict our attention to the case p = n � 2, and
investigate the sharp constant in this inequality under the normalization ‖∇u‖Ln(Ω) = 1
instead of ‖u‖W1,n(Ω) = 1, using an equivalent norm. We assume that s = m is a positive
integer due to a technical reason, and take r = n/(m−α) with 0 < α < 1. Then we
formulate the problem as follows.

PROBLEM A. For a given constant L1 > 0 , does there exist a constant C such
that

‖u‖n/(n−1)
L∞(Ω) � L1 log(1+‖u‖Wm,n/(m−α)(Ω))+C (1.2)

holds for all u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1?

In the introduction, let m ∈ {1,2, . . . ,n} and 0 < α < 1. We can show that L1 =
Λ1/α is the sharp constant in (1.2). Here, we define

Λ1 =
1

ω1/(n−1)
n−1

and ωn−1 = 2πn/2/Γ(n/2) is the surface area of the unit sphere Sn−1 = {x ∈ R
n; |x| =

1} . We can show the following, which solves Problem A@. See Definition 2.2 below
for the definition of the strong local Lipschitz condition for a domain Ω .

THEOREM 1.1. Let n � 2 , m ∈ {1,2, . . . ,n} , 0 < α < 1 and Ω be a bounded
domain in R

n satisfying the strong local Lipschitz condition.

(i) If

L1 >
Λ1

α
,

then there exists a constant C such that the inequality (1.2) holds for all u ∈
W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1 .

(ii) If

L1 � Λ1

α
,

then for any constant C , the inequality (1.2) does not hold for some u∈W 1,n
0 (Ω)∩

Wm,n/(m−α)
0 (Ω) with ‖∇u‖Ln(Ω) = 1 .

Furthermore, we formulate the problem more precisely as follows.

PROBLEM B. For given constants L1 > 0 and L2 ∈ R , does there exist a constant
C such that

‖u‖n/(n−1)
L∞(Ω) � L1 log(1+‖u‖Wm,n/(m−α)(Ω))

+L2 log(1+ log(1+‖u‖Wm,n/(m−α)(Ω)))+C
(1.3)
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holds for all u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1?

The double logarithmic term in the right hand side of (1.3) is essentially meaning-
ful only if L1 =Λ1/α because of Theorem 1.1. Then we can also show that L2 =Λ2/α
is the sharp constant in (1.3) in the critical case L1 = Λ1/α , and Problem B can be
solved completely. Here, we define

Λ2 =
Λ1

n
=

1

nω1/(n−1)
n−1

.

THEOREM 1.2. Let n � 2 , m ∈ {1,2, . . . ,n} , 0 < α < 1 and Ω be a bounded
domain in R

n satisfying the strong local Lipschitz condition.

(i) If

(I) L1 >
Λ1

α
and L2 ∈ R or (II) L1 =

Λ1

α
and L2 � Λ2

α
,

then there exists a constant C such that the inequality (1.3) holds for all u ∈
W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1 .

(ii) If

(III) L1 <
Λ1

α
and L2 ∈ R or (IV) L1 =

Λ1

α
and L2 <

Λ2

α
,

then for any constant C , the inequality (1.3) does not hold for some u∈W 1,n
0 (Ω)∩

Wm,n/(m−α)
0 (Ω) with ‖∇u‖Ln(Ω) = 1 .

Now we give some remarks on our results.

REMARK 1.3. The power n/(n− 1) on the left hand side of (1.2) is optimal in
the sense that q = n/(n−1) is the largest power for which

‖u‖q
L∞(Ω) � L1 log(1+‖u‖Wm,n/(m−α)(Ω))+C (1.4)

can hold for all u ∈ W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1. Indeed, if q >

n/(n− 1) , then for any L1 > 0 and any constant C , (1.4) does not hold for some
u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1, which is shown by carrying out a
similar calculation to the proof of Theorem 1.2 (ii); we omit the details. On the contrary,
if 1 � q < n/(n−1) , then for any L1 > 0, there exists a constant C such that (1.4) holds
for all u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1. This fact follows from the

embedding Wm,n/(m−α)(Ω) ↪→ Ċα(Ω) and the same assertion concerning the Brézis-
Gallouët-Wainger type inequality in the Hölder space, which is shown in [5, Remark
3.5].

REMARK 1.4. Let us consider the best constant C for the inequality (1.2). For
fixed L1 such that (1.2) holds, i.e., for L1 > Λ1/α , we introduce the notion of the best
constant as follows. We call

C(L1) = sup{F[u;L1]; u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω), ‖∇u‖Ln(Ω) = 1}
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the best constant for (1.2), where F [u;L1] is defined by

F [u;L1] = ‖u‖n/(n−1)
L∞(Ω) −L1 log(1+‖u‖Wm,n/(m−α)(Ω)).

In the case that Ω is an open ball BR = {x ∈ R
n; |x| < R} , we can show that

C(L1) → ∞ as L1 ↘ Λ1/α, C(L1) →−∞ as L1 → ∞.

However, we know little about their limiting behaviors.

REMARK 1.5. It is essentially meaningless to consider an inequality with any
weaker term. More precisely, we can prove the following facts. In each part, the
former fact follows from the embedding and the same assertion in the Hölder space,
which is shown in [5, Remark 3.6], and the latter fact is shown by carrying out a similar
calculation to the proof of Theorem 1.2 (ii).

(i) We choose a continuous function Φ : [0,∞) → [0,∞) such that

Φ(s) → ∞,
Φ(s)

log(1+ log(1+ s))
→ 0 as s → ∞,

and consider the inequality

‖u‖n/(n−1)
L∞(Ω) � L1 log(1+‖u‖Wm,n/(m−α)(Ω))

+L2 log(1+ log(1+‖u‖Wm,n/(m−α)(Ω)))

+LΦ(‖u‖Wm,n/(m−α)(Ω))+C

for u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1. For the completeness of the

argument, we assume in addition that

max{Φ(st),Φ(s+ t)} � Φ(s)+Φ(t)+ c for s,t � 0

with some constant c � 0, the functions

(0,∞) � s �→ Φ(s)
sn/(n−1) ∈ (0,∞) and (0,∞) � s �→ Φ◦Φ(s)

sn/(n−1) ∈ (0,∞)

are both decreasing. Then this inequality holds if and only if one of the following holds:
(I) L1 > Λ1/α and L2,L ∈ R ;

(II-1) L1 = Λ1/α , L2 > Λ2/α and L ∈ R ;

(II-2) L1 = Λ1/α , L2 = Λ2/α and L � 0.
(ii) Let N � 3 and consider the N -ple logarithmic inequality

‖u‖n/(n−1)
L∞(Ω) �

N

∑
j=1

Lj log(1+ log(1+ · · ·+ log(1+︸ ︷︷ ︸
j times

‖u‖Wm,n/(m−α)(Ω))· · ·))+C

for u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖Ln(Ω) = 1. Then this inequality holds if

and only if one of the following holds:
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(I) L1 > Λ1/α and L2, . . . ,LN ∈ R ;

(II-1) L1 = Λ1/α , L2 > Λ2/α and L3, . . . ,LN ∈ R ;

(II-2′ ) L1 = Λ1/α , L2 = Λ2/α , L3 = · · · = Lm−1 = 0, Lm > 0 for some 3 � m � N
and Lm+1, . . . ,LN ∈ R ;

(II-2′′ ) L1 = Λ1/α , L2 = Λ2/α and L3 = · · · = LN = 0.

Since Theorem 1.1 is completely contained in Theorem 1.2, we may prove only the
latter. The proof of Theorem 1.2 (i) is mainly based on [5, Theorem 1.2], which gives
the sharp constants in the Brézis-Gallouët-Wainger type inequality with the Hölder
seminorm instead of the higher-order Sobolev norm, combining with the embedding
theorem [1, Theorem 4.12]. We have to assume that Ω is bounded because of the
assumption of [5, Theorem 1.2]. In order to prove Theorem 1.2 (ii), we concretely con-
struct a sequence of functions {u j}∞j=1 ⊂W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u j‖Ln(Ω) =
1 so that

‖u j‖n/(n−1)
L∞(Ω) −L1 log(1+‖u j‖Wm,n/(m−α)(Ω))

−L2 log(1+ log(1+‖u j‖Wm,n/(m−α)(Ω))) → ∞ as j → ∞.

The organization of this paper is as follows. In Section 2, we introduce some
notation of function spaces and state an embedding theorem under the strong local
Lipschitz condition. In Section 3, we shall give the proof of the main theorem by using
[5, Theorem 1.2], [1, Theorem 4.12] and a key lemma, which gives a sequence {u j}∞j=1
as above for given constants L1 and L2 under the assumption (III) or (IV). The key
lemma will be proved in Section 4.

2. Preliminaries

First we introduce some function spaces. Throughout this paper, let the dimension
n � 2, and Ω be a bounded domain in R

n . We denote by BR the open ball in R
n

centered at the origin with the radius R > 0, i.e., BR = {x ∈ R
n; |x| < R} .

We describe a standard notation of multi-indices for the sake of completeness. Let
Z+ = {0}∪N . For a multi-index ν = (ν1,ν2, . . . ,νn) ∈ Z

n
+ , we define

xν = xν1
1 xν2

2 · · ·xνn
n ,

(
∂
∂x

)ν
=

∂ |ν|

∂xν1
1 ∂xν2

2 · · ·∂xνn
n

,

where |ν|= ν1 +ν2 + · · ·+νn . For multi-indices ν,μ ∈Z
n
+ , we write μ � ν if μk � νk

for all k ∈ {1,2, . . . ,n} . In what follows, we denote

‖u‖p = ‖u‖Lp(Ω), ‖u‖m, p = ‖u‖Wm, p(Ω) =
m

∑
j=0

‖∇ ju‖p, ‖∇ ju‖p = ‖|∇ ju|‖p

for 1 � p � ∞ and m ∈ N , for simplicity. Here, for j ∈ N , we define the j -th order
derivative of the function u as

∇ ju =

(
∂
∂xi1

∂
∂xi2

· · · ∂
∂xi j

u

)
1�i1,i2,...,i j�n

,
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|∇ ju| =
⎛
⎝ n

∑
i1=1

n

∑
i2=1

· · ·
n

∑
i j=1

∣∣∣∣∣ ∂
∂xi1

∂
∂xi2

· · · ∂
∂xi j

u

∣∣∣∣∣
2
⎞
⎠1/2

.

We note that the norm of W 1, p
0 (Ω) is equivalent to ‖∇u‖p if Ω is bounded and 1 �

p < ∞ , because of the Poincaré inequality.
First we note that the inequality (1.3) holds for all u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω)
with ‖∇u‖n = 1 if and only if there exists a constant C such that Fm,α [u;L1,L2] � C
holds for all u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω)\ {0} , where

Fm,α [u;L1,L2] =
( ‖u‖∞
‖∇u‖n

)n/(n−1)

−L1 log

(
1+

‖u‖m,n/(m−α)

‖∇u‖n

)

−L2 log

(
1+ log

(
1+

‖u‖m,n/(m−α)

‖∇u‖n

))
for u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω)\ {0}.
The following proposition shows that Theorem 1.2 remains valid without changing

the assumptions concerning L1 and L2 if we replace the definition of the Sobolev norm
defined as above with any equivalent norm.

PROPOSITION 2.1. Let m ∈ N , 0 < α � m and Ω be a bounded domain in
R

n . Assume that ‖·‖ is a norm on W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) which is equivalent to

‖·‖m,n/(m−α) . Then for given constants L1 > 0 and L2 ∈ R , the inequality (1.3) with

some constant C holds for all u ∈ W 1,n
0 (Ω)∩W m,n/(m−α)(Ω) with ‖∇u‖n = 1 if and

only if the inequality

‖u‖n/(n−1)
∞ � L1 log(1+‖u‖)+L2 log(1+ log(1+‖u‖))+ C̃ (2.1)

with some constant C̃ holds for all u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) with ‖∇u‖n = 1 .

Proof. We have only to show that the inequality (1.3) implies (2.1). Note that
there exists a constant c � 1 such that

1
c
‖u‖ � ‖u‖m,n/(m−α) � c‖u‖ for u ∈W 1,n

0 (Ω)∩Wm,n/(m−α)(Ω).

Since

max{log(1+ st), log(1+ s+ t)}� log(1+ s)+ log(1+ t) for s, t � 0, (2.2)

we have that

log(1+‖u‖m,n/(m−α)) � log(1+ c‖u‖) � log(1+ c)+ log(1+‖u‖)
log(1+ log(1+‖u‖m,n/(m−α))) � log(1+ log(1+ c)+ log(1+‖u‖)),

� log(1+ log(1+ c))+ log(1+ log(1+‖u‖))
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and

log(1+ log(1+‖u‖)) � log(1+ log(1+ c‖u‖m,n/(m−α)))

� log(1+ log(1+ c))+ log(1+ log(1+‖u‖m,n/(m−α)))

hold for all u ∈W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) . By using these inequalities, we can easily

show that the inequality (1.3) implies (2.1) with C̃ = C +L1 log(1+ c)+ |L2| log(1+
log(1+ c)) . �

For 0 < α � 1, Ċα(Ω) denotes the subspace of the homogeneous Hölder space
of order α endowed with the seminorm

‖u‖(α) = ‖u‖Ċα (Ω) = sup
x,y∈Ω
x
=y

|u(x)−u(y)|
|x− y|α ,

and C0,α(Ω) denotes the Hölder space of order α endowed with the norm

‖u‖(0,α) = ‖u‖C0,α(Ω) = ‖u‖∞+‖u‖(α).

As is mentioned in the introduction, the embedding Wm,n/(m−α)(Ω) ↪→C0,α(Ω) holds
under our assumption, which can be found in [1, Theorem 4.12].

DEFINITION 2.2. We say that a bounded domain Ω satisfies the strong local Lip-
schitz condition if Ω has a locally Lipschitz boundary, that is, each point x on the
boundary of Ω has a neighborhood Ux whose intersection with the boundary of Ω is
the graph of a Lipschitz continuous function.

The definition for a general domain is more complicated; see [1] for details.

LEMMA 2.3. ([1, Theorem 4.12]) Let n � 1 and Ω be a domain in R
n satisfying

the strong local Lipschitz condition.

(i) If m ∈ {1,2, . . . ,n} and 0 < α < 1 , then the embedding Wm,n/(m−α)(Ω) ↪→
C0,α(Ω) holds, that is, there exists a constant Cα such that

‖u‖∞+‖u‖(α) � Cα‖u‖m,n/(m−α) for u ∈Wm,n/(m−α)(Ω).

(ii) The embedding Wn+1,1(Ω) ↪→C0,1(Ω) holds, that is, there exists a constant C1

such that
‖u‖∞+‖u‖(1) � C1‖u‖n+1,1 for u ∈Wn+1,1(Ω).

3. Proof of the main results

In this section, we shall give the proof of Theorem 1.2. The key point is to consider
the sharp constants in a slightly modified inequality

‖u‖n/(n−1)
∞ � L1 log(1+‖u‖(α))+L2 log(1+ log(1+‖u‖(α)))+C (3.1)
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for u ∈W 1,n
0 (Ω)∩Ċα(Ω) with ‖∇u‖n = 1. The following result in our previous paper

is essential for the proof of Theorem 1.2.

LEMMA 3.1. ([5, Theorems 1.1 and 1.2]) Let n � 2 , 0 <α � 1 and Ω be a bounded
domain in R

n .

(i) If

(I) L1 >
Λ1

α
and L2 ∈ R or (II) L1 =

Λ1

α
and L2 � Λ2

α
,

then there exists a constant C such that the inequality (3.1) holds for all u ∈
W 1,n

0 (Ω)∩Ċα(Ω) with ‖∇u‖n = 1 .

(ii) If

(III) L1 <
Λ1

α
and L2 ∈ R or (IV) L1 =

Λ1

α
and L2 <

Λ2

α
,

then for any constant C , the inequality (3.1) does not hold for some u∈W 1,n
0 (Ω)∩

Ċα(Ω) with ‖∇u‖n = 1 .

REMARK 3.2. For the proof of Lemma 3.1, in the case Ω = B1 , it is essential to
investigate the behavior of Fα [uατ ;L1,L2] as τ ↘ 0, where

Fα [u;L1,L2] =
( ‖u‖∞
‖∇u‖n

)n/(n−1)

−L1 log

(
1+

‖u‖(α)

‖∇u‖n

)

−L2 log

(
1+ log

(
1+

‖u‖(α)

‖∇u‖n

))
,

and for 0 < τ � 1, the function uατ is defined by

uατ (x) =

⎧⎪⎪⎨
⎪⎪⎩

1− 1
α log(1/τ)+1

( |x|
τ

)α
for x ∈ Bτ ,

α
α log(1/τ)+1

log
1
|x| for x ∈ B1 \Bτ .

(3.2)

The assertion (ii) follows from the behavior of Fα [uατ ;L1,L2] . The assertion (i) can be
proved by the fact that the minimizer of

mα
τ = inf

{
‖∇u‖n

n; u ∈W 1,n
0 (B1),

u(x) � 1− 1
α log(1/τ)+1

( |x|
τ

)α
for a.e. x ∈ B1

}
is given by uατ .

REMARK 3.3. In the case n = 2, a part of Lemma 3.1 is originally proved by
Ibrahim-Majdoub-Masmoudi [4, Theorems 1.3 and 1.4]. However, they did not men-
tion the assertion that (IV) implies the failure of the inequality (3.1).
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Now we can prove the following theorem, which implies Theorem 1.2 (i).

THEOREM 3.4. Let n � 2 and Ω be a bounded domain in R
n satisfying the

strong local Lipschitz condition. Assume m∈ {1,2, . . . ,n} and 0 <α < 1 , or m = n+1
and α = 1 . If

(I) L1 >
Λ1

α
and L2 ∈ R or (II) L1 =

Λ1

α
and L2 � Λ2

α
,

then there exists a constant C such that the inequality (1.3) holds for all u ∈W 1,n
0 (Ω)∩

Wm,n/(m−α)(Ω) with ‖∇u‖n = 1 .

Proof. The assertion immediately follows from Lemma 3.1 (i) and Lemma 2.3 by
using a similar argument to the proof of Proposition 2.1. �

As we mentioned above, Lemma 3.1 (i) and Lemma 2.3 immediately yield Theo-
rem 1.2 (i). Hence, it is a natural question whether the sharp constants for the inequality
(1.3) are strictly smaller than those for (3.1). However, we can show that these sharp
constants coincide with those in Lemma 3.1.

REMARK 3.5. The embeddings in Lemma 2.3 are also valid for any bounded
domain Ω without satisfying the strong local Lipschitz condition if we replace the

spaces Wm,n/(m−α)(Ω) and Wn+1,1(Ω) with Wm,n/(m−α)
0 (Ω) and Wn+1,1

0 (Ω) , respec-
tively. This fact can be also found in [1, Theorem 4.12]. Therefore, Theorem 3.4 is also
valid for an arbitrary bounded domain Ω if we make the same replacement.

To complete the proof of Theorem 1.2, we shall prove the following theorem,
which does not require the strong local Lipschitz condition.

THEOREM 3.6. Let n � 2 , m ∈ {1,2, . . . ,n} , 0 < α < 1 and Ω be a bounded
domain in R

n . If

(III) L1 <
Λ1

α
and L2 ∈ R or (IV) L1 =

Λ1

α
and L2 <

Λ2

α
,

then for any constant C , the inequality (1.3) does not hold for some u ∈ W 1,n
0 (Ω)∩

Wm,n/(m−α)
0 (Ω) with ‖∇u‖n = 1 .

For the proof of Theorem 3.6, we have to find a sequence {u j}∞j=1 ⊂ W 1,n
0 (Ω)∩

Wm,n/(m−α)(Ω) \ {0} such that Fm,α [u j;L1,L2] → ∞ as j → ∞ under the assumption
(III) or (IV). In the case Ω = B1 , we can choose such a sequence as follows by modi-
fying {uατ }0<τ�1 defined by (3.2).

We choose a cut-off function φ ∈C∞
0 (R) satisfying φ(s) = 1 for s � 1/3, φ(s) = 0

for s � 2/3, and introduce polynomials

Pm,α
τ (r) = log

1
τ

+
m−1

∑
l=1

1
l

(
1− r

τ

)l
+

(
1
α
−

m−1

∑
l=1

1
l

)(
1− r

τ

)m
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(we regard the summations above as zeroes when m = 1). For 0 < τ � 1/e and 0 <

θ < 1, define um,α
τ,θ and u1,α

τ,0 by

um,α
τ,θ (x) = ũm,α

τ,θ (|x|)

=

⎧⎪⎪⎨
⎪⎪⎩

α
α log(1/τ)+1

Pm,α
τ ((1+θ )|x|) for x ∈ Bτ/(1+θ),

α
α log(1/τ)+1

φ
(

(1+θ )|x|−1
θ

)
log

1
(1+θ )|x| for x ∈ R

n \Bτ/(1+θ)

if m ∈ {2,3, . . . ,n} , and

u1,α
τ,0 (x) = ũ1,α

τ,0 (|x|) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α
α log(1/τ)+1

P1,α
τ (|x|) for x ∈ Bτ ,

α
α log(1/τ)+1

log
1
|x| for x ∈ B1 \Bτ ,

0 for x ∈ R
n \B1

if m = 1. Then we can prove the following lemma, which will be proved in Section 4.

LEMMA 3.7. Let n � 2 , m ∈ {1,2, . . . ,n} , 0 < α < 1 and Ω= B1 .

(i) If m ∈ {2,3, . . . ,n} , then um,α
τ,θ ∈W 1,n

0 (B1)∩Wm,n/(m−α)
0 (B1) \ {0} for 0 < τ �

1/e and 0 < θ < 1 . If m = 1 , then u1,α
τ,0 ∈W 1,n

0 (B1)∩W 1,n/(1−α)
0 (B1)\ {0} for

0 < τ � 1/e.

(ii) Under the assumption (III) or (IV) of Theorem 3.6, it holds

Fm,α [um,α
τ,θτ ;L1,L2] → ∞ as τ ↘ 0

with θτ = τnα/((m−1)n−m+α) if m ∈ {2,3, . . . ,n} , and θτ = 0 if m = 1 .

We now prove Theorem 3.6 by using Lemma 3.7.

Proof. [Proof of Theorem 3.6] In order to examine the failure of (1.3), we may
assume L1,L2 � 0. Fix z0 ∈Ω and R0 � 1 such that

B =
{

x ∈ R
n; |x− z0| < 1

R0

}
⊂Ω.

By virtue of Lemma 3.7 (ii), there exists a family of functions {um,α
τ,θτ}0<τ�1/e ⊂W 1,n

0 (B1)∩
Wm,n/(m−α)

0 (B1) such that Fm,α [um,α
τ,θτ ;L1,L2] → ∞ as τ ↘ 0. If we define

vτ(x) = um,α
τ,θτ (R0(x− z0)) for x ∈ R

n,

then vτ ∈W 1,n
0 (B)∩Wm,n/(m−α)

0 (B) ⊂W 1,n
0 (Ω)∩Wm,n/(m−α)(Ω) and

‖vτ‖∞ = ‖um,α
τ,θτ‖∞, ‖∇vτ‖n = ‖∇um,α

τ,θτ‖n,
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‖vτ‖m,n/(m−α) � Rα
0 ‖um,α

τ,θτ‖m,n/(m−α)

since

‖∇lvτ‖n/(m−α) = Rα+l−m
0 ‖∇lum,α

τ,θτ‖n/(m−α) � Rα
0 ‖∇lum,α

τ,θτ‖n/(m−α)

for l ∈ {0,1, . . . ,m}.

Because of (2.2), we have

Fm,α [um,α
τ,θτ ;L1,L2]

�
( ‖vτ‖∞
‖∇vτ‖n

)n/(n−1)

−L1 log

(
1+

1
Rα

0

‖vτ‖m,n/(m−α)

‖∇vτ‖n

)

−L2 log

(
1+ log

(
1+

1
Rα

0

‖vτ‖m,n/(m−α)

‖∇vτ‖n

))

�
( ‖vτ‖∞
‖∇vτ‖n

)n/(n−1)

−L1 log

(
1+

‖vτ‖m,n/(m−α)

‖∇vτ‖n

)
+L1 log(1+Rα

0 )

−L2 log

(
1+ log

(
1+

‖vτ‖m,n/(m−α)

‖∇vτ‖n

))
+L2 log(1+ log(1+Rα

0 ))

= Fm,α [vτ ;L1,L2]+L1 log(1+Rα
0 )+L2 log(1+ log(1+Rα

0 ))

and it follows Fm,α [vτ ;L1,L2] → ∞ as τ ↘ 0. �

4. Proof of the key lemma

In this section, we shall prove Lemma 3.7. First we state the following proposition.
We omit the proof because it is elementary; one can prove it by an induction on |ν| .
Here, Ck,1([0,R]) denotes the space of all k -times continuously differentiable functions
on [0,R] whose k -th derivative is Lipschitz continuous.

PROPOSITION 4.1. Let n � 1 , m ∈ {1,2, . . . ,n} , R > 0 and ũ ∈Cm−1,1([0,R]) ,
and define u(x) = ũ(|x|) for x ∈ BR . Then for any multi-index ν ∈ Z

n
+ \ {0} with

|ν| � m, there exists a family of constants {γν,μ,k}μ�ν,k∈{1,2,...,|ν|} ⊂ Z such that

(
∂
∂x

)ν
u(x) =

|ν|
∑
k=1

∑
μ�ν

γν,μ,k
ũ(k)(|x|)xμ
|x||ν|+|μ|−k

for a.e. x ∈ BR \ {0}.

Furthermore, the right hand side is integrable on BR and coincides with the ν -th
derivative of u on BR in the sense of distribution.

We also use the following estimates to prove Lemma 3.7.

PROPOSITION 4.2. Let n � 2 , m ∈ {1,2, . . . ,n} and 0 < α < 1 . Let 0 < θ < 1
if m ∈ {2,3, . . . ,n} , and θ = 0 if m = 1 . Then the following hold for 0 < τ � 1/e:
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(i) ũm,α
τ,θ ∈ Cm−1,1([0,1]) , and (ũm,α

τ,θ )(l)(1) = 0 for l ∈ {0,1, . . . ,m− 1} . In partic-

ular, for ν ∈ Z
n
+ \ {0} with |ν| � m, the ν -th derivative of um,α

τ,θ on B1 in the
sense of distribution is given by

(
∂
∂x

)ν
um,α
τ,θ (x) =

|ν|
∑
k=1

∑
μ�ν

γν,μ,k

(ũm,α
τ,θ )(k)(|x|)xμ
|x||ν|+|μ|−k

for a.e. x ∈ B1.

(ii) It holds ‖um,α
τ,θ ‖∞ � 1 .

(iii) There exist constants Km,α , K̃m,α > 0 such that

Km,α

(log(1/τ))n−1 � ‖∇um,α
τ,θ ‖n

n � 1

Λn−1
1

1
(log(1/τ))n−1 +

K̃m,α

(log(1/τ))n .

(iv) If m ∈ {2,3, . . . ,n} , then there exists a constant Mm,α > 0 such that

‖um,α
τ,θ ‖n/(m−α)

m,n/(m−α)

� Mm,α

2(log(1/τ))n/(m−α)

(
1

τnα/(m−α) +
1

θ (m−1)n/(m−α)−1

)
.

If m = 1 , then there exists a constant M1,α > 0 such that

‖u1,α
τ,0 ‖n/(1−α)

1,n/(1−α) � M1,α

τnα/(1−α)(log(1/τ))n/(1−α) .

In particular, um,α
τ,θ ∈W 1,n

0 (B1)∩Wm,n/(m−α)
0 (B1) .

Proof. In what follows, we denote by Cm,α a constant depending only on m and
α which may differ from line to line.

(i) First note that Pm,α
τ is the unique polynomial of degree m satisfying

α
α log(1/τ)+1

Pm,α
τ (0) = 1,

(Pm,α
τ )(l)(τ) =

(
d
dr

)l [
log

1
r

]∣∣∣∣∣
r=τ

for l ∈ {1,2, . . . ,m−1}.

Hence, ũm,α
τ,θ ∈Cm−1,1([0,1]) . We can easily see that (ũm,α

τ,θ )(l)(1) = 0 for l ∈ {0,1, . . . ,

m−1} since φ (l)(1) = 0 for l ∈ Z+ .
(ii) Since um,α

τ,θ is continuous on B1 , we see that

‖um,α
τ,θ ‖∞ � um,α

τ,θ (0) =
α

α log(1/τ)+1
Pm,α
τ (0) = 1.
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(iii) First we consider the case m ∈ {2,3, . . . ,n} . Since

∇um,α
τ,θ (x)

= (ũm,α
τ,θ )′(|x|) x

|x|

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α(1+θ )
τ(α log(1/τ)+1)

⎧⎪⎪⎪⎪⎩m−1

∑
l=1

1
l

(
1− 1+θ

τ
|x|
)l−1

+m

(
1
α
−

m−1

∑
l=1

1
l

)(
1− 1+θ

τ
|x|
)m−2

⎫⎪⎪⎪⎪⎭ x
|x|

for x ∈ Bτ/(1+θ),

α
α log(1/τ)+1

⎧⎪⎪⎩−φ
(

(1+θ )|x|−1
θ

)
1
|x|

+
(

1+
1
θ

)
φ ′
(

(1+θ )|x|−1
θ

)
log

1
(1+θ )|x|

⎫⎪⎪⎭ x
|x|

for x ∈ B1 \Bτ/(1+θ),

and |x|
θ

log((1+θ )|x|) � |x|
θ

((1+θ )|x|−1) � 1 for x ∈ B1 \B1/(1+θ), (4.1)

we have

|∇um,α
τ,θ (x)| = α

α log(1/τ)+1
1
|x| for x ∈ B1/(1+θ) \Bτ/(1+θ), (4.2)

|∇um,α
τ,θ (x)| �

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Cm,α
τ log(1/τ)

for x ∈ Bτ/(1+θ),

1
log(1/τ)

1
|x| for x ∈ B1/(1+θ) \Bτ/(1+θ),

Cm,α

log(1/τ)
1
|x| for x ∈ B1 \B1/(1+θ).

(4.3)

Calculating the norms by using (4.2) and (4.3), we obtain the estimate from above.
Since

‖∇um,α
τ,θ ‖n

n � ‖∇um,α
τ,θ ‖n

Ln(B1/(1+θ )\Bτ/(1+θ ))

=
1

Λn−1
1

αn log(1/τ)
(α log(1/τ)+1)n

� 1

Λn−1
1

(
α

α +1

)n 1
(log(1/τ))n−1 ,

we obtain the estimate from below.
In the case m = 1, since

∇u1,α
τ,0 (x) = (ũ1,α

τ,0 )′(|x|) x
|x| =

⎧⎪⎪⎨
⎪⎪⎩
− 1
τ(α log(1/τ)+1)

x
|x| for x ∈ Bτ ,

− α
α log(1/τ)+1

x
|x|2 for x ∈ B1 \Bτ ,
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we have

|∇u1,α
τ,0 (x)| =

⎧⎪⎪⎨
⎪⎪⎩

1
τ(α log(1/τ)+1)

for x ∈ Bτ ,

α
α log(1/τ)+1

1
|x| for x ∈ B1 \Bτ .

Arguing similarly as above, we deduce the desired conclusion.

(iv) First we consider the case m ∈ {2,3, . . . ,n} . From the definition of um,α
τ,θ , we

have

|um,α
τ,θ (x)| �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Cm,α for x ∈ Bτ/(1+θ),

1
log(1/τ)

log
1

(1+θ )|x| for x ∈ B1/(1+θ) \Bτ/(1+θ),

1
log(1/τ)

log((1+θ )|x|) for x ∈ B1 \B1/(1+θ).

By using the change of variables ρ = log(1/(1+θ )r) and ρ = log((1+θ )r) , we have

∫ 1/(1+θ)

τ/(1+θ)

(
log

1
(1+θ )r

)n/(m−α)

rn−1dr =
1

(1+θ )n

∫ log(1/τ)

0

ρn/(m−α)

enρ dρ

� Γ(n/(m−α)+1)
nn/(m−α)+1

1
(1+θ )n

� Cm,α

and

∫ 1

1/(1+θ)
(log((1+θ )r))n/(m−α)rn−1dr =

1
(1+θ )n

∫ log(1+θ)

0
ρn/(m−α)enρdρ

� (log(1+θ ))n/(m−α)+1

< 1.

Then we can easily show that

‖um,α
τ,θ ‖n/(m−α)

n/(m−α) � Cm,α

(log(1/τ))n/(m−α) .
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Next, applying Proposition 4.1, for a multi-index ν ∈ Z
n
+ \ {0} with |ν| � m , we have(

∂
∂x

)ν
um,α
τ,θ (x)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α
α log(1/τ)+1

|ν|
∑
k=1

(
−1+θ

τ

)k

∑
μ�ν

γν,μ,k
xμ

|x||ν|+|μ|−k

×
⎧⎪⎪⎪⎪⎩m−1

∑
l=k

(l−1)!
(l− k)!

(
1− 1+θ

τ
|x|
)l−k

+

(
1
α
−

m−1

∑
l=1

1
l

)
m!

(m− k)!

(
1− 1+θ

τ
|x|
)m−k

⎫⎪⎪⎪⎪⎭
for x ∈ Bτ/(1+θ),

α
α log(1/τ)+1

|ν|
∑
k=1

∑
μ�ν

γν,μ,k
xμ

|x||ν|+|μ|−k

×
⎧⎪⎪⎪⎪⎩ k

∑
l=1

(−1)l−1
(

k
l

)(
1+

1
θ

)k−l

φ (k−l)
(

(1+θ )|x|−1
θ

)
1
|x|l

+
(

1+
1
θ

)k

φ (k)
(

(1+θ )|x|−1
θ

)
log

1
(1+θ )|x|

⎫⎪⎪⎪⎪⎭
for x ∈ B1 \Bτ/(1+θ).

Hence, for j ∈ {1,2, . . . ,m} , we have

|∇ jum,α
τ,θ (x)| �

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Cm,α
τ log(1/τ)

1
|x| j−1 for x ∈ Bτ/(1+θ),

Cm,α
log(1/τ)

1
|x| j for x ∈ B1/(1+θ) \Bτ/(1+θ),

Cm,α

θ j−1 log(1/τ)
1
|x| for x ∈ B1 \B1/(1+θ).

Then we can show that

‖∇ jum,α
τ,θ ‖n/(m−α)

n/(m−α)

�

⎧⎪⎪⎨
⎪⎪⎩

Cm,α

(log(1/τ))n/(m−α)

(
1+

1

θ n( j−1)/(m−α)−1

)
for j ∈ {1,2, . . . ,m−1},

Cm,α

(log(1/τ))n/(m−α)

(
1

τnα/(m−α) +
1

θ (m−1)n/(m−α)−1

)
for j = m,

and the assertion follows.
Arguing similarly as above, we have

‖u1,α
τ,0 ‖n/(1−α)

n/(1−α) � C1,α

(log(1/τ))n/(1−α) ,
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‖∇u1,α
τ,0 ‖n/(1−α)

n/(1−α) � C1,α

τnα/(1−α)(log(1/τ))n/(1−α) ,

which implies the desired conclusion in the case m = 1. �
Finally we prove Lemma 3.7.

Proof of Lemma 3.7. (i) The assertion immediately follows from Proposition 4.2.
(ii) We may assume L1,L2 � 0. Let 0 < τ � 1/e1/α be sufficiently small so that

τα(log(1/τ))1/n � 1. We estimate Fm,α [um,α
τ,θτ ;L1,L2] from below. Since

1(
1

sn−1 +
1

tn−1

)1/(n−1) = s− s
(sn−1 + tn−1)1/(n−1)− t

(sn−1 + tn−1)1/(n−1)

� s− s

((( s
t

)n−1
+1

)1/(n−1)

−1

)

� s− sn

tn−1 for s, t > 0,

we have from Proposition 4.2 (ii) and (iii) that( ‖um,α
τ,θτ‖∞

‖∇um,α
τ,θτ‖n

)n/(n−1)

� 1(
1

Λn−1
1

1
(log(1/τ))n−1 +

K̃m,α
(log(1/τ))n

)1/(n−1)

� Λ1 log
1
τ
− K̃m,αΛn

1.

Moreover, it follows from Proposition 4.2 (iv) that

‖um,α
τ,θτ‖

n/(m−α)
m,n/(m−α) � Mm,α

τnα/(m−α)(log(1/τ))n/(m−α) .

Using the inequalities (2.2) and

log(1+ s) � logs+ log2 for s � 1,

we have from Proposition 4.2 (iii) that

log

(
1+

‖um,α
τ,θτ‖m,n/(m−α)

‖∇um,α
τ,θτ‖n

)

� log

(
1+

M(m−α)/n
m,α

K1/n
m,α

1

τα (log(1/τ))1/n

)

� log

(
1+

1

τα (log(1/τ))1/n

)
+ log

(
1+

M(m−α)/n
m,α

K1/n
m,α

)
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� log

(
1

τα(log(1/τ))1/n

)
+ log2+ log

(
1+

M(m−α)/n
m,α

K1/n
m,α

)

= α log
1
τ
− 1

n
log

(
log

1
τ

)
+ log

(
2

(
1+

M(m−α)/n
m,α

K1/n
m,α

))

= α log
1
τ
− 1

n
log

(
log

1
τ

)
+Cm,α

and

log

(
1+ log

(
1+

‖um,α
τ,θτ‖m,n/(m−α)

‖∇um,α
τ,θτ‖n

))

� log

(
1+α log

1
τ
− 1

n
log

(
log

1
τ

)
+Cm,α

)

� log

(
1+α log

1
τ

+Cm,α

)

� log

(
1+α log

1
τ

)
+ log(1+Cm,α)

� log

(
α log

1
τ

)
+ log2+ log(1+Cm,α)

= log

(
log

1
τ

)
+ log(2α(1+Cm,α)).

Therefore, we have

Fm,α [um,α
τ,θτ ;L1,L2] � (Λ1−αL1) log

1
τ

+
(

L1

n
−L2

)
log

(
log

1
τ

)
− K̃m,αΛn

1 −L1Cm,α −L2 log(2α(1+Cm,α))
→ ∞ as τ ↘ 0

under the assumption (III) or (IV). �
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