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WILLMORE LAGRANGIAN SUBMANIFOLDS
IN COMPLEX PROJECTIVE SPACE

SHICHANG SHU AND SANYANG LIU

(Communicated by Y. Burago)

Abstract. Let M be an n-dimensional compact Willmore Lagrangian submanifold in a complex
projective space CP" and let S and H be the squared norm of the second fundamental form and
the mean curvature of M. Denote by p?> =S —nH? the non-negative function on M, K and Q
the functions which assign to each point of M the infimum of the sectional curvature and Ricci
curvature at the point. We prove some integral inequalities of Simons’ type for n-dimensional
compact Willmore Lagrangian submanifolds in CP" in terms of p?, K, Q and H and obtain
some characterization theorems.

1. Introduction

Let N"*? be an oriented smooth Riemannian manifold of dimension (n+ p) and
let x : M +— N"™P be an n-dimensional compact submanifold of N"™”. Denote by
hf;,S ,IjI and H the second fundamental form, the squared norm of the second funda-
mental form, the mean curvature vector and the mean curvature of M. We denote by
W(x) the Willmore functional on M (see [1], [15], [18]), that is, W (x) = [, p"dv =
S (S— nHz)%dv. From [1], [15] and [18], we know that W (x) is an invariant under
Moebius (or conformal) transformations of N7 . The Willmore submanifold was de-
fined by Li [11] and Hu-Li [8], [9], a submanifold is called a Willmore submanifold if
it is a extremal submanifold to the Willmore functional. When n = 2, the functional
essentially coincides with the well-known Willmore functional and its critical points
are the Willmore surfaces. In [11] (also see [15], [6]), Li obtained a Willmore equation
for Willmore functional in terms of Euclidean geometry. It is very important for study
of rigidity and geometry of Willmore submanifold in N" 7.

Let CP" be a complete connected n-dimensional Kaehler manifold with constant
holomorphic sectional curvature 4, we call it the n-dimensional complex projective
space. Let x : M — CP" be an immersion of an n-dimensional Riemannian manifold
M into CP". M is called a Lagrangian submanifold if the complex structure J of CP"
carries each tangent space of M into its corresponding normal space. We note that in
recent years, due to their backgrounds in mathematical physics, special Lagrangian sub-
manifolds have been extensively studied (see[7], [14] and [17]). Moreover, Hu-Li [8]
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obtained an important Willmore equation and showed that a Lagrangian submanifold is
Willmore submanifold if and only if it satisfies the Willmore equation.
For Willmore Lagrangian submanifolds, we have the following examples:

EXAMPLE 1.1. ([8]). Let RP"(1) be the n-dimensional real projective space
with constant sectional curvature 1. RP"(1) can be isometrically immersed into CP"
as a totally geodesic Lagrangian submanifold of CP". From proposition 6.2 in [8], we
know that RP"(1) is a (compact) Willmore submanifold of CP".

EXAMPLE 1.2. ([14], [8]). The Clifford torus 7" C CP".
Consider the isometric embedding of (n+1)-torus

) — S2n+l(l) — Cn-'rl7

1 1
T"+1:Sl< )x---xS1<
vn+1 vVn+1

this embedding is Lagrangian in C"*! and it is minimal in $?**1(1). Since the standard
action by S! on C"*! restricts to both the above torus 7! and S?**1(1), we take the
quotients of these. The induced quotient metric on CP" as the quotient S>"*1(1)/S!
has holomorphic sectional curvature 4. The torus 7" := T""!/S! in the CP" is both
Lagrangian and minimal. Since T" is flat, it follows from proposition 6.2 in [8] that 7"
is a Willmore Lagrangian submanifold in CP".

It is well known that in the theory of minimal Lagrangian submanifolds in CP",
Chen and Ogiue [2], Ludden, Okumura and Yano [13], Shen [16] and Li [10] had ob-
tained some important rigidity theorems in terms of the squared norm of the second
fundamental form and section curvature of the minimal Lagrangian submanifolds. In
this paper, we shall establish the rigidity theorems of Willmore Lagrangian submani-
folds in CP" in terms of the scalar curvature, the Ricci curvature, the sectional curvature
and the mean curvature of the Willmore Lagrangian submanifolds.

2. Preliminaries

Let x : M — CP" be an n-dimensional Lagrangian submanifold in CP". We
choose a local field of orthonormal frames ey,---,e,,e;x =Jey, -+, e, = Je, in CP",
such that, restricted to M, the vectors ey,---,e, are tangent to M, where J is the
complex structure of CP". Let wq,---,wn, is the field of dual frames. We make the
following convention on the range of indices:

Ljkyor=1,-m1*=n+1,-- 0" =2m;A,B,C,---=1,---,n,1%,--- n".
Then the structure equations of CP" are

doy = —ZwAB/\(U& Wag + gy =0, (2.1)
B

1
dwap = — Y, 0ac AN Ocp + 3 Y Kascpwe A op, (2.2)
C CD

Kuapcep = 0ac08p — OapSpc +Jactsp — JapJpc + 2JapJep, (2.3)
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where J4p are the components of the complex structure J = Y, Jypes Q@ ep of CP*. Let
04, 04p be the restriction of w4, wsp to M. Then 0;+ = 0. Taking its exterior derivative
and making use of (2.1) and the Cartan lemma, we obtain that

O = th 0;, h =hk. (2.4)

Since x : M — CP" is Lagrangian, we have for any i, j
<J€,‘,€j> = O, <€,‘*,J€j> = 5,'1'. (2.5)
Taking exterior derivative of (2.5), we get for any i, j, k
k* i* j*
hij = hy = h{k, Op j» = 0;;. (2.6)

If we denote by R;jy; the Riemannian curvature tensor of M, we obtain the Gauss
equations

Rijie = (88 — 8udj) + Y. (W =Ry ), (2.7)
Ryg=(n—1)8+nY H" 1y — 3 W%, (2.8)
m* j,m*
n(n—l)R:n(n—1)+n2H2—S, (2.9)
where S =" Zk (hf;)2, H= kZHk*ek* JHE =1 Zh” , H=|H| and R is the normalized
i,j k" -

scalar curvature of M. The Codazzi equations and the Ricci identities are
Tk = i (2.10)
Zil ljlk thijzkl + zhzm ijkl + zhlj Ri i - (2. 1 l)

The Ricci equations are

Ri*j*kl = 6j16ik Jk6’l +2 hkm Im him ;;) (212)

Combining (2.6) with (2.10), we know hk 1 are totally symmetric, that s, for any i, j, k, !

hul )lk hl,kz hkzj (2.13)

For the fix index m*(n+ 1 < m* < 2n), we introduce an operator O™ due to
Cheng-Yau [4] by
ij

Since M is compact, the operator 0" is self-adjoint if and only if (see [4])

/(Dm"f)gdv=/ (O™ g)dv, (2.15)
M M

where f and g are any smooth functions on M.
The following lemma will be used in order to prove our theorems.
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LEMMA 2.1. ([12]). Let x: M +— CP" be an n-dimensional (n > 2) Lagrangian
submanifold. Then we have

VA > A i VH[? (2.16)
= 2 b .
where |Vh* = Y (h:’}k) , > (H”l’-’*)z.
i.j ko i.m*

3. Integral equalities

Define tensors _
h’-”- :h’-"» —H™ §j, (3.1)

Gt = zhm hij,  Owrr = th hij. (32)

Then the (n x n)-matrix (G,g) is symmetric and can be assumed to be diagonized for
a suitable choice of e+, --,e,. We set

Gy px = Gpp Oyt - (3.3)
By a direct calculation, we have

S =0, G = Oy —nH™ H', p* =Y G0 =S —nH>, (3.4)
k m*
> onghr Ry =N RGRTRE +2 Y H™ R R+ H p? +nH?HT . (3.5)
i,j,k,m* ’ i,j,k,m* i,j,m*
From (3.1), (3.4) and (3.5), we may rewrite the Willmore equation of Hu-Li [8] as
follows

PROPOSITION 3.1. A Lagrangian submanifold x : M — CP" is Willmore subman-
ifold if and only if for n+1 < m*,I* < 2n
O™ (p"2) =(n—1)p" *A*H™ +2(n—1) Y(p"2):H"" (3.6)
(= DH" A(p"2) +3(n — 1)p"2H"
+p" ZH’ G+ Y, B ).

i,J k0"
Setting f = nH™ in (2.14), we have
O™ (nH™ ) = Y (nH™ ) (nH™) Zh (nH™) (3.7)
i
We also have
1 1 . . . .
EA(nH)2 =3 N ((nH™ )i = VEHP + Y (nH™ ) (nH™ ). (3.8)

m* i m* i
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Therefore, from (3.7) and (3.8), we get

1 = * *
> o (mH™ ) = 2A(nH)2—n2\le|2— > (nH™ )i (3.9)
m* i,j,m*
1 1 2 1 2 2ol g2 m*
ZEAS—FEn(n—l)AH — 5807 —n \VEHP = Y K (nH
i,j,m*
On the other hand, we have
1
A8 = > (WP AR (3.10)
ij.k,m* i,j,m*
= VAP + Y R (nH™ )i+ Y, X R () Rigje+ i Ruge)
i.j.m* m* ikl
+ 33 W B Ry
m* % i,k
Putting (3.10) into (3.9), we have
\ . L1 1
Yo" (nH™ ) = |Vh|* - n? |V H P + Snln— 1)AH? - EAp2 (3.11)

m* (3 m* m* w1 1
+X Y A (] Rigje+ R Ruje) + Y, Y Bl g Reee e
m* i,jk,l m* % ik

Multiplying (3.11) by p"~? and taking integration, we have from (2.15) that

2/ (nH™ )™ (p"2) dv—/ 0" 2(|Vh|* = n?|VEH|?)dv (3.12)
m*
1
Y an(n—1) / " 2AHdy — ~ / 0" 2Ap2dv
2 2/m
+/ p" 22 2 h l*Rlijk'f'h?;*lejk)dV
m* i,j.kl
+ / P" 2N SR R Ry v
m*,1*i,j.k

Taking the Willmore equation (3.6) into (3.12) and making use of the following
* * 1 * *
n—2 m Lyym n—2 1 rpgm*\2 n—2 m*\2
H"™ A-H" dv = —/ A~ (H dv—/ HY )d
/Mp ;‘ 2 Ju® % (H™) i l;,:‘*( )

1 }
_ - / p" 2 AHdv — / "2V v,
2 Jm M

Jy e 2ar =3 [0 Dty == 3, [ 0" )
:_2/ ZHm n 2 Hm dv

M
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/p" 2Ap%dv = = 2/ " 2)idv=(n-2 /p" 2|Vp|*dv.

By a direct calculation, we have

PROPOSITION 3.2. For any n-dimensional compact Willmore Lagrangian sub-
manifold in CP", the following integral equality holds

/p"—z(\VhF—n\vlFI|2)dv+(n—2)/ " 2|Vp|*dv (3.13)
M M
—3n(n— l)/ " 2H?dvy

/ p" 2 Y nH™ ( crm*;*—i—Zh hyhy;)dv

m* [* i,j.k

+/ p" 22 2 h hk[*Rlijk‘Fh?; lejk)dv
m* i,j.kl

+/ pn 2 z Zh thl*m*jkdv:O

m* 1% i,j.k

From (2.8), (2.12) and (3.1), we have

D Zh;’;*hk’;Rl*m*,k: O Y Rl (818 — S1kSmj) (3.14)
m* 0% i, j.k m* 0% i '7jk
+Z Zh JI7 pk hkp m)
m*I*i,j.k,p
=p —”(”_1) ) 2 Zhjp pk th;h;ky
m*I* jk p V4
=p? —n(n—1)H*— 2 by th Pk Zh
m* l*,]k P
1 - - .
=p?—n(n—1)H?>— 5 N N(AwAp —Apdye),
m* I

where A, := (ﬁﬁ*) = (h;’;* — H"™§;;) and N(A) denotes the square of the norm of
matrix A = (a;j).

From (2.6), (2.7), (3.2), (3.4), (3.5) and (3.14), by a simple and direct calculation,
we have

N R (h R+ B Rue) = np*— XN B R R Ry (3.15)
m* i k.l m* I i, k]

+n Y Y H U WGHE R+ Y Y B g (W R — Bghiy)

m* 1% i,j.k m* 1% i, .kl
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_ Z 0' + 2 2 Hl*hl* hm 1 +2 2 ZHm Hl*];m*fll*

* * 1 ~ ~ ~ ~
—i—nZ(Hl )2p2+n2H22(Hl )2 — 5 2 N(ApAp — ApAp)
I* I*

I

—np?— Y G2 tnb?p 0 Y S HU R R

I mr i,k

1 S
) N N(Ap Ay = ApApe).

m* [*

Putting (3.14) and (3.15) into (3.13), we have

PROPOSITION 3.3. For any n-dimensional compact Willmore Lagrangian sub-
manifold in CP", the following integral equality holds

/p"—2(|Vh|2—n\vlﬁﬁ)dw(n—z)/ " 2| Vp|*dv (3.16)

—4n(n—1) /p” 2H2dv—|—n/ p"2(H?p*— Y H"™ H &, )dv

m* I*

+(n+1) /p"dv /p" 2 A Ay — Ap Ay ) + 6240 )dv = 0.
m* l*

4. Rigidity theorems

We shall prove the following rigidity theorems in terms of p, the sectional curva-
ture and the Ricci curvature.

THEOREM 4.1. Let M be an n-dimensional (n > 2) compact Willmore Lagrangian
submanifold in CP". Then the following integral inequality holds

1
/p”2{(——2>p4+(n+1)92—4n(n—1)H2}dV<0~
M n
In particular, if
1
(2_—)p — (n+1)p*+4n(n—1)H* <0, (4.1)

then (i) n=2, M is totally geodesic or M = S' x S'; (ii) n>2, M is totally umbilical.

Proof. From the well-known algebraic lemma 1 in [5], (3.2) and (3.3), we have

= Y NAw Ay —Apdp) = Y, Gpepe 4.2)
m*J* m* l*
2_2631*_2 Z G 6 = —2( 26’”* +Z 'm*
1

2p +-= zcm* = 2——)9 )
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‘We also have

S H"H G- = Y (H™ 60 < Y (H™ )Y, 6+ = H?p?. (4.3)
m* I*

m*,I* m*
By making use of lemma 2.1, (3.16), (4.2) and (4.3), we have
3n? .
0>/ " 2<|Vh|2 2|VlH|2> dv+/ p" 2( — n) \VEH[*dv  (4.4)
1
—4n(n—1)/ p"—2H2dv+(n+1)/ p"dv—/ o2 (2——) pdv
M M M n
1
>/ p" (Z — 2) p*+ (n41)p%—4n(n—1)H?}dv.
M
(i) If n=2, from (4.1) and (4.4), we have 3p*—3p?+8H> =0 on M. If
p>=0, then H =0 on M, we infer that S =0 and M is totally geodesic. If p> #£0,

from % p* —3p%+8H? =0, we know that the equalities in (4.4) hold. Therefore, we
have

N(A3A, — A4A3) = 2N(A3)N(Ay), 2(63+63) = (634 64)°. (4.5)
Thus, we have
63 = 6y. (4.6)
For m*,l* = 3,4, we also have
> H"H" &, = H?p?. (4.7)

m* [*

From lemma 1 in [5], we know that at most two of A+ = (ﬁl’-’j'-*)7m* = 3,4, are different
from zero. If all of A, = (fz;’;*) are zero, then it is in contradiction with M is not

totally umbilical. If only one of them, say A, is different from zero, then it is in
contradiction with (4.6). Therefore, we may assume that

=AA, Ay=uB, A,u#0,

where A and B are defined by lemma 1 in [5].
From (4.7), we have

AHP? +uP(HY)? = (A2 + 1) (B + (HY)?).

Since A, u # 0, we infer that H> = H* = 0, that is, H =0 and M is a minimal
Lagrangian submanifold in CP?, we have p?> =2 and S =2 on M. From the theorem
of Ludden, Okumura and Yano [13], we know that M = S' x S!.

(ii) If n > 2, from (4.1) and (4.4), we have p =0 on M, that is, M is totally
umbilical, or (1 —2)p*+ (n+1)p? —4n(n— 1)H* = 0. In the latter case, if p> =0 on
M, we have M is totally umbilical. If p2 # 0, we know that the equalities in (4.4) hold.
By the same assertion as in the proof of (i), we know that M is a minimal Lagrangian
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submanifold in CP" and S = (n+1)/(2—1) on M. From the theorems of Chen and

n

Ogiue [2], Ludden, Okumura and Yano [13], we know that n =2 and M = §' x S!.
This is in contradiction with n > 2. This completes the proof of theorem 4.1. [l

From (3.13), (3.14), (3.15) and (3.16), we know that for any real number a, the
following integral equality holds

/Mp"*z(\wz\z—n\viﬁ|2)dv+(n—z)/Mp"*z\Vdev 4.8)

_471(71—1)/ pniszdV—f—n/ pn72(H2p2_ 2 Hm*Hl*(jm*l*)dv
M M

m* I*

—(a+1)n/MH2p"dv+(1+a)/Mp"*22 > n(hY Ry + hy; Rygjie)dv
m* ik,

—(1 —|—a)n/Mp”_2 D ZH’”*fzf;*fszfzgdv— (an— 1)/Mp"dv
w10,

1- o
—|—a/ p" Y Gpepedv— a/ p" 2N N(AwAp —ApAy)dv = 0.
M M

mr I 2 I

Denote by K the function which assigns to each point of M the infimum of the
sectional curvature at that point. We have

THEOREM 4.2. Let M be an n-dimensional (n > 2) compact Willmore Lagrangian
submanifold in CP". Then the following integral inequality holds

[ o {((zn_ 1) (K— ﬁfm—m) —(n=2))p* —4n(n - 1>H2}dv<0.
M n(n—1)
In particular, if

vnn—1)

then (i) n=2, M is totally geodesic or M = S' x S'; (ii) n>2, M is totally umbilical.

((2n —1) (K— "2 w4y —H2> —(n— 2)) P2 —dn(n—1H?>0, (4.9)

Proof. For a fixed m*, n+1 < m* < 2n~, we take a local orthonormal frame
field {e1,---,e,} such that A = A" &;j, then B = u™ &; with @™ =A™ —H™
> u"™ =0. Thus, we have
i

m* m* m* 1 m* m*
2 i (Mg Ruije+ hj; Rujx) = 3 2 (W" —uj )zRijij > nkp?, (4.10)

m* i, j k.l m*,i,j
and the equality in (4.10) holds if and only if R;;;; = K forany i # j.
Let (i} )* = 5+ Then 7+ < (kL) = &+ Since XAl =0, Su™ =0 and
i ij i i
Z(,ui’"*)2 = Oy, from the algebraic lemmas in [3] (see lemma 3.3 and lemma 3.4 in

i
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[3]), we have

2 ZHm*~m*~kjhzk_ 2 2Hl*~f;~kj*~zk 2 Hl Zhu :uz (411)

m* 1% i, j.k I* m*tjk m* I*
Z |H |Gm*\/Tl*
vV n n—l m*I*
¢—20m*2|H”|v G-
m*

n—2
(H'")2Y 6 = ————Hp®
<G PR =

From (3.3), we get

2 6-31*1* :26- % ZO'm* - - . (412)

m*,I* m*
From lemma 1 in [5], (3.2) and (3.3), we have
S NAwAp —ApAy) <2 Y 6w 6 =2 20‘,,,* -2y 60 (4.13)
m*7l* *#l* m*

. n—1
< 2p4—2;(20m*)2 =2— p*.

Therefore, from (4.3), (4.8), lemma 2.1, (4.10)—(4.13), we obtain that
0 >/ " 2(|Vh|> = n|V*FH|?)dv+ (n— 2)/ " 2|Vp|*dv (4.14)

—4n(n—1) /p" 2H2dv+n/p 2(H*p* - sz H" 8,01 )dv
m* [*
—(1+an / H2p"dv+(1+a) / p" 2k p2dv
—(1+a) /p )Hp3dv— (an—1) /p

—1
+a/ p”_z—p4dv—(l—a)/ pn_zn p*dv
M n M n

-2
2—4n(n—l)/p"_szdv—F(l—I—a)n/ p" | K — —2—=—Hp—H* | dv
M M nn—1)

—(an—1) /p"dv—l—{—— l—a
1

:l / pn+2dv
Putting a = "%, we have

n_2 B _ n—2 2| N 2 n(n— 2 v
o;/Mp {((2n 1)<K ——=Hp H) ( 2)>p n(n—1)H }d.

(4.15)
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(i) If n =2, from (4.9) and (4.15), we have 3(K — H*)p? —8H? =0. If p?> =
on M, then H =0 on M, we infer that M is totally geodesic. If p2 %0 on M, then we
have the equality in (4.15) holds. Therefore, we know that the equalities in (4.14) hold.
Thus, the equalities in lemma 1 of [5], (4.12) and (4.13) hold. Since we know that M
is not totally umbilical, we have (4.5)—(4.7) hold. By making use of the same assertion
as in the proof of theorem 4.1, we infer that M is a minimal Lagrangian submanifold
in CP? with K =0 on M. From the theorem of Shen [16], we have M = §! x S!.

(i) If n> 2, from (4.9) and (4.15), we have p =0, thatis, M is totally umbilical,

((Zn— 1) (K— %Hp —H2> —(n— 2)) p? —dn(n—1)H?=0.

In the latter case, if p> =0 on M, we have M is totally umbilical. If p> # 0 on M,
then we have the equality in (4.15) holds. Therefore, we know that the equalities in
(4.14) hold. By making use of the same assertion as in the proof of theorem 4.1, we
infer that M is a minimal Lagrangian submanifold in CP" with K = 1 on M. From

or

the theorem of Shen [16], we have n =2 and M = S! x §'. Thls is in contradiction
with n > 2. This completes the proof of theorem 4.2. [

Denote by Q the function which assigns to each point of M the infimum of the
Ricci curvature at that point. We have

LEMMA 4.3. For any n-dimensional Lagrangian submanifold in CP", the fol-
lowing inequality holds

S N Ap —ApAy) <4{(n—1)+ (n—2)Hp+H* - Q}p* — %p4. (4.16)

m I
Proof. From Gauss equation (2.8), (3.1) and

ZHm* m \/2 Hm* \/2 hm* < Hp,

we obtain that

Y () <(n—1)+(n—2)Hp+H*—Q— (R ). (4.17)
m* £ i
Thus, we have
ZN(Am*ANl* _AI*ANm*) = 2 (Bf;)z(.uzm* <4 2 (4 18)
I* I*£m* il I*#m*, ll

<SHn-1)+(n-2)Hp+H = 0} Y (" ) =4 X1 )"
l l

<4{(n—1)+(n—2)Hp+H* - 0} Y (" )* — %(Z(Mf"*)z)z-
l

l

This completes the proof of lemma 4.3. [
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THEOREM 4.4. Let M be an n-dimensional (n > 2) compact Willmore Lagrangian
submanifold in CP". Then the following integral inequality holds

4 3n—5
/ p"2 { (——1) p*—4 (”T+(n—2)Hp+H2—Q> p2—4n(n—1)H2} dv <0.
M n
In particular, if
4 35
(— - 1>p4—4 (nT+(n—2)Hp+H2—Q> p? —dn(n—1H?>>0, (4.19)
n

then M is totally umbilical.

Proof. From (3.16), lemma 2.1, (3.3), (4.3), lemma 4.3 and

;* Gy = Z <Xt =p%, (4.20)
we obtain that
dn(n 1)/ 2520y 4 (n+ 1) /p @21
/p" 2{ (n—1) 2)Hp+H2—Q)p2—%p“}dv—/Mp"‘zp“dv

:/Mp" 2{<E_l> p*—4 (3”45 (n—2)Hp+H2—Q)p2—4n(n—1)H2}dv,

From (4.19) and (4.21), we have p = 0, thatis, M is totally umbilical, or

4 _
(;—1),04—4(3”4 5+(n—2)Hp+H2—Q>p2—4n(n—1)H2:o.

In the latter case, if p?> = 0, then M is totally umbilical; if p* # 0, we know that the

equalities in (4.21) and (4.20) hold. From Y, 6,%[* =(Y 6,,,*)2, we have Y 6,065« =
m* m* m*£I*

0. This implies that (n — 1) of the &,,« must be zero. Since p> = ¥ (fz;’;*)z #0 and

m*.i,j
G = Z(hm )%, we infer that (n — 1) of the A, = (712”*) must be zero so that n = 1.

This is 1n contradiction with n > 2. This completes the proof of Theorem 4.4. [

5. Some related results

Let M be an n-dimensional (n > 2) compact Willmore Lagrangian submanifold
in CP" with nonnegative sectional curvature. Putting @ = 1 in (4.8), by (4.3), (4.8),
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lemma 2.1, (4.10)—(4.12), we have
3n? _
0>/ " 2<|Vh|2 |VlH|2) dv+/ p" 2<?—n> \VLHPdv  (5.1)
—4n(n—1)/ p"72H2dv—2n/ p"szv+2/ 0" 2nKp*dv
M M M
—2n/ p"_szHp%iv—(n—l)/ p"dv—l—/ pn_zlp“dv
M vnn—1) M M n

1 -2 —1
2/ p" 2 —pt—2n | H*+ “ Hp—f—n p? —4n(n—1)H? } dv.
M n n(n—1) 2n

Therefore, we have the following

THEOREM 5.1. Let M be an n-dimensional (n > 2) compact Willmore Lagrangian
submanifold in CP" with nonnegative sectional curvature. Then the following integral
inequality holds

1 -2 —1
/P”‘z —p*—2n [ 2+ —= Hp+75— | p? —4n(n—1)H* pdv <0
M n nn—1) 2n

In particular, if

n—1

1 )
~p* —2n <H2+ " Hp + >p2—4n(n—1)H2>0, (5.2)

nn—1) 2n

then (i) n=2, M is totally geodesic or M = S' x S'; (ii) n>?2, M is totally umbilical
or M is an open part of the Clifford torus T" C CP".

Proof. (i) If n=2, from (5.1) and (5.2), we have Jp*—4(H?>+ 1)p? —8H? =0.
If p>2=0on M ,then H =0 on M, thatis, M is totally geodesic. If p> #0 on M,

we have the equalities in (5.1) hold. Therefore, the equalities in (4.12) and (4.3) hold.
We obtain that 2(67 + 67) = (83 + 64)?, that is,

03 = 04, (53)

and for m*,l* = 3,4,
S H"H" 6,0 = H*p?. (5.4)

m* [*
From (5.4), we have
(H?)?83+ (H*)?64 = (H?)* + (H*)*)(63 + 64),
that is,
(H?)?64+ (H)?63 = 0. (5.5)

From (5 3)and p* = =03+ 0G4 # 0, we infer that 63 = 64 # 0. Thus, (5.5) implies that
H?>=H*=0, thatis, H =0 and M is a minimal Lagrangian submanifold in CP? with
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p2 =2 and S =2 on M. From the theorem of Ludden, Okumura and Yano [13], we
know that M = S' x S!.
(ii) If n> 2, from (5.1) and (5.2), we have p =0, that is M is totally umbilical,
or
| 2 n—2 n—1
-p"=2n| H"+ Hp+
n” nn—1) P

p?—4n(n—1)H>=0.

In the latter case, if p> =0 on M, we have M is totally umbilical. If p> # 0 on M, then
we have the equalities in (5.1) hold. Therefore, we have VLH =0 and VA =0. This
implies that the second fundamental form of M is parallel. We also have the equalities
in (4.12) and (4.3) hold, that is, we have

Busl =+ = Gap. (5.6)

Sy H™ H" 6,0 = H*p?. (5.7)

m* [*
From (5.7) and (3.3), we have Y (H™ )26, = H?p?, that is, by (5.6), H?6,,| =

nH?6,.,1. Thus, we have H?>(n —1)6,,; = 0. Since p> # 0 on M, we infer that
Gn+1 # 0, then we have H =0 and M is a minimal Lagrangian submanifold in CP"
with parallel second fundamental form and S = n(n — 1). From the theorem of Li and
Zhao [10], we have M is an open part of the Clifford torus 7" C CP". This completes
the proof of the Theorem 5.1. O
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